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Abstract

The Bachelor’s thesis addresses the formalisation of ancient construction problems,
with a particular focus on the "Impossibility of Trisecting the Angle and Doubling
the Cube”. This is the eighth theorem published by Freek Wiedijk in the ’100 The-
orems’ compendium, which serves to allow for a comparison of different theorem
provers. For this, the theorem prover Lean is utilised. As a result, this paper is de-
voted to the problems and solutions that arise when formalising ancient construction
problems and proves the impossibility of doing so using Galois’ theory.

Zusammenfassung in deutscher Sprache

Die Bachelorarbeit befasst sich mit der Formalisierung antiker Konstruktionsprob-
leme, wobei der Schwerpunkt auf der ,,Unmdéglichkeit der Dreiteilung des Winkels
und der Verdoppelung des Wiirfels“ liegt. Dies ist das achte Theorem, das Freek
Wiedijk in dem im Rahmen von ,,100 Theorems* veréffentlichten Kompendium
verdffentlicht hat, das dazu dient, einen Vergleich verschiedener Theorembeweiser
zu ermoglichen. Hierfiir wird der Theorembeweiser Lean verwendet. Die vorliegende
Arbeit widmet sich daher den Problemen und Lésungen, die bei der Formalisierung
alter Konstruktionsprobleme auftreten, und beweist die Unmoglichkeit, dies mit der
Galois-Theorie zu tun.
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Chapter 1

Introduction in the topic of the
Bachelor Thesis

This paper formalises the proof of ”The Impossibility of Trisecting the Angle and
Doubling the Cube” in ruler and compass construction. The Github repository with
the code and bluebrint can be found here : https://github.com/Louis-Le-Grand/
Formalisation-of-constructable—-numbers

1.1 Construction Problems

The straightedge and compass constructions were developed by the ancient Greeks.
It consists of an initial set M of constructed points, a ruler that has no measurements
and can draw indefinite lines through at least two existing points, and a compass,
the centre of which is an already constructed point and the radius of which is the
distance between two already constructed points. To construct new points, take the
intersection of two lines, two circles or a line and a circle. The set of all possible
intersections is called M . In order to construct a line or a circle, it is necessary
that our initial set contain at least two points. Consequently, we can normalise our
set and assume that 0,1 € M.

We may now proceed to define the problem of doubling a cube. The volume of
a cube is equal to the cube of the length of an edge, which may be expressed as a?,
where a is the length of an edge. Therefore, a cube with a doubled volume, 2 - a?,
has an edge length of the cube root of two times the length of the original edge. If
we now take the cube with a length of one, the problem is as follows:

Problem 1.1 (Doubling the Cube). Given the set M = {0,1}, can we construct
the point /2, i.e. is /2 € M ?

A similar approach allows the problem of trisecting angles to be simplified. If
we take two points on the real axis and a third point on the unit circle, this defines
an angle. Thus we need the points 0, 1 and e’®. The trisection intersects the unit
circle at e@/3. Therefore the problem can be described as follows:


https://github.com/Louis-Le-Grand/Formalisation-of-constructable-numbers
https://github.com/Louis-Le-Grand/Formalisation-of-constructable-numbers

Problem 1.2 (Trisecting the Angle). Given the set M = {0,1,e"*}, can we con-
struct the point €¥'5 , i.e. ise"'5 € M ?

1.2 Motivation

The subject of this formalisation is the eighth theorem of Freek Wiedijk’s list of
7100 Theromes”, entitled "The Impossibility of Trisecting the Angle and Doubling
the Cube” [8]. This is a list of theorems based on an online list from 1999 of the 100
most significant theorems in mathematics [1], which is used for comparative purposes
with respect to different theorem provers. The list provides a concise overview of the
most important theorem provers, showcases fields in which theorems can be used,
and also presents some smaller programs that have formalised theorems that had not
yet been formalised in any other environment. Notably, the aforementioned theorem
had not yet been formalised in Lean [3].

1.3 Lean, Theorem Prover and Mathlib

Lean is a functional programming language that can be utilised as an interactive
theorem prover. The Lean Project was initiated by Leonardo de Moura at Microsoft
Research Redmond in 2013 and represents a long-term research endeavour, published
under the Apache 2.0 licence.

In order to verify a theorem, it is necessary to find proof. Computers can be of
assistance in two distinct ways: firstly, through interactive theorem proving, which
verifies the correctness of a proof step by step; and secondly, through automated
theorem proving, which attempts to find a proof for a given statement. Lean rep-
resents a hybrid of these two approaches. It is an interactive theorem prover, but
it incorporates automated tools and methods to assist in the construction of a fully
specified axiomatic proof.[2]

Mathlib is a library of mathematical content for the Lean programming language.
It is a community-developed project, created by a large number of contributors
and covering a substantial breadth of mathematical topics. To ascertain which
areas are encompassed by MathLib, one may refer to the following link: https:
//leanprover-community.github.io/mathlib-overview.html.

Outline of the Thesis

The following three chapters present the blueprint for my formalisation. Conse-
quently, the document includes a number of elementary lemmas and details that
are not typically documented in such a manner. However, a few statements and
most of the auxiliary lemmas are not included in the blueprint. The structure of
this formalisation is based on the lecture "Einfiihrung in die Algebra” by Jan Schréer
(WS 22/23).


https://leanprover-community.github.io/mathlib-overview.html
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Chapter 2

Basic Constructions with Ruler
and Compass

2.1 Defining lines, circles and the set of constructable
points

First we need to define what construction using a ruler and compass means. We will
use C as plane of drawing and M C C as the set of constructed points.

Definition 2.1 (Line). A line L := (x,y) is defined by two points x,y € C with
T+ y and a set
lLi={ 4+ (1-XNy|XeR}.

We say two lines are equal if their generated set is equal.

Remark 2.2. To express lines in the most general way, they are stated without the
requirement that © =% y, which allows for trivial lines. The condition is only included
in the lemmas that require it.

Definition 2.3 (Circle). A circle C := (c,r) is defined by a center ¢ with ¢ € C, a
radius r € Ry and the set:

ci={z€C||z—¢| =1}
We say two circles are equal if their underlying sets are equal.

Lemma 2.4. If we have two circles C; = (¢q,71), Cy = (¢9,75) and we have ¢; # ¢y
or ry # ry then the circles aren’t equal.

Definition 2.5 (Set of lines). £(M) is the set of all real straight lines 1, with
INM|>2. As a set this is:

LM) :=={l|l={z,y} withx,y € M Nz + y}.



Definition 2.6 (Set of circles). C(M) is the set of all circles in C, with center in
M and radius of C which is the distance of two points in M. As an equation this is:

C(M) :={c|c=c, dist ryry) with c,ry,r4 € M}.
Definition 2.7 (Rules to construct a point). We define operations that can be used
to construct new points.

1. (ILL) is the intersection of two different lines in L(M).
2. (ILC) is the intersection of a line in L(M) and a circle in C(M).

3. (ICC) is the intersection of two different circles in C(M).

ICL(M) is the union of all points that can be constructed using the operations
(ILL), (ILC) and (ICC) and M.

Definition 2.8 (Set of constructable points). We inductively define the chain
My M, CM, C ..

with My =M and M, ., = ICL(M,)
and call M = UnEN M, the set of all constructable points.

Remark 2.9. The set of lines, circles and their intersection icc, ilc, icc are mono-
ton, i.e. for N C M is L(N) C L(M),....

2.2 Properties of Lines

In light of the fact that a considerable proportion of the forthcoming project will
entail the manipulation of lines and the absence of an existing formalisation from
MathLib, it is imperative to illustrate the fundamental properties that will be utilised
throughout the remainder of the project.

Lemma 2.10. The set of points of a line | is not defined by one position vector, i.e.
foreverya el {4+ (1—-Ny|AeR} ={ Az + A y+a|XeR}.

Proof. Two sets are equal if they have the same elements. Since « is in [, there exists
a A, such that « = Az + (1 — \,)y.

"= Let z = Aoz + (1= Ag)y (ie. z€ {Axz+(1—XN)y | A € R}), we have to show
that z € {A\z + Ay + a | A € R}, which is equivalent to the existence of A such that
z=Ax+ Ay +a. If weuse A=\, — A, we get

a=A,z+(1-X,)
Mo —Aa)z + (Mg — Ag))y +a = Ay ty=2

<: Let z be in {Az + (N)y+ a | A € R}, if we use A = Ay + A, we get

a=A,z+(1-X,
(AgFA)z+H(1—=(Ag+A, )y = AgZ—Agy+ A, 2—A Yty :( v Ao(z—y)+a =z

O]



Definition 2.11 (parallel). Two lines l; and ly are parallel if they have the same
slope, i.e. Ire C:ly ={x+r|zely}.

Lemma 2.12 (Parallel defined by basis). If the basis of two lines is moved by the
same amount, i.e 1.2y — ly.z2y = l1.29 — 5.2, then they are parallel.

Proof. We have to lines [, [, with basis 2,2, and [;.2; — l5.2; = ;.29 — l[5.25. To
show that they are parallel we have to show that

Ir:ly={z+r|z€ly}.

To make it easier to read we define a :=1;.21, b :=11.29, x 1= ly.2y and y := l5.25.
Upon unravelling the definition, it becomes evident that we need to show that
Jdt:t-a+(1—t) b=z < Fs:s-z+(1—s)y+(a—2x) ==z

=: Claim s = % is a solution.

Proof.
z=s-x+(1l—s)y+(a—=x) J|z=t-a+(1—1t)-b
& t-a+(1—t)-b=s-z+(1—s)y+(a—2x)
& t-a—t-b+b=s-z—s-y+y+(a—z) |-y
& tra—t-b+b—y=s-x—s-y+(a—x)—y |la—x=b—y
& t-a—t-b=s-x+s-y
t(a—0b)
= tHa—b) = s(x — _
(a—b) = sta—y) e
tla—b
& tla—b) = —
=ty =" —y)
& t(a—b) =t(a—>b)
[
"«<:” Claim t = % is a solution.
Proof.
t-a+(l—t)b==z2 lz:=s- 24+ (1—s)y+ (a—x)
& tra—t-b+b=s-z—s-y+ty+(a—2z) |—ya—xz=b—y
sz —y)
tla—Db) = s(x — to=22 9
o (@ —b) = sta—y) o= 20
D) (0 b) = (@~ )



Definition 2.13. The direction vector of a line | is the vector l.z; —l.z,.

Definition 2.14. Two lines l; and l, are parallel’ if there exists a k such that
ll'zl - l1.22 — k . <l2.2’1 - lz.Zz).

Lemma 2.15 (Parallel imp parallel’). If two lines l; and l, are parallel’ they are
parallel.

Remark 2.16. The other direction holds as well, but is not needed.

Proof. Let |, and I, be two lines with l.2y —l1.29 = k- (l5.2; — l3.25). We have to
show that Iy ={z+7r|z€ly},ie Fr:ly={z+7r|z€ly}.

First we remark that k # 0 since [;.2; # [,.2,. We define r := y; —y, and show that
Iy ={z+r]|z€l,}. For z to be in [ is equivalent to z = Az; + (1 — )y, for some
Ao- For z to be in {z +y; —y, | 2z € [} is wquivalent to the existence of A such that

A=Ag* 1 —y1=k(z2—y2)

k
2= A0y +H(1=N) Yoty =y = MZo—Yo)+y; =  Agk(zy—29)—y; = Ao (T1—y1 )+

O]

Lemma 2.17 (Parallel imp equal). If two lines l; and l, are parallel’ and intersect,
then they are equal.

Proof. Let z € 1; Nl,. Then we use lemma 2.10 to get I; = I, < {Az; —yp) |
A€ R} ={Azy—1yy) + 2| A€ R} Since for every A we have A\(x; —y,) +x =
A k(xg —yy) + 2 we get 1] = 1y. O

2.3 The Set M_,

In order to work with the set of constructable points, it is necessary to have some
basic lemmas at one’s disposal. While these may appear to be trivial on paper, they
are invaluable when undertaking a formalisation.

Lemma 2.18 (M C ICL(M)). Every set M is included in the constructable points
of M, i.e.
M C ICL(M)

Proof. Follows from the definition of ICL(M). O
Lemma 2.19 (M, Monoton). The set M, is monoton, i.e.
M; © My
This can be generalised to
Ym:Vn<m: M, CM,,.

Proof. Follows from the definition of M. O



Lemma 2.20 (M in M,). The set M is in M, i.e.
MCM,.

Proof. Combining the fact that M, = M 2.8 and the monotonity of M; 2.19 we get
the result. O

Lemma 2.21 (M, in M ). The set M; is in M, i.e.
M; C M.
Proof. Follows from the definition of M . O
Lemma 2.22 (M in M ). The set M is in M .
Proof. Combining M C M, 2.20 and M,; C M 2.21 we get the result. O

Lemma 2.23 (M iff M,). A point z is in M . if and only if z is in M ; for some
T.

Proof. Follows from the definition of M . O

Corollary 2.24 (L(M ) iff L(M;)). A line l is in L(M ) if and only if I is in
L(M;) for some i.

Proof. Follows from 2.23 and the fact that every line in £(M ) is defined by two
points in M . O
Corollary 2.25 (C(M ) iff C(M,)). A circle ¢ is in C(M ) if and only if ¢ is in
C(M;) for some i.

Proof. Follows from 2.23 and the fact that every circle in C(M ) is defined by three
points in M . O

To construct new points in the next section2.4 we still need to show that every
intersection of lines and circles is in M .

Lemma 2.26 (Intersection of lines in M ). For two lines ly,ly € L(M ) isl Ny €
M

Proof. By corollary 2.24 and the monotonity of M, 2.19 we get that there exists an
2.21
n such that [;,1, € £L(M,,). Therfore [, Nly e M, ; C M. O

Remark 2.27. To formalise the lemmas 2.23, 2.2/ and 2.25 one should use filters
in Lean.

Lemma 2.28 (Intersection of line and circle in M ). For a line l € L(M ) and
acirclec € C( M) islNce M.

10



Proof. By corollary 2.24 and 2.25 we get that there exists an n such that [ € £(M )

2.21
and ¢ € C(M,,). Therfore INce M, C M. O
Lemma 2.29 (Intersection of circles in M ). For two circles ¢;,cy € C(M ) it

follows that ¢y Ncyg € M .

Proof. By corollary 2.25 we get that there exists an n such that ¢;,cy € C(M,,).

2.21
Therfore ¢, Ny, € M, ., C M. O]

2.4 Basic constructions

It is now possible to construct fundamental points in M__ using a compass and ruler,
which can subsequently be employed to create a field structure and special properties
on M_ . Consequently, the following constructions are based on the assumption that
M C C with 0,1 € M.

Lemma 2.30 (Negative complex numbers). For z € M__ it follows that —z € M.

This construction is taken from [6].
To get the point —z we can use the second intersection of the line through 0 and z
with the circle with center 0 and radius |z].2.1

Proof. Define | = {0, z} and ¢ = {0, dist (0,2)}.
By assumption 0,z € M__,sol € L(M ) and ¢ € C(M ).
Claim 1: —z isin [.

Proof. By the definition of [ := {A\0+ (1 — A\)z | A € R} with A = 2 we get 2-0+
(1—-2)z=—=z. O

Claim 2: —z is in c.

Proof. Unfolding the definition of ¢ := {x € C | |z — 0] = dist (0 2)}. By the
definition of the distance we get |0 — (—z)|| = dist (0 2). O

By claim 1 and 2 we get that —z € [N c. Futhermore —z is in M, after lemma
2.28. O

Lemma 2.31 (Addition of complex numbers). For z,,z, € M_ it follows that
Zl + 22 € MOO

This construction is taken from [6].
One can construct the point z; + 2z, by drawing a circle with center z; and radius
|z5]| and a circle with center z, and radius |z;| and taking the intersection of the
two circles.2.2

11
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Figure 2.1: Construction of —z

Proof. First we have the case that z; # 2.

Define ¢; = {z;, dist (0 2z,)} and ¢y = {2z, dist (0 z1)}.

By assumption 0, z;, 29 € M, 80 ¢;,¢cy € C(M ) and since z; # z, we get ¢; # c,.
Claim 1: z; + 2, is in ¢;.

Proof. By the definition of ¢; := {x € C | |z —2,| = dist (0 z,)} and of the distance
we get |27 — (21 + 25)|| = dist (0 z,). O

Claim 2: z; + 2z, is in ¢,.

Proof. Using that ¢, ia definded as ¢y := {z € C | |z — 25| = dist (0 z;)} and the
definition of the distance we get ||zo — (21 + 25)|| = dist (0 z;). O

By claim 1 and 2 we get that z; + 2, € ¢; N ¢y. Futhermore z; + 2z, is in M,
after lemma 2.29.
If we have z; = z, we can define ¢; = {7y, dist (0 2;)} and | = {0, 2, } and get
that 2, + 2, =2, + 2y € ¢y N L.
O

Corollary 2.32 (Subtraction of complex numbers). For z,, zy, € M__ it follows that
21— 2y € M.
Proof. By lemma 2.30 and 2.31 we get 2, — 25 = 27 + (—25) € M. O

Corollary 2.33 (Construction of parallel lines). For l € £(M ) and z € M, it
follows that 3" € LM ) with z € 1" and I|l’.

o0

12



[}

Figure 2.2: Construction of z; + 2,

Proof. Let [ be a line through z,y € M and z € M _.

After corollary 2.32 we get z —x € M, and therfore z —x +y € M 2.31.

Define I’ = {z,z—x +y}, then I" € £L(M ) and since a line is defined by two points
and we moved them the same distance (z — x) [’ is parallel to [.2.12 O

Lemma 2.34 (Complex conjugation). For z € M__ it follows that Z € M.

This construction is taken from [6].
Draw two circles one with center 0 and radius ||z|| and a second with center 1 and
radius ||z — 1|| and take the intersection of the two circles.2.3

Proof. Define ¢; = {0, dist (0,2)} and ¢, = {1, dist (1, 2)}.
By assumption 0,1,z € M__, so ¢;,¢y € C(M ).
Claim 1: Z is in ¢;.

Proof. The definition of ¢; can be written in the following form:
{xeC||z—0]= dist (0 z)}.
Using the definition of the distance, we obtain the following result:

[0 == = [zl = 2]l = dist (0 2).

Claim 2: 7 is in c,.

Proof. From the definition of ¢, := {z € C | |[x — 1| = dist (1 2)} and the definition
of the distance, we can derive the following:

12 = 71 = V(%R(2) = 12 + 3(2)? = V(R(2) = 1)2 + 3(2)2 = |=—1] = dist (1 2).
O

13



By claim 1 and 2 we get that Z € ¢; N ¢y. Futhermore Z is in M__, after lemma
2.29. O

(S

Figure 2.3: Construction of z

Lemma 2.35 (Construction ur € M ). Forr € RNM_, it follows that v-r € M.

The first step is to construct the imaginary axis, which is achieved by drawing
a line, designated as [, that passes through two circles with centres at —1 and 1
and radii of 2. The second step is to construct the point, designated as #r, which
is achieved by drawing a circle with a centre at 0 and a radius of r, and taking the
intersection with the imaginary axis. (Fig2.4)

Proof. First we construct the imaginary axis. Define ¢; = {—1,2} and ¢, = {1,2}.
Claim 1: ¢q,¢9 € C(M )

Proof. By assumption and lemma 2.30 we get —1,1 € M__. Using dist (—11) = 2
we get ¢q, ¢y € C(M ), by the definition of the circle. O

Claim 2: 2v/3 and —uv/3 are in ¢; N c,.

Proof. Unfolding the definition of ¢; := {x € C | ||z + 1| = 2} and ¢, := {z € C |
|z — 1] = 2}. By the definition of the distance we get | — /3 + 1| = /1 +3 =2
and [1v/3 — 1| =v1+3=2. O

Now we define [ = {1v/3, —11/3}.
Claim 3: [ € £L(M )

Proof. By claim 2 and 2.29 we get 2v/3, —1v/3 € M, sol € L(M_). O

To get ur we define ¢ = {0, |r|}.
Claim 4: 2 isin ¢ NI.

14
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Proof. It is clear that ur € ¢. Now using the definition of [ and A = 5 75T We get

2

<2f+ Jv3+ (1= 2f+ £)(—V3) = -
Therfore vr € M after lemma 2.28. O
J
wr
<]

Figure 2.4: Construction of ur

Corollary 2.36 (Construction of 7). v € M
Proof. By lemma 2.35 with » = 1 and the definition of M we get ¢+ € M. O
Lemma 2.37 (Construction of real part). For z € M__ it follows that z.re € M

To get the point z.re we draw a line through z and Z. Then z.re is the intersection
with the real line, defined by 0 and 1.2.5

Proof. Without loss of generality we can assume that z € C \ R.

Define the lines | = {z,Zz} and Iy = {1,0}.

By using Lemma 2.34, they are in £(M ).

To show that z.re € [Ny we use t :=1/2 for [ and ¢ := z.re for ly. O

Lemma 2.38 (Construction of imaginary part). For z € M it follows that z.im €
M

-
To get the point z.¢m we draw a line through z and z — 1. Now we get ¢ - z.im

by taking the intersection with the imaginary line, defined by 0 and . To get z.im
draw a circle trough ¢ - z.im and take the intersection with the real line.2.6

Proof. Define the lines [ = {2,z — 1} and 15 = {4,0}.
Now it is analog to the proof of lemma 2.37, that z.im -2 € I N 5.

Now we can project z.im -1 on the real axis by drawing a circle with center 0
and radius ||z.9m| and taking the intersection with the real axis. O

15
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Figure 2.5: Construction of z.re
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z—1 =z
Tzam

0 1 /z.im R

Figure 2.6: Construction of z.im
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Corollary 2.39 (z € M = z.re,zim € M_). For z € C. z is in M, if and only
if zre,zam € M.

Proof. "=:"1f z € M then z.re,z.im € M after lemma 2.37 and 2.38.
=" If zre,zim € M, then z.re 4+ 1z.im € M_ after lemma 2.31 and lemma
2.35. O

Lemma 2.40 (Multiplication of positve real numbers). Fora,b € M_ NR it follows
that a-b e M_,.

This construction is taken from [4].
To get the point a - b we draw a line trough a and ¢ and a parallel line through b.
The intersection of the second line with the real axis is a - 5.2.7

Proof. Define the three lines | = {a + tb — 1,10} and Iz = {1,0}.
Claim 1: [ € £L(M )

Proof. By assumption b € M_, so after Lemma 2.35 b € M_,. Futhermore [, €
L(M ) after Claim 1 and Lemma 2.33. O

Claim 2: [y € L(M )
Proof. By assumption 0,1 € M__, so lgz € L(M ). O

To show that a-b € M__ we need to show that INly € M_2.26. That ab € lxNlis
clear after definition ¢ = ab. For ab € [ we use t = b and get t(a+1b—1)+(1—1)wb =
ba +1b% —1b +1b —1b? = a - b. O

Remark 2.41. This construction uses parallel lines, but it is not needed for the
proof of the lemma.

[

)

» . R
a ab

Figure 2.7: Construction of z; - z,

Corollary 2.42 (Multiplication of complex numbers). For z,z, € M__ it follows
that z, - 2z in M.
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Figure 2.8: Construction of 21

Proof. Let z; = a+1b and 25 = ¢ +2d. Then
z1 29 =(a+1b) - (c+wd)=(a-c—b-d)+1(a-d+b-c).

By combining the Lemmas 2.40, 2.31, 2.32, 2.37 and 2.38 we get that z; - 2z, €
M. O

[ee]

Lemma 2.43 (Invers of a pos real number). If a € M NR, then a™! is in M.

This can be constructed analog to the multiplication of positve real numbers.
Using the fact that a - a™! = 1. Draw a line through 1 and 2a and a parallel line
through 2. The intersection of the second line with the real axis is a~!. (Fig. 2.8)

Proof. The proof is analogous to that of Lemma 2.40. It requires only two lines:
l={1—1241,1} and Iz = {1,0}.

With out loss of generality we can assume that a # 0.

The fact that they are in £(M ) follows analog to the proof of Lemma 2.40.
Thus we have just to show that 2=t € [, ie. Ft:t(l—1a+1)+ (1 —t)[ =a?

tl—wa+0)+1—tn"= al—alwtav+r—ate=al.

The rest follows analog. O

Corollary 2.44 (Inverse of a complex number). If z € M__, then 2! is in M__.
Proof. For z € M, we can write z = a + b with a,b € R. Then

1 z a—1b
-1 -1
zZl="=2= =(a—1b) - (aa +bb)" .
z 2z a?+0b? ( )+ (aa +bb)
It is now possible to combine the lemmas for addition 2.31, subtraction 2.32, multi-
plication 2.42 and the corollary for the inverse of a positive real number 2.43 with
the part concerning the existence of real and imaginary components 2.39 in order to
conclude that 271 € M__. O
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Lemma 2.45 (Anglein M ). If0# z=1 €€ M, then e € M.

For the construction we draw a line through 0 and z and take the intersection
with the unit circle. 2.9

Proof. Let [ be aline through 0 and z and ¢ be the unit circle. Then iNc = {e'*}. The
rest follows from the construction of the intersection of a line and a circle2.29. O

[}

(763

ol 1/ R

Figure 2.9: Construction of e*®

Corollary 2.46 (Midpoint in M_). If z;,2, € M, then 322 € M__.

Proof. Combining the lemmas for addition2.31, multiplication2.42 and the invers of

a complex number2.44 we get that % eEM,. O
Lemma 2.47 (Halving of an angle). For a € [0,27), if e'® € M, then '3 € M__.

Proof. For a # 0 # 7 we take the intersection of the unit circle with the line through
0 and and the mipiont of ¢'* and 1.
For a = 0 we get ¢’z = 1 and for o = 7 we get €'3 = 1.

Lemma 2.48 (Construction of radius). If z =r-e'*> € M, then T € M_,.
Remark 2.49. The radius is the distance from 0 to z, which is the same as |z|.

We get the radius by taking the intersection of the real axis with a circle in zero
with radius dist (0, z). 2.10

Proof. We use the fact that r = |z|| = \/9R(2)%? + J(2)2. Since we have spilt r in
already constructed parts, we get that r € M. ]

Lemma 2.50 (Root of pos real number). If r € M N R, then \/r is in M.
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Figure 2.10: Construction of r = |z||

This construction is taken from [6].
Draw a circle trough 0 and r and a line through 1 parallel to the imaginary axis.
Project the intersection to the real axis, using a circle with center 0 and you get /7.
(Fig. 2.11)

Proof. Without loss of generality we can assume that r» > 1. Otherwise we can use
the fact that /r = \/% The initial step is to define the following lines and circles:

L i={z =12 :=1+1}

lw == {2z =052y :=1}

¢y = {center := 7;radius := dist (0, 3)}
¢y = {center := 0;radius := dist (0,/7)}

It can be observed that both [; and ly are elements of L(M), and that ¢; is an
element of C'(M). Furthermore, it can be demonstrated that the /r is an element
of Iy N cy. Consequently, the only remaining step is to show that ¢, is an element
of C(M), which is equivalent to proving that there exists a z in M__ that is also an
element of ¢,. This is possible since 0 is an element of M.

Claim: There exists a z € [; N ¢y, such that z € c,.

Proof. In accordance with the theorem of Pythagoras, it can be demonstrated
thatz = 1 + /r—1. A further application of the Pythagorean theorem yields
the following result:

dist (0,2) YT 12 4 (Ve — 1) = VI =1 = V= dist (0, V7).

Therefore, it can be concluded that /r is also constructible.
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Figure 2.11: Construction of v/r

Corollary 2.51 (Square root of a complexnumber). If z € M__, then /z is in M.

Proof. z = r- e with 7 € Ryy and @ € R. Then /z = /r - e'2. Now we can
use Lemma 2.48 and Lemma 2.50 to get that \/z € M__. For > we can combine

Lemma 2.45 and Lemma 2.47. Now we get that /z € M__, after Lemma 2.40.
O
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Chapter 3

Field of constructable Numbers

This chapter develops the field structure on M and establishes a set of properties
that are utilized to establish a criterion for determining the constructability of a
point.

3.1 Field M__

In this section, we will utilise the constructed points from sectoion 2.4 in order to
demonstrate that M__ forms a conjugate (3.11) and quartic (3.5) closed field.

Theorem 3.1. For M C C with 0,1 € M. M_ is a subfield of C.

Proof. To show that M_ is a subfield of C we have to show that 0,1 € M__ and
M __ is closed under addition, multiplication, subtraction and division.

o0
0,1: This follows from 0,1 € M and Lemma 2.22.
+: For z;,2, € M we can construct z; + 2z, € M. 2.31
x: For z,,2, € M, we can construct z; - zo € M__. 2.42
—: For z € M_, we can construct —z € M_,. 2.30
~1: For 2 € M, with 2z # 0 we can construct 21 € M__. 2.44
O

Remark 3.2. To prove that M_, is a subfield of C in Lean we have to create a new
instance with carrier M.

Remark 3.3. Since M, is a subfield of C, M, is a field which is automatically
proved in Lean, by infer_instance.

Lemma 3.4. For M C C with 0,1 € M it holds:
(i) 1e M.
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(i) For z = x + 1y € C the following are equivalent:

1. ze M.
2. z,ye M.
3. e M.

(iii) For 0 # z = rexp(ia) € C the following are equivalent:

1. ze M.
2. ryexp(ia) € M.

Proof. This lemma is a direct consequence of section 2.4.
(i): We can apply construction 2.36
(ii): We can apply construction 2.39 and 2.36.

(iii): We can apply construction 2.48 and 2.45.

quadratic closed

Definition 3.5 (quadratic closed field). A field F' is called quadratic closed if for
all x € F there is a y € F such that y* = .

Remark 3.6. An equivalent definition is that F is quadratic closed if F = {a® | a €

Lemma 3.7. For M C C with 0,1 € M, M__ is quadratic closed.

Proof. Tt is established that M is a field (see remark 3.3). Furthermore, the corol-
lary 2.51 provides a root 22 of 2 € M.

[N
[N
I
N
N[—=
I
N
[N
I
I\

Z2 % Z

Therefore M__ is quadratic closed. O

Conjugate closed

Definition 3.8. For a Set M C C we define the conjugate set of M as
Conj(M)=1{z|z¢€ M}

Lemma 3.9. For two sets M, N C C

Conj(M UN) = Conj(M)U Conj(N).
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Proof. For z € Conj(M U N) there is a w € M U N such that w = z, therefore
z=w € Conj(M)U Conj(N). The other direction is analog. O

Lemma 3.10. For a set M C C it holds that Conj(Conj(M)) = M.

Proof.

Conj(Conj(M)) = Conj({z|ze M})={Z|ze M} ={z]|z€ M} =M.

O
Definition 3.11. We call a subset of C conjugate closed if M = Conj(M).
Lemma 3.12. M__ is conjugate closed.
Proof. We can apply construction 2.34 and the fact that Z = 2 for all z € C. O
Lemma 3.13. For M C C M U Conj(M) is conjugate closed.
Proof. We can apply Lemma 3.9 and 3.10.

Conj(M U Conj(M)) = Conj(M)U Conj(Conj(M)) = M U Conj(M).

O
Lemma 3.14. The set of rational numbers is conjugate closed.
Proof. For every r € Q we have 7 = r. O

Lemma 3.15. For M, N C C with M C N it holds that Conj(M) C Conj(N).

Proof. For z € Conj(M) there is a w € M such that w = z and since M C N we
have w € N and therefore z € Conj(N). O

Lemma 3.16. For a subfield F' of C the conjugate set Conj(F') is a subfield of C.

Proof. We have to show that 0,1 € Conj(F') and Conj(F) is closed under addition,
multiplication, negation and inversion.

0,1: Since 0,1 € F and 0 = 0,1 =1 we have 0,1 € Conj(F).

+: For z;, 29 € F we have z; + 25 = R(2y + 29) —1-T(21 + 29) = R(z1) + R(zy) —
1-(3(21) +3(zy)) = Z1 + Z5. Therefore Conj(F') is closed under addition.
—: For z € F we have =2 = R(—z2) —1-J(—2) = —(R(z) —2- (J(»))) = —=.

Therefore Conj(F) is closed under negation.

«: Since Z; - 25 = 27 - Z5 we have Conj(F) is closed under multiplication.

. — _1 . . . .
: Since z=1 =% we have Conj(F) is closed under inversion.
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Lemma 3.17. Let L be a subfield of C, with L = conj(L). For all z=x 41y € L
we have x,1y € L.

Proof. Let z = x4y € L. Since L is conjugate closed we know that z = x —y € L.
This implies _
z+z
2
and therefore also 1wy =2 —x € L. O

=z €L

Lemma 3.18. Let L be a subfield of C, with L = conj(L), and z,,z, € L. For
r = |z, — 2,| we get that r* € L.

Proof. For z; =z, +wy; and zy = x4 + 1y, we have

T= 2 — 2 = \/<$1 —15)2 + (Y — ¥o)?

and therefore

r? = (x; —29)* + (Y — ¥a)?

After applying Lemma 3.17 we get 72 € L. O

Lemma 3.19. Let L be a subfield of C, with L = conj(L). For i = 1,2,3,4 let
z; =x; +wy; € L with z; # z5 and z3 # z,. Define

Gy ={Az; + (1= XNz, | A € R},
Gy i={pzs+ (1 —p)z [ p R}
If Gy,NGy # 0 and Gy # G, it is equivalent
e z€ G NG,.

o There are A\, u € R such that:
1 Ny — x9) + pwy — 5’33) =Ty — Lo
2. Muwyy — 1) + p(yy —1ws) = 1y — 1y
3. z=Adz; + (1= Nz,
In this case z € L.

Proof. The proof is divided into two parts. Initially, it is demonstrated that z
belongs to the intersection of G; and G,, if and only if there exist real numbers
A, i € R, such that the equations 1, 2 and 3 are satisfied. Subsequently, it follows
that z is an element of L.

Equations 1 and 2 are equivalent to the following:

Ay + (1= Ay = pag + (1 — p)ay
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Ayp + (1= Ny = pys + (1 — )y,

This is the definition of z € G| N G, expressed in terms of its real and imaginary
parts.
The third equation is equivalent to z = Az; 4+ (1 — \)z,. This allows us to conclude
that z belongs to GG; at the point where GG; and GG, intersect. Consequently, we can
assume that z belongs to the intersection of G; and Gs.

Now we can show that z is an element of L.
Since we know that z is equal to Az; + (1 —\)zy and 2y, 25 € L we only have to show
that A € L. Here for we use the equations from the first part of the proof.

I )\(3”1 *fz) +N(934*$3) =Ty — To
11 Awyy — o) + p(1yy — 13) = 1wy — 1o

Now we solve II for p

Ay — o) + p(1yy — Ws3) = Wy — Wo | =A(wyy — 1)
< ey, —1ys) = 1wy — o — ANy —we) | +2(yy —y3)
— e — A —
= = 1Yy — 1Yo (Zy1 Zyz)
Yy — Y3

Since we divided by #(y, — y3) we need to assume that y, # y3, so we need to first
handle the case y, = y;.

If y, = y; we have A(wy; — wyy) = wy, — 1wy and since y, = ys y; F Yo, because
otherwise both Lines would be parallel to the real line and therefore G; = G, or
G, NG, = 0. Therefore A = ﬁ Using the fact that real part and the imagi-
nary part times ¢ are in L 3.17 we have written A as a fraction of two elements in L.

It can thus be concluded that A is in L, which implies that z = Az; 4+ (1—\)z, is in L.

Now we insert p in I and solve for A.

My —@y) + g — 3)
W — o — Ay — 1)
W(M —x3)
SAN@y = 29) (W — ws) + (s — wa — M — ws)) (24 — 23) ) (W — 1s3) | =(2y — x3) (s — w3)
A M@y — 2) (wa — ws) — (wa — W) (T4 — 3)) vy — @) (W — W) — (Wa — W) (T4 — 3) | +((wa — ws) (@) — 25) — (w1 — w) (w4 — 3))
o A= (w4 — ) (s — w3) — (s — W) (24 — 3)
(g —wi3) (1 — 22) — (w1 — W) (24 — 3)

=T, — I+ 1II
4~ Ty

e Aay — @) + =Ty 2 | -(wyy — ws)

We need to check that the denominator (y, —ys3)(z; —x5) — (Y3 —y5) (x4 —x3) is not
zero. Assume that its = then we would have (y, —ys)(x; —x5) = (y; —yo) (x4 — 23),
which is equivalent to ﬁ = ﬁ This would mean that the two lines are par-
allel and therefore G; = G, or G; N G4 = 0.
Thus we can assume that the denominator is not zero and therefore we can write
A as a fraction of two elements in L. Therefore A is in L, wich implies that
z=Az; + (1 —A)zy isin L.

O
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Lemma 3.20. Let L be a subfield of C, with L = conj(L). For i = 1,2,3 let
z; = x; +1y; € L with z; # 25, and let 7 > 0 in R with r?> € L. Define

Ci={z=z+weC||z—z =1}
Assume G N C # 0; then the following are equivalent:
e zeGNC.
o There is a A € R with \>a 4+ A\b+ ¢ = 0 where
a:= (2 — 25) + (wy — 1),
b= 2(xy — @) (my — 23) — 2(0yy — 1) (o — 13),
¢ = (29— x3)% + (1yp — 1w3)* — 717,
and z = Az + (1 — )z,
In this case z € L(y/w) for an w € L.

Proof. First we have to show z € G N C iff and only iff there exists a A € R with
MNa+Ab+c=0and 2z = Az + (1 — N)z,.

"=:" If z belongs to the intersection of G and C, then z satisfies the equations
of C and G. Consequently

lz—=z) =7 [0O<|-[and 0O <r

Iz 2l = r?

<
& (x—23)%+ (y—1y3)? =72 |2 =Ax; — A1y + 75 and
|y = Ay — Aya + 4
& (A2 — ATy + 29 — 25)%+
(1(Ay1 — Aya + Y2 — y3))* =12
A N ((21 = 29) + (11 — 10)?)+

A(2(7y — 29) (g — m3) — 2(2y1 — 1) (1o — 2y3))+

(zy — 23)% + (wyy —1y3)* =12

"«<:" Since z = Az; + (1 — \)z, we get z in G and can use the equations from the
first part of the proof to show that z is in C.

Now we can show that there exists a w € L such that z € L(y/w).
Since we know that z = A\z; + (1 — A\)z, and zy, 2z, € L we only have to show that
A € L(y/w). To do this, we use the equations from the first part of the proof. Since A
is a solution of a quadratic equation we now get that \ is equal to —t£vi-—dac W. Since
a,b,c € L we get w = b?> —4ac € L so A\ € L(/w). Therefore z = Az; + (1 — \)z, is

in L(y/w). O
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Lemma 3.21. Let L be a subfield of C, with L = conj(L). For i = 1,2 let
z; = x; +1y; € L with z; # 25 and let ; > 0 in R with r? € L. Define

Cr={z=z+welllz—2|=r}
Cyi={z=2+weC||z—z|=r}
Assume Cy N Cy #+ 0 and C| # Cy. Then ther exists z,,zy € L such that
G:={Az;+(1—=XNz | A\ eR}
is a real line, and
01002 :Gﬂcl :Gm02
For z € C; N Cy there is a w € L such that z € L(y/w).
Proof. The initial step is to demonstrate that z € C; N Cy, < 3G,z € GNC, Az €
Gm C2c
"=": If z is to be in both G N C;} and G N C,, it must be the case that z is in both

C, and C,. Consequently, it is also in C| N C,,.
7<": We begin by establishing that z = x + iy € C; N C, is equivalent to:

2=zl = 1 Alz—25| = ry & 2(xg—21 )2—2(2yy—2y; )1y = 7"%_7”5_5”%‘%%4‘(291)2_<Zyz)2

The remaining task is to identify two elements in L that satisfy the given equation.
This can be achieved by considering three cases: In the initial case, where x; = z,,
it can be demonstrated that y, # y,, as otherwise it would follow that C; = C,.
Here, we can choose

o e 1 (LR () — ()*

—2(yy — 1)
20 1= 0 + Z(T% B T% + (13/2)2 B (Zy1>2>
, =

—2(Yo — ¥1)

In the second case we have 3, = y, and x; # z,. Here we can choose !

2 2 2 2
ry—r3+x; — 1]
Zq 1= 1
1 ( 2($2—$1) )+ U1
z ::(r%—rg—i-:r%—m%)_zy
2 2(zg — 1) !

!During the process of formalising this proof, it became evident that for y, = y, = 0 and L C R,
there does not exist a line G with the property that GNC;, = GNCy, = C; N C,. This error can
also be found in the source [6] and was noticed too late, so it could not be corrected in time. The
existence of an w such that z € L(y/w) is still correct and is the result we are interested in.
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For x, # x5 and y; # y, chose
i —rd +ad —af 4 (o) — (w1)® +2(u(y) — (Z?Jl»(l?h))

2=l 2(zy — ) T
- .:<7“%_7“2+332—351+(23/2) — (w1)? +2(u(y, )_<ZZ/1)>(ZZ/2))+W
? 2(wy — @) 2

Since the points z; and z, lie in L, we can conclude that the line G lies in the
set of lines of L. This allows us to apply the results stated in lemma 3.20 to obtain
w, with the result that z is contained within the set L(w). O

3.2 The Field X,

This section develops a conjugation-closed field that depends on the set M.
Definition 3.22. Let (M) C C with 0,1 € M. Define:
Ky = QM U Conji()

Lemma 3.23. Let K be an conjugation closed intermediate field of Q and C and
M C C be a subset with M = conj(M). Then K(M) is conjugate closed.

Proof. In reference 3.16, it was demonstrated that for a field F, the field of complex
numbers, Conj(F) is a field. It can thus be concluded that Conj(K(M)) is also a

field. As both K and M are subsets of K(M), it can be inferred from lemma 3.15

ConjClosed ConjClosed
that Conj(K) = K and Conj(M) = M are subsets of Conj(K(M)).

As K (M) is the smallest subfield of C that includes K and M, it can be concluded
that
K(M) C Conj(K(M)).
Furthermore, if we apply C'onj to both sides and again infer 3.15, we obtain
Conj(K(M)) € Conj(Conj(K (M) = K(M),
which leads to the conclusion that Conj(K(M)) = K(M). O

Corollary 3.24. For M C C with 0,1 € M, K, is conjugate closed.

Proof. By employing the preceding lemma, it is sufficient to demonstrate that Q and
M U Conj(M) are conjugate closed, which can be inferred from 3.14 and 3.13 [

Lemma 3.25. For M C C with 0,1 € M it holds that K, C M

Proof. From the definition of K, := Q(M U Conj(M)), it can be seen that this is
the smallest subfield of C containing both @ and M U Conj(M). Consequently, it
is sufficient to demonstrate that both Q and M U Conj(M) are contained within
M. Since Q is contained in every subfield of C, it is therefore also contained in

M. Furthermore, since M is contained in M (see 2.22) and M is conjugate closed
(3.12), we can conclude that M U Conj(M) C Q. O
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3.3 Classification of Constructable Numbers

The following section will demonstrate that for an element to be constructible, the
degree over K, must be equal to 2™ for some natural number m.

Lemma 3.26. Let K, L be subfield of C, with K < L. Then [L : K] = 2 is equivalent
to the existence of a wxw € K with w ¢ K and L = K(w).

Proof. (ii) => (i): Let w be as in (i4).Then /w is a root of X? —w € K[X]. Since
Vw ¢ K this polynomial is irreducible in K[X]. Therefore [L : K| = 2.
(i) = (i1): Let [L: K] =2and o« € L\ K. Then K(«) = L and

fox =X*+bX+c becekK

This implies

RN GE
a=—3 T ¢
Nowletw::%—ceKthenwegetL:K(a):K(\/@). O

Lemma 3.27. For z € C there exists an n > 0 and a chain
Ky=L,cL,c..cL,cC

of subfields of C such that z € L,, and [L; ., : L;] =2 fori=0,...,n—1. This is
equivalent to:

There is an intermediate field L of C/K, with z € L, so that L arises from K, by a
finite sequence of adjunctions of square roots.

Proof. ”=:” Let n be the smallest natural number such that there exists a chain of
subfields L; ¢ L, C ... C L, with z € L,, and [L;,, : L;] =2 for i =0,...,n — 1.
Now lemma 3.26 gives us that there exists a w € L, ; such that L, arises from
L, by adjoining /w.

"«<:” Let L be an intermediate field of C/K, with z € L and L arises from K by a
finte sequence of adjunctions of square roots. Then there exists a chain of subfields
LycLyC..CL,withze€ L, and L, := L;(\/w;) fori =0,...,n — 1. O

Lemma 3.28. For M, ezists a chain of intermediate fields Ky < K; < ... < K,
such that M; C K; and K, := K, _,(X;) for a set of square roots X, of elements of
Klfl'

Proof. Induction over n

o Base case n = 1:
K, < K, and K is conjugation closed 3.24.

e induction hypothesis:
Assume that for n there is a chain of conjugation closed intermediate fields
K, < K, < .. <K, such that M; C K; and K, := K, (X,) for a set of
square roots X; of elements of K;_;.
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e Inductive step n — n + 1:
For z € M, there are four cases:

z € M,: By the induction hypothesis z € K, and K,, is conjugation closed and
arises from K|, by a sequence of adjunctinos of square roots.

z € ILL(M,): By the induction hypothesis z € ILL(K,,) and using 3.19 we get that
z € K,

z € ILC(M,): By the induction hypothesis z € ILC(K,,) and using 3.20 there is a
w € K, such that z € K, (y/w) insert v/w, /w to X,,.

z € ICC(M,,): By the induction hypothesis z € ICC(K,,) and using 3.21 there is a

w € K,, such that z € K, (y/w) insert \/w, /w to X,,.
O

Theorem 3.29 (constructable iff chain dergee2). For z € C, z € M is equivalent
to:
There is a 0 < n and a chain

Ky=L,cL,c..cL,cC
of subfields of C such that z € L, and

[Lih:L)]=2 for i=0,..,n—1.

7

Proof. "<=:" It can be shown by induction that L, is contained within M__. There-
fore, it can be inferred that z is also contained within M.

e Base case n = 1:
L, =K,C M, 3.25.

e induction hypothesis:
Assume that for n: Vi <n:L; < L;  AN[L;: L;] =2 implies L,, C M_.

e Inductive step n — n + 1:
Given that [L,,, : L, ] = 2, it follows from the conclusions of Lemma 3.26 that
there exists a w € L,, with the property that \/w ¢ L,, and L,,,; = L,(w). By
the induction hypothesis, it can be inferred that L, C M_ . Since w € L, C
M, and M is quadratic closed (3.7) L, (w) = L,,,; C M.

7=:" There exists a n such that z € M,,, and we know that there exists a K, with
M, C K, which is derived from K|, by successive adjoing square roots 3.28. We can
conclude that there is a K, which is derived from K, by successive adjoining square
roots, and that z € K. Since M, is finite, we get that we adjoin finitely many square

roots and so we evoke 3.27.
O

Lemma 3.30. For z € C, z € M implies there exists a m such that [z : K ] = 2™.
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Proof. By Theorem 3.29, it can be inferred that there exists a chain of subfields,
Ky=L,CcLyCc--CL,CcC,withzeL,and [L;: L, ;|=2fori=0,1,...,n—1.
Moreover, the multiplicativity formula for degrees indicates that the degree of the
extension [L,, : K] is equal to the product of the degrees of the extensions [L,, :
L, 4]-[L,_1:L,_5]...[Ly: Ly]. Thus, we have that [L,, : K] = 2". The fact that
z € L,, implies that K(z) C L,,. It thus follows that the index of the field extension
(L, : K| = [L,, : Ky(2)] - [Ky(2) : K], which implies that [K(z) : K] is a divisor
of 2™, O

Corollary 3.31. For z € C, if there is no m such that [z : K| = 2™ then z ¢ M.
Proof. Contraposition of Lemma 3.30. O

Corollary 3.32. For z € C, z € M, with [K, : Q] = 2", if there is no m such that
[2: Q] =2™ then z ¢ M.

Proof. A combination of the multiplicativity formula for degrees and corollary 3.31.
O
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Chapter 4

Ancient Construction Problems

This chapter will employ the results to demonstrate the impossibility of trisecting
the angle and doubling the cube. This formalisation is based on the work conducted
during my project in Bonn during the Lean Course WiSe 23/24: https://github.
com/Louis-Le-Grand/LeanCourse23Fork/tree/master/LeanCourse/Project

4.1 Doubling the cube

The doubling of the cube, also known as the Delian problem, represents an ancient
geometric problem. The objective is to construct the edge of a second cube whose
volume is double that of the first, using only a ruler and compass, given the edge of
a cube. The construction of a second cube with double the volume of the original
cube begins with a cube of volume a®, where a is the length of an edge. Thus, a
cube with double the volume (2 - a®) has an edge length of the cube root of two
times the length of the original edge. If we now take the unit cube and reduce M,
the problem is as follows:

Problem 4.1. Let M = {0,1}.

a= 7
Is V2 € M7
Lemma 4.2. (V/2 is irrational) The third root of 2 is an irrational number.

Proof. The following theorem will be used without proof, as it is already available
in MathLib:

Theorem*. For any x € (R\ Z) if there exist an n € N_y and m € Z such that
m = x", then x is rational.

The fact that (1/2)% = 2, allows us to deduce that the only remaining task is to
prove that it is not an integer. This can be observed trough two relations.

25 < 2 (4.1)
25 > 1 (4.2)
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Lemma 4.3. P := X3 — 2 is irreducible over Q.

Proof. Since Q is a subfield of C[X], we know that
XP—2= (X = V2)(X - V2)(X - 3V2)
Suppose P is reducible, then
X3 —2=(X—a)(X?+bX +c), with a,b,c € Q

In particular it has a zero in Q, so there is a rational number a such that a® = 2.
But we know that ng?’/ﬁ and C§ /2 are not real numbers and /2 is not rational 4.2.
So P is irreducible over Q. ]

Theorem 4.4. The cube can’t be doubled using a compass and straightedge.

Proof. By applying the corollary 3.31, it is sufficient to proof that no m € N exists
such that
m ? 3 0,16@ 3
2m = [¥2:Q(0,1)] =" [V2: Q] = degree(sq, y5)-
Since P is irreducible over Q ??, monic and has v/2 as a zero, we know that [Q(+/2) :
Q] = 3. And since

3=, 1#0=,=2" Vm €N

we can conclude that the cube can’t be doubled using a compass and straightedge.
O

4.2 Trisection of an angle

The trisection of an angle with a compass and ruler can be reduced to the following
problem:
Let M = {a,b, c} with a,b,c not on a line and « := Z(b — a,c — a) be the resulting
angle. Then « can be trisected if and only if there is a point d € M such that
Z(b—a,d—a) = a/3. The use of a normed set M = {0,1,e'®} leads to the following
problem:

Problem 4.5. Let M = {0, 1, exp(ix)}.

?
Is exp(ia/3) € M 7

In this context, since the numbers zero and one are rational numbers, it can be
concluded that K is equal to

Ky = QM U Conj(M)) = Q(e', ).

/3

Given the corollary reference and the fact that e is a zero of X3 — e €

Q(e', e*)[X], the following is equivalent:
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o exp(io/3) & M,
o degree(ppass i) =3
e X2 — ' is irreducible over Q(e'®, e@)
The following section will demonstrate that the angle of § = 60° is not trisectable.
Lemma 4.6. The degree of K, = Q(e%,elig) is equal to 2.
Proof. For all real numbers «, we have that
exp(1a) = cos(a) + 2sin(a).

For a = 7/3 we get

| S

and sin(a) =

N

cos(a) =

Therefore Q(e'5, 627%) is in Q(21/3). And since v/3 is a zero of X2 + 3, we know that
the degree of K, less then 2. To show that the degree is not 1, we apply the fact
that 1v/3 ¢ Q. O

Lemma 4.7. The angle 7/3 = 60° can’t be trisected using a compass and straight-
edge.

Proof. By utilising the aforementioned lemma 4.6 to apply the corresponding corol-
lary 3.32, we can narrow our focus to the degree over Q. Now we use the fact that
if v € M, then z.real,x.imag € M, 3.4. Thus we focus on cos(c/3), which the
real part e*s and a zero of

[=8X%—6X—1¢€ Q[X]

Suppose f is reducible over @, then f has a rational zero a, since f is of degree 3.
According to the rational root theorem, a root rational root of f is of the form iiq’
with p a factor of the constant term and ¢ a factor of the leading coefficient. So the
only possible rational zeros of f are

1
4

One can check that none of these numbers are a zero of f. So f is irreducible over
Q and cos(a/3) ¢ M . Therefore

explia/3) ¢ M,

So the angle /3 = 60° can’t be trisected using a compass and straightedge. O

1 1
1,4+ =}
{:l: ):t27j: ’:I:S}

Theorem 4.8. A general angle can’t be trisected using a compass and straightedge.

Proof. Employ the previous lemma with the angle 7/3. 0
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Chapter 5

A sample of Lean

The following chapter provides a concise overview of the author’s experience with
lean, the challenges encountered, and the author’s approach to formalisation.
However, it will not explain the operational logic of lean nor serve as a guide
to learning lean, as this is beyond the scope of this thesis. For those interested in
learning more about lean, I recommend consulting the following resources: https:
//leanprover-community.github.io/learn.html

5.1 Blueprint

In order to structure my project, I em-
ploy the Lean Blueprint tool, created by
Patrick Massot. [5] This tool generates
a web version of the LaTeX file, which
provides an outline of the project and fa-
cilitates the integration of code with the
associated documentation. Please refer
to Figure 5.1 for an example of the link-
ing. Furthermore, it generates a depen-
dency graph 5.1, which illustrates the
extent of formalisation. The presented
approach is particularly beneficial for
larger-scale projects involving multiple

Lemma 2.7. v# & % (s

| For M C Cwith 0,1 € M, M, is quadratic closed.
Proof »

Figure 5.1: Blueprint

v' Indicates the statment is Formalised
# Links to the proof
& Shows to the proof
% Shows dependency
wn  Links to the documentation

contributors, as evidenced in Terence Tao blog post. [7]
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Figure 5.2: Dependency Graph
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5.2 A sample of Lean code

The following is a representative sample of the Lean code, which is available in its en-
tirety on the GitHub repository of this project. https://github.com/Louis-Le-Grand/
Formalisation-of-constructable-numbers

I defined lines as a structure of two points z; and z,. For this structure I then
define points by {Az; + (1 — A)z, | A € R} which are all the points the line goes
through. I have omitted the condition z; # 2z, because in some settings a line that
consists of only one point makes sense.

structure line where

(z z: )

def line.points (1: line) : Set :=
|

{(t: ) *x1.z+ (1-t) * 1.z (t : D}

To define the circles, I used ¢ of C as the centre and r as the radius. For the
points, I could refer to spheres already defined in Mathilb, which had the advantage
that I could use existing lemmas about them.

structure circle where

(c : )
(r: )
def circle.points (c: circle) := Metric.sphere c.c c.r

noncomputable def circle.points' (c: circle) :=
(c.c, c. r : EuclideanGeometry.Sphere )

To prove that M is a subfile of C, I had to define a new object of type subfile
of C, and use M as the subordinate carrier. This is because each object in Lean is
a type, and you cannot switch between types.

noncomputable def MField (M: Set )(h: 0 M)(h: 1 M):
Subfield where

carrier := M_inf M

zero_mem' := by exact M_M_inf M h
one_mem' := by exact M_M_inf M h
add_mem' := by apply add_M_Inf M h
neg_mem' := by apply z_neg M_inf M h
mul_mem' := by apply mul_ M_inf M h h
inv_mem' := by apply inv_M_inf M h h

5.3 Conclusion

The proceeding was an account of the process by which the formalisation of "The
Impossibility of Trisecting the Angle and Doubling the Cube” was reached. On the
one hand, working with lean demonstrates which aspects have not yet been resolved,
during the formalisation process and ensures that all outcomes will be accurate.
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However, it requires a more complex proof structure than is typically required,
rendering processes that are otherwise straightforward challenging to demonstrate.
Consequently, this approach is inherently time-consuming. This has resulted in the
following aspects not being completed in time.

In Lemma 3.21, while calculating the existence of the line through the intersec-
tion points of the two circles, it was found that for J(¢;) = J(¢y) = 0, the lemma is
not true. Due to time limitations, these issues could not be addressed.

In the proof of Theorem 3.29 the fact that it is a finte adjunction of square roots
was not proven and the equivalence of Lemma 3.27 is not formalized.

It should be noted that proof of Lemma 3.26 was never forthcoming, as there
was a desire to prove the most general setting in order to contribute it to Mathlib.
However, due to the limitations of time, this was not feasible.

Nonetheless, I'm glad that I could make a small contribution to the formalization
of the 100 theorems in Lean.
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