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ABSTRACT. We prove a new generalization of a theorem of Carleson, namely
bounds for a generalized Carleson operator on doubling metric measure spaces.
Additionally, we explicitly reduce Carleson’s classical result on pointwise conver-
gence of Fourier series to this new theorem. Both proofs are presented in great
detail, suitable as a blueprint for computer verification using the current capabil-
ities of the software package Lean. Note that even Carleson’s classical result has
not yet been computer-verified.
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CHAPTER 1

Introduction

In [Car66], L. Carleson addressed a classical question regarding the convergence
of Fourier series of continuous functions by proving their pointwise convergence
almost everywhere. Theorem 1.0.1 represents a version of this result.

Let f be a complex valued, 27-periodic bounded Borel measurable function on
the real line, and for an integer n, define the Fourier coefficient as

2m
£, = 217T/0 flx)e ™*dx. (1.0.1)

Define the partial Fourier sum for N > 0 as
N -~ .
Snf@) =Y fpeme. (1.0.2)
n=—N

THEOREM 1.0.1 (classical Carleson). Let f be a 2w-periodic complex-valued con-
tinuous function on R. For all € > 0, there exists a Borel set E C [0,2n] with
Lebesgue measure |E| < € and a positive integer N, such that for all z € [0,27] N E
and all integers N > N,, we have

|f(z)— Syf(x)] <e. (1.0.3)

By applying this theorem with a sequence of €, := 27" for n > 1 and taking
the union of corresponding exceptional sets E,, we see that outside a set of measure
0, the partial Fourier sums converge pointwise for N — oo. Applying this with
a sequence of ¢ shrinking to zero and taking the intersection of the corresponding
exceptional sets, which has measure zero, we see that the Fourier series converges
outside a set of measure zero.

The purpose of this paper is twofold. On the one hand, it prepares computer
verification of Theorem 1.0.1 by presenting a very detailed proof as a blueprint for
coding in Lean. We pass through a bound for a generalization of the so-called Car-
leson operator to doubling metric measure spaces. This generalization is new, and
proving these bounds constitutes the second purpose of this paper. This gener-
alization incorporates several results from the recent literature, most prominently
bounds for the polynomial Carleson operator of V. Lie [Lie20] as well as its general-
ization [Zor21]. A computer verification of our theorem will also entail a computer
verification for the bulk of the work in these results.

We proceed to introduce the setup for our general theorem. We carry a multi
purpose parameter, a natural number

a>4 (1.0.4)

7



8 1. INTRODUCTION

in our notation that as it gets larger will allow more general applications but will
worsen the constants in the estimates.

A doubling metric measure space (X, p, i, a) is a complete and locally compact
metric space (X, p) equipped with a o-finite non-zero Radon-Borel measure p that
satisfies the doubling condition that for all z € X and all R > 0 we have

u(B(x,2R)) < 2°u(B(x, R)) (1.0.5)
where we have denoted by B(x, R) the open ball of radius R centred at x:
B(z,R) :={y e X :p(z,y) < R}. (1.0.6)

A collection © of real valued continuous functions on the doubling metric mea-
sure space (X, p, u,a) is called compatible, if there is a point 0 € X where all the
functions are equal to 0, and if there exists for each ball B C X a metric dz on O,
such that the following five properties (1.0.7), (1.0.8), (1.0.9), (1.0.10), and (1.0.11)
are satisfied. For every ball B C X

sup [9(z) = v(y) = 0(a) +0(y)| < d(0.0). (10.7)
x,ye
For any two balls B; = B(z,,R), By = B(z,,2R) in X with x; € B, and any
1,0 € O,

dp,(9,0) < 2%dp (9,0). (1.0.8)

For any two balls By, B, in X with B; C B, and any 9,0 € ©
dp, (9,0) < dg,(9,0) (1.0.9)
and for any two balls B; = B(zy, R), By = B(x,,2°R) with B; C B,, and ¥,60 € ©,
2dg (9,0) < dg,(0,0). (1.0.10)

For every ball B in X and every dg-ball B of radius 2R in O, there is a collection
B of at most 2* many dg-balls of radius R covering B, that is,

Bcl| 3. (1.0.11)

Further, a compatible collection © is called cancellative, if for any ball B in X
of radius R, any Lipschitz function ¢ : X — C supported on B, and any 9,0 € ©
we have

|| o)~ o)et@aute)] < 2uB)lelm(1+dp(0.6) 2 (1012

where | - [14,(5) denotes the inhomogeneous Lipschitz norm on B:
[p(2) — e(y)|
llip() = supe(z)| + R sup -

Lip(B) zEB z,yEB,x+y p(a?, y)

A one-sided Calderén—Zygmund kernel K on the doubling metric measure space
(X, p, p, a) is a measurable function

K:XxX—C (1.0.13)
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such that for all z,vy’,y € X with x # y, we have

K (z,y)| < V(QZ » (1.0.14)
and if 2p(y, y’) < p(2,y), then
KGa) — K] < (A20) 2 (10.15)

where
V(z,y) = u(B(x, p(x,y)))-

Define the maximally truncated non-tangential singular integral T, associated with
K by

T.f@)= sp s |[ K@ f@)duty)| . (1.0.16)
Ry <R, p(w,2")<Ry |VR,<p(z’,y)<R,
We define the generalized Carleson operator T by
Tf(x) :=sup sup / K(z,y)f(y)e(d(y)) du(y)| , (1.0.17)
V€O 0<R <Ry |JR, <p(z,y) <Ry

where e(r) = €.

Our main result is the following restricted weak type estimate for 7" in the range
1 < g < 2, which by interpolation techniques recovers L? estimates for the open
range 1 < g < 2.

THEOREM 1.0.2 (metric space Carleson). For all integers a > 4 and real numbers
1 < q <2 the following holds. Let (X, p,u,a) be a doubling metric measure space.
Let © be a cancellative compatible collection of functions and let K be a one-sided
Calderon—Zygmund kernel on (X, p, 1, a). Assume that for every bounded measurable
function g on X supported on a set of finite measure we have

(l3

where T, is defined in (1.0.16). Then for all Borel sets F' and G in X and all Borel
functions f: X — C with |f| < 1p, we have, with T defined in (1.0.17),

450a° 1 |
/deu‘ < ———u(G) T p(F)a . (1.0.19)
G (¢—1)
For a Borel function Q — O, and ¥ € © and x € X define
R (¥, ) =sup{r > 0: dp, (¥, Q(z)) < 1} (1.0.20)
and define further
135w = s s | K@ o)f)duly)  (1L0.21)
Ry>0 p(z,2")<R, Rq<p(z’,y)<Rg(¥,z")
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Define further the linearized generalized Carleson operator Ty, by

Ty f(x) == sup
0<R,<R,

/ K, fe@Q@) ) duw)| . (10.22)
Ry <p(z,y)<R,y

where again e(r) = €.

THEOREM 1.0.3 (linearised metric Carleson). For all integers a > 4 and real
numbers 1 < q < 2 the following holds. Let (X, p, i, a) be a doubling metric measure
space. Let © be a cancellative compatible collection of functions. Let @ : X — © be
a Borel function with finite range . Let K be a one-sided Calderén—Zygmund kernel
on (X, p,pu,a). Assume that for every ¥ € © and every bounded measurable function
g on X supported on a set of finite measure we have

a3
I78gl> < 2*" (gl , (1.0.23)

where TS is defined in (1.0.21). Then for all bounded Borel sets F' and G in X and
all Borel functions f : X — C with [f| < 1p, we have, with Ty, defined in (1.0.22),

450a° 1 1
/ TQfdu‘ < C (@) ) (1.0.24)
G q
We note that in Chapter 77 we formulate a variant of this theorem where () has
countable range.
In the one-dimensional Euclidean setting, with K representing the Hilbert kernel:

K(z,y) = (z—y)~"
and © denoting the class of linear functions, the operator (1.0.17) is the classical
Carleson operator, which plays a crucial role in proving the almost everywhere con-
vergence of Fourier series [Car66], [Fef73], [LT00]. The supremum in R, and R, is
often omitted in classical treatments, but considering the maximal truncations can
easily be reduced to the case without these truncations.

By replacing © with the class of polynomials vanishing at 0 up to some fixed
but arbitrary degree, we obtain the polynomial Carleson operator of Lie [Lie09]
(quadratic case) and [Lie20]. The case of the class of polynomials with vanishing
linear coefficient is simpler and was estimated in [SWO01]. The polynomial Carleson
operator was generalized to the high-dimensional Euclidean setting in [Zor21] for K
being a Calderén-Zygmund kernel with some Holder regularity.

Doubling metric measure spaces are instances of spaces of homogeneous type.
Indeed, by changing from a quasi-metric to an equivalent metric, every space of
homogeneous type can be viewed as a doubling metric measure space (cf. [MS79]).
Spaces of homogeneous type were introduced by [CWT71] as a natural setting for
Calderon-Zygmund theory. We refer to the textbook [Ste93] for an account of these
spaces.

Our concept of a compatible collection © as a natural class of phase functions
on a doubling metric measure space does not appear in [Ste93] but is implicitly
anticipated in [Zor21] and subsequent work of [Mna22], who proves a Carleson-type
theorem for the Malmquist-Takenaka series, which leads to classes of phases related
to Blaschke products. A generalization of (1.0.17) from the previously mentioned
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Euclidean setting into the anisotropic setting that was suggested in [Zor21] is in-
cluded in our theory. The polynomial Carleson operator also plays a role in the
study of maximally modulated singular Radon transforms along the parabola, see
[Ram21] and [Bec24].

For the proof of Theorem 1.0.2, we largely follow [Zor21]|, which in turn was

inspired by [Lie20]. We make suitable modifications to adapt to our more general
setting and have made a few technical improvements in the proof. In particular, in
Chapter 2, we explicitly divide the main work of the proof into mutually independent
sections 3, 4, 5, 6, 7, 8, and 9. Some of these sections follow a similar pattern, starting
with a subsection dividing the proof into further mutually independent subsections.
This modularization of our proof was strongly endorsed in personal communication
by the author of [Zor21].
Acknowledgement. L.B., F.v.D., R.S., and C.T. were funded by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Ex-
cellence Strategy — EXC-2047/1 — 390685813. L.B. , R.S., and C.T. were also sup-
ported by SFB 1060. A.J. is funded by the TUBITAK (Scientific and Technological
Research Council of Tiirkiye) under Grant Number 123F122.






CHAPTER 2

Proof of Metric Space Carleson, overview

This section organizes the proof of Theorem 1.0.2 into sections 3, 4, 5, 6, 7, 8, and
9. These sections are mutually independent except for referring to the statements
formulated in the present section. Chapter 3 proves the main Theorem 1.0.2, while
sections 4, 5, 6, 7, 8, and 9 each prove one proposition that is stated in the present
section. The present section also introduces all definitions used across these sections.

Section 2.1 proves some auxiliary lemmas that are used in more than one of the
sections 3-9.

Let a, g be given as in Theorem 1.0.2.

Define
D := 2100a” (2.0.1)
K= 2—10(1’
and
7 = 212a (2.0.3)

Let ¢ : R — R be the unique compactly supported, piece-wise linear, continuous

function with corners precisely at ﬁ, %, i and % which satisfies
> (D) =1 (2.0.4)
seZ

L
4D>

L

1 .
5], is constant one on [55,

for all > 0. This function vanishes outside |
is Lipschitz with constant 4D.

Let a doubling metric measure space (X, p, u,a) be given. Let a cancellative
compatible collection © of functions on X be given. Let o € X be a point such that
(o) =0 for all ¥ € O.

Let a Borel measurable function @ : X — © with finite range be given. Let a
one-sided Calderén-Zygmund kernel K on X be given so that for every ¥ € © the
operator Tg defined in (1.0.21) satisfies (1.0.23).

For s € Z, we define

1], and

K (z,y) = K(z,y)y(D~*p(z,y)) (2.0.5)
so that for each z,y € X with x # y we have

K(z,y) =Y K,(z,y).

In Chapter 3, we prove Theorem 1.0.2 and Theorem 1.0.3 from the finitary
version, Proposition 2.0.1 below. Recall that a function from a measure space to
a finite set is measurable if the pre-image of each of the elements in the range is
measurable.

13



14 2. PROOF OF METRIC SPACE CARLESON, OVERVIEW

PROPOSITION 2.0.1 (finitary Carleson). Let 0q,0,: X — Z be measurable func-
tions with finite range and o, < 04. Let F,G be bounded Borel sets in X. Then
there is a Borel set G' in X with 2u(G") < u(G) such that for all Borel functions
f: X —Cwith |f| <1p.

/G\G’

oy(x

)
3 / K (2,1 f(0)e(Q()(w)) du(y)| du(z)
(x)

s=oq(

3
2440(1 1

1—1
S(q_DyKG>qu@U

Let measurable functions o; < 04: X — Z with finite range be given. Let
bounded Borel sets F', G in X be given. Let S be the smallest integer such that the
ranges of o, and o, are contained in [—S,S] and F' and G are contained in the ball
B(o, 1 D%).

In Chapter 4, we prove Proposition 2.0.1 using a bound for a dyadic model
formulated in Proposition 2.0.2 below.

A grid structure (2D, ¢, s) on X consists of a finite collection 2 of pairs (I, k) of
Borel sets in X and integers k € [—S5, 5], the projection s: D — [=S,S], (I, k) — k
to the second component which is assumed to be surjective and called scale function,
and a function ¢ : 2 — X called center function such that the five properties (2.0.7),
(2.0.8), (2.0.9), (2.0.10), and (2.0.11) hold. We call the elements of D dyadic cubes.
By abuse of notation, we will usually write just I for the cube (I,k), and we will
write I C J to mean that for two cubes (I, k), (J,l) € D we have I C J and k < [.

For each dyadic cube I and each —S < k < s(I) we have

Q=

(2.0.6)

rc |J 7. (2.0.7)
JeD:s(J)=k

Any two non-disjoint dyadic cubes I, J with s(I) < s(J) satisfy
I1cJ. (2.0.8)

There exists a I, € D with s(I,) = S and ¢(I;) = o and for all cubes J € D, we
have

Jcl,. (2.0.9)

For any dyadic cube I,

dDeBMD&DWUcIcanADWW (2.0.10)

For any dyadic cube I and any ¢ with tD*() > D=5,

p{z el : p(z, X NI)<tDD}) < 2t5u(T). (2.0.11)
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A tile structure (3, 7,, Q,c,s) for a given grid structure (2, ¢, s) is a finite set
P of elements called tiles with five maps

J:B—-D

Q: P — P(O)

9: P = Q(X)

c:P—-X

s: B -7
with J surjective and P(©) denoting the power set of © such that the five properties
(2.0.13), (2.0.14), (2.0.15), (2.0.18), and (2.0.19) hold. For each dyadic cube I, the
restriction of the map € to the set

PB) ={p:7T(p) =1} (2.0.12)

is injective and we have the disjoint covering property (we use the union symbol
with dot on top to denote a disjoint union)

Q(X) C Upewng(p). (2.0.13)
For any tiles p,q with J(p) C J(q) and Q(p) N Q(q) # @ we have
Q(q) C Qp). (2.0.14)
For each tile p,
9(p) € B,(9(p),0.2) C Q(p) C B,(9(p),1), (2.0.15)
where
B,(V,R) :={0€0© : d,(9,0) <R}, (2.0.16)
and
dy := dp(e(p),1 Dsiv) - (2.0.17)
We have for each tile p
c(p) = c(I(p)), (2.0.18)
s(p) = s(JI(p)). (2.0.19)
PROPOSITION 2.0.2 (discrete Carleson). Let (D,c,s) be a grid structure and
(B,7,9Q,9,c,s)
a tile structure for this grid structure. Define for p € P
E(p) ={z € J(p) : Qx) € Qp), 01 (x) <s(p) < 0y(x)} (2.0.20)

and

Tpf(x) = 1 (z) /Ks(p)(w,y)f(y)e(Q(x)(y) — Q(z)(x)) du(y). (2.0.21)

Then there exists a Borel set G" with 2u(G") < u(G) such that for all Borel functions
f:X — C with |f| <1p we have

/G RNE

peP

dp(x) < WMGHMR% : (2.0.22)
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The proof of Proposition 2.0.2 is done in Chapter 5 by a reduction to two further
propositions that we state below.

Fix a grid structure (D, ¢, s) and a tile structure (B, 7,2, 9, c,s) for this grid
structure.

We define the relation

p<yp (2.0.23)

on P x P meaning J(p) C J(p’) and Q(p’) C Q(p). We further define for A\, \" > 0
the relation

Ap S N'p’ (2.0.24)
on P x P meaning J(p) C J(p’) and
B, (Q(p'),\) C B, (2(p), ) - (2.0.25)
Define for a tile p and A >0
Ey(p):={zeI(p)NG:Qx) €Qp)}, (2.0.26)
Ey(A\p):={z€J(p)NG: Qx) € B,(Q(p),\)}. (2.0.27)

Given a subset B’ of P, we define P(P’) to be the set of all p € P such that
there exist p” € P’ with J(p) C J(p”). Define the densities

, _ 1(Ey(Ap))
dens; (P’) := sup sup A~ sup —_ (2.0.28)
' peP A2 pep)ap'sap M)

FnB
dons, (1) o sup sup 1L DB
p/EP’ r>4Ds(p) pu(Blc(p),r))
An antichain is a subset 2 of P such that for any distinct p,q € 2 we do not

have have p < q.
The following proposition is proved in Chapter 6.

(2.0.29)

PROPOSITION 2.0.3 (antichain operator). For any antichain 20 and for all f :
X — C with |f| <1p and all g: X — C with |g| < 14

| [@ 3 (@) duta) (2.0.30)
peA
2150(13 -1 P
< 2 densy ()5 donsy ()11l (2.031)

Let n > 0. An n-forest is a pair (4, ¥) where 4 is a subset of P8 and ¥ is a map
assigning to each u € 4l a nonempty set T(u) C P called tree such that the following
properties (2.0.32), (2.0.33), (2.0.34), (2.0.35), (2.0.36), and (2.0.37) hold.

For each u € Y and each p € T(u) we have J(p) # J(u) and

dp < 1u. (2.0.32)
For each u € 4l and each p,p” € T(u) and p’ € P we have
p,p” €T(u),p<p <p’ = p’ € T(u). (2.0.33)
We have
1> 1yl <27 (2.0.34)

uell
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We have for every u € U

dens, (T(u)) < 24atl-n, (2.0.35)
We have for u,u” € 4 with u # u” and p € T(v') with J(p) C J(u) that
d,(Q(p), Q(u)) > 221 (2.0.36)
We have for every u € {l and p € T(u) that
B(c(p),8D5%)) C J(u). (2.0.37)

The following proposition is proved in Chapter 7.

PROPOSITION 2.0.4 (forest operator). For any n > 0 and any n-forest (4, T) we
have for all f: X — C with |f| < 1p and all bounded g with bounded support

| [o@ ZZTf ()

uci peT(u

< 9432a°9— ”densZ (U T(u ) 1£12llgll2 -

Q-
N

uesl

Theorem 1.0.2 is formulated at the level of generality for general kernels satisfy-
ing the mere Holder regularity condition (1.0.15). On the other hand, the cancella-
tive condition (1.0.12) is a testing condition against more regular, namely Lipschitz
functions. To bridge the gap, we follow [Zor21] to observe a variant of (1.0.12) that
we formulate in the following proposition proved in Chapter 8.

Define 1
= (2.0.38)
Define for any open ball B of radius R in X the L*°-normalized 7-Hélder norm by
[p(x) — o(y)]
Olergy =sup |¢(z)| + R sup ————". 2.0.39
leler(s) weB\ ()] S ) ( )

ProprOSITION 2.0.5 (Holder van der Corput). Let z € X and R > 0 and set
B = B(z,R). Let p: X — C by supported on B and satisfy |¢|c-p < oo. Let
9,0 € ©. Then

/6(19(96) — 0(2))p(w)da| < 25u(B)|@ler (1 +dp(9,0) 37w . (2.0.40)

We further formulate a classical Vitali covering result and maximal function
estimate that we need throughout several sections. This following proposition will
typically be applied to the absolute value of a complex valued function and be proved
in Chapter 9. By a ball B we mean a set B(x,r) with z € X and r > 0 as defined in
(1.0.6). For a finite collection B of balls in X and 1 < p < oo define the measurable
function Mgz ,u on X by

Ma (o) = sup 2200 / P dut) ) (2.0.41)

BeB M
Define further Mg := Mgy ;.
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PropOSITION 2.0.6 (Hardy—Littlewood). Let B be a finite collection of balls in
X. If for some A > 0 and some measurable function v : X — [0,00) we have

/Bu(x) dup(z) > Au(B) (2.0.42)
for each B € B, then
Ml ) B) < 2% / w(z) dp(z). (2.0.43)
X

For every measurable function v and 1 < p; < py, we have

a P
”MB7p10”p2 < 2? 1972“@”172 . (2044)
1

Moreover, given any measurable bounded function w: X — C there exists a measur-
able function Mw : X — [0,00) such that the following (2.0.45) and (2.0.46) hold.
For each ball B C X and each z € B

1
5 /B ()] duly) < Mu(z) (2.0.45)

and for all 1 < p; < p, < o0

%)
—=|w|., .
D2 —P1 ” Hp2

This completes the overview of the proof of Theorem 1.0.2.

|M (wrr)er ], < 2% (2.0.46)

2.1. Auxiliary lemmas

We close this section by recording some auxiliary lemmas about the objects
defined in Chapter 2, which will be used in multiple sections to follow.

First, we record an estimate for the metrical entropy numbers of balls in the
space © equipped with any of the metrics dp, following from the doubling property
(1.0.11).

LEMMA 2.1.1 (ball metric entropy). Let B' C X be a ball. Letr > 0,9 € © and
k € N. Suppose that Z C Bp/ (9,72%) satisfies that { B/ (2,7) | 2 € 2} is a collection
of pairwise disjoint sets. Then
|Z] < 2ka,

PROOF. By applying property (1.0.11) k times, we obtain a collection £ C ©
with |2/| = 2k and
By (9,r2%) C | Bp(+.5).
’ ’ 2
ez
Then each z € 2 is contained in one of the balls B(z’, %), but by the separation

assumption no such ball contains more than one element of 2. Thus |Z| < |2/| =
2ka., O

The next lemma concerns monotonicity of the metrics dpg ), 1 ps(n) with respect
to inclusion of cubes I in a grid.
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LEMMA 2.1.2 (monotone cube metrics). Let (D, ¢, s) be a grid structure. Denote
for cubes I € D

I° .= B(c(I), ipsm) :
Let I,J € D with I C J. Then for all ¥,0 € © we have
dr.(9,0) <d;.(9,0),
and if I # J then we have
dp.(9,0) <2794 ,.(9,0) .

ProOF. If s(I) > s(J) then (2.0.8) and the assumption I C J imply [ = J.
Then the lemma holds by reflexivity.

If s(J) > s(I) + 1, then using the monotonicity property (1.0.9), (2.0.1) and
(1.0.10), we get

dp-(9,0) < dp(epy ap=n) (9, 0) < 271 g ) 4pn) (9, 0). (2.1.1)
Using (2.0.10), together with the inclusion I C J, we obtain
c(I)eIcJc B(c(J),4Ds)
and consequently by the triangle inequality
B(c(I),4D*")) c B(e(J),8D*Y)) .

Using this together with the monotonicity property (1.0.9) and (1.0.8) in (2.1.1), we
obtain

dp-(9,0) < Q_IOOGdB(c(J),st»'(ﬂ)Wv 0)
< 27100a+5adB(c(J),%DS(-”)(19? 0)
- 2—95ad.]0 (797 9) .

This proves the second inequality claimed in the Lemma, from which the first follows
since a > 4 and hence 279 < 1, O

We also record the following basic estimates for the kernels K.

LEMMA 2.1.3 (kernel summand). Let —S < s < S andz,y,y € X. If K (z,y) #
0, then we have

1 1
ZDS’1 < p(z,y) < §Ds. (2.1.2)
We have
2102(13
K (z,y)| < ——— 2.1.3
| K (2, )] (B DY) (2.1.3)
and

Q=

, 21500 (p(y,y)
K) — Koo < s (P50 (214
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PROOF. By Definition (2.0.5), the function K is the product of K with a func-
tion which is supported in the set of all z,y satisfying (2.1.2). This proves (2.1.2).
Using (1.0.14) and the lower bound in (2.1.2) we obtain

3

2(1
p(B(z, ;D*71))

Using D = 21000 and the doubling property (1.0.5) 2 + 100a? times estimates the
last display by

K (2, y)| < [K(z,y)| <

(2.1.5)

22a+101a3

= WB@ D) (2.1.6)
Using a > 4 proves (2.1.3).

To prove (2.1.4) when 2p(y,y") > p(x,y), use the lower bound in (2.1.2), 2p(y,y’) >
1D, Then (2.1.4) follows from the triangle inequality, (2.1.3) and a > 4.

If 2p(y,y") < p(,y), we rewrite |K (z,y) — K (z,y)| as

An upper bound for |K (z,y) — K(z,y")| is obtained similarly to the proof of (2.1.3)
using (1.0.15) and the lower bound in (2.1.2)

, 2” pyy)\ "
|K(z,y) — K(x,y')| < W(B(z, 1D 1)) ( Tpe ) . (2.1.8)

As above, this is estimated by
1
4D22a+101a3 <p<y7 y/)> _ 22+2a+100a2+101a3 (IO(y’ y/)> a
= u(B@ D)\ D W(B(w, D7)\ Dr

We have the trivial bound (D *p(x,y))| < 1, and (2.1.6) provides a bound for
|K(x,y)|. Finally, we show that

Q=

(2.1.9)

1
- ~ , Py, y')\ "

[U(D*pla, ) — 9D "ol )] < 4D (2520 (2.1.10)
by considering separately the cases p(y,y’)/D® > 1 and p(y,y’)/D* < 1. In the
former case, the inequality is trivial; in the latter case, it follows from the fact that
1 is Lipschitz with constant 4D.

Combining the above bounds and using a > 4 proves (2.1.4) in the case 2p(y, y")

<
p(z,y). O



CHAPTER 3

Proof of Metric Space Carleson

This section is currently under construction, to incoroporate the proof of Theo-
rem 1.0.3

Let Borel sets F', G in X be given. Let a Borel function f: X — C with f <1p
be given. We have that
X =JB(o,R), (3.0.1)
R>0
because every point of X has finite distance from o.

LEMMA 3.0.1 (R truncation). For all integers R > 0

/1GmB<o,R> sup  sup|Tx, g, of(2)| du(z)

1/R<R{<Ry,<RY€O
2450a 11 1
< —u(G) " au(F)a, 3.0.2
@) ) (3.0.2)
where
Ty ool () = / K(z,9)f()e(@(y)) du(y). (3.0.3)
Ry <p(z,y)<R,

We first show how Lemma 3.0.1 implies Theorem 1.0.2. As R tends to oo, the
integrand of the left-hand side of (3.0.2) grows monotonically toward the integrand
of the left-hand side of (1.0.19) for all z. By Lebesgue’s monotone convergence
theorem, the left-hand side of (3.0.2) converges to the left-hand side of (1.0.19).
This verifies Theorem 1.0.2.

It remains to prove Lemma 3.0.1. Fix an integer R > 0. By replacing G with
G N B(o, R) if necessary, it suffices to show (3.0.2) under the assumption that G is
contained in B(o, R). We make this assumption. For every z € G, the domain of
integration in (3.0.3) is contained in B(o,2R). By replacing F' with F'N B(o,2R) if
necessary, and correspondingly restricting f to B(o,2R), it suffices to show (3.0.2)
under the assumption that F' is contained in B(o,2R). We make this assumption.

Using the definition (2.0.5) of K and the partition of unity (2.0.4), we express
(3.0.3) as the sum of

Ty, oof(@) / K, (2, 9) f(1)e(d(y)) du(y) (3.0.4)

and

/ K (2,9) F)e(d(y)) duly), (3.0.5)
s=8,—2,8,—1 52+1 s9+2 YR <p(z,y)<R,

21
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where s; is the smallest integer such that D12 R, > ﬁ and s, is the largest integer
such that D%2™2R, < % We restrict the summation index s by excluding summands
with s < s; —2 or s > 54+ 2 because for these summands, the function K vanishes
on the domain of integration. We also omit the restriction in the integral for the
summands in (3.0.4) because in these summands, the support of K is contained in
the set described by this restriction.

We apply the triangle inequality and estimate the versions of (3.0.2) separately
with T g, o replaced by (3.0.4) and by each summand of (3.0.5). To handle the
case (3.0.4), we employ the following lemma. Here, we utilize the fact that if % <
R, < R, < R, then s; and s, as in (3.0.4) are in an interval [—S,S] for some
sufficiently large S depending on R.

LEMMA 3.0.2 (S truncation). For all integers S >0

[16t)  max _ su|t,, ., of0)] duto

—S5<51<55,<S 9eO

2446a3

=

S(G) ap(F)s, (3.0.6)

P —
~ (g1
where Ty . o 1 defined in (3.0.4).

To reduce Lemma 3.0.1 to Lemma 3.0.2, we need estimates for the summands
in (3.0.5). Using Lemma 2.1.3, we obtain for arbitrary s the inequality

/ K (z,y) f(y)e(¥(y)) du(y)
Ry <p(z,y)<R,

2102@3 / 5
< 2 [ 1) duly) <29 M), (307)
u(B(z, D®)) B(z,D*) F r

where M1 is as defined in Proposition 2.0.6. Now, the left-hand side of (3.0.2),
with Ty, ¢ replaced by a summand of (3.0.5), can be estimated using Holder’s
inequality and Proposition 2.0.6 by

9102a®+4a

Q=

202 [ 1(a)M1 () dua) < LG ()

Applying the triangle inequality to estimate the left-hand side of (3.0.2) by contri-
butions from the summands in (3.0.4) and (3.0.5), using Lemma 3.0.2 to control the
first term, and the above to estimate the contribution from the four summands in
(3.0.5), combined with @ > 4 and ¢ < 2, completes the reduction of Lemma 3.0.1 to
Lemma 3.0.2.

It remains to prove Lemma 3.0.2. Fix S > 0.

LEMMA 3.0.3 (finitary S truncation). For all finite sets Oce

/ (@) _max _sup|Ty, . of(x)] du(a)

—5<81<85,<S 9ed

3
2445a 1

< WM(GV’W(F)

Q=

(3.0.8)
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We reduce Lemma 3.0.2 to Lemma 3.0.3. By the Lebesgue monotone conver-
gence theorem, applied to an increasing sequence of finite sets 0, inequality (3.0.8)

continues to hold for countable ©. .

Let € = Tlﬁ Pick some ¥, € ©. For k > 0, let the set ©, be a sub-
set of Bp,op) (Yo, k) of maximal size, such that for all 9,0 € (:)k, it holds that
dp(o,2r)(V,0) > €. Such a set exists, since by Lemma 2.1.1 there exists an upper
bound for the size of such subsets in By, o) (U, k). Define

keN
Then the set © is at most countable, and it has the property that for any 6 € ©,
there exists ¥ € © with
dpo2r)(0,0) <e.
For every ¢ € ©, we have

‘TI,SI,SQ,ﬁf(x)| =

> [ Ko wedw) - o) dutw) (3.09)

51<8<so

Moreover, there is a J € © with dBo2r) (Y, 1§) < e. Hence,
|T1751ﬂ82779f($>‘ B |T1751a5271§f($>‘

< > / K (2,9)[1p(y)]e(®(y) — 9(@)) — e(I(y) — I(x))] duly)

51<8<so
< Y e [IKmlte) dut)
51<5<so
Using Lemma 2.1.3, we can estimate the above expression by
2102(13

Z N<B<$7DS))€/B(%D5) 1p(y) du(y)

51<5<so
< (28 +1)€21020° M1 o (2) < 21920° M1 ()
We estimate the left-hand-side of (3.0.6) by the sum of left-hand-side of (3.0.8) and

[1at)  mux sup i (T, 00 @)] =1, L, 55 dise),

—5<51<55<5 9O b

which, as we have just shown, is estimated by

91020° / 1o, (2) M1 p(x) dpa(x).

By Holder’s inequality and Proposition 2.0.6 (more precisely, (2.0.46) with p = q),
the above is no greater than
9102a%+4a

q—1
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Combining this with Lemma 3.0.3 and the fact that

2102a3+4a 2445a3

q
<
g—1 ~(¢g—1)°

proves Lemma 3.0.2.
It remains to prove Lemma 3.0.3. Fix a finite set ©.

LEMMA 3.0.4 (linearized truncation). Let oq,04: X — Z be measurable functions

with finite range [—S, S| and o0y < 0,. Let Q: X — © be a measurable function.
Then we have

445q3 . .
[ 160 [To 0 )] i) < 2= 5@ (), (3.0.10)
with
Ty o of(@) = / K (2, 9) f(1)e(Q()(y) — Q(x)(x)) duly) . (3.0.11)
ac)<s<0'2

We reduce Lemma 3.0.3 to Lemma 3.0.4. For each x, let o;(x) be the minimal
element s” € [—S, S| such that

,rgqigS%le!Tls syl (@)= S<r£g>§2<sr§3X!T1 sposp,0d (@) =T .

Similarly, let o4(x) be the minimal element s” € [—S5, S] such that

max ‘Tl 01 m),s”,ﬂf(m)’ = Tl,a: :
9ed

Finally, choose a total order of the finite set © and let Q(z) be the minimal element
¥ with respect to this order such that

|T1,al(z),a'2(z),19f<x>| = Tl,z :
With these choices, and noting that

Tl,al(m),O'Q(z),Q(m)f(x) = TQ,O'I,O'Q,Qf<m)7

we conclude that the left-hand side of (3.0.8) and (3.0.10) are equal. Thus, Lemma 3.0.3
follows from Lemma 3.0.4.

It remains to prove Lemma 3.0.4. Fix 0, 04, and @ as in the lemma. Applying
Proposition 2.0.1 recursively, we obtain a sequence of sets G,, with G\, = G and, for

each n > 0, pu(G,,) < 27"u(G) and

[ 16,56, @) [T, 0 @) dut)

< 20" (G,) T p(F)a (3.0.12)
(a—1%" S -
Adding the first n of these inequalities, we obtain by bounding a geometric series

445a3 . .
[ 166, Tsi, 0,0 @) i) < (@ Fu(PYE (3013
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As the integrand is non-negative and non-decreasing in n, we obtain by the monotone
convergence theorem

445403 ) L
[ 160 T, @) dists) < (@) (). (3.0.14)

This completes the proof of Lemma 3.0.4 and thus Theorem 1.0.2.






CHAPTER 4

Proof of Finitary Carleson

To prove Proposition 2.0.1, we already fixed in Chapter 2 measurable functions
01,04, @ and Borel sets F', G. We have also defined S to be the smallest integer such
that the ranges of o, and o, are contained in [—S, S] and F' and G are contained in
the ball B(o, 1 D%).

The proof of the next lemma is done in Section 4.1, following the construction
of dyadic cubes in [Chr90, §3].

LEMMA 4.0.1 (grid existence). There exists a grid structure (D,c,s).

The next lemma, which we prove in Section 4.2, should be compared with the
construction in [Zor21, Lemma 2.12].

LEMMA 4.0.2 (tile structure). For a given grid structure (D, c,s), there exists a
tile structure (PB,7,9Q, 9, c,s).

Choose a grid structure (2, ¢, s) with Lemma 4.0.1 and a tile structure for this
grid structure (B, 7,Q, 9, c,s) with Lemma 4.0.2. Applying Proposition 2.0.2, we
obtain a Borel set G’ in X with 2u(G”) < u(G) such that for all Borel functions
f:X — C with |f| < 1p we have (2.0.22).

LEMMA 4.0.3 (tile sum operator). We have for all x € G~ G’
0'2 (z)
S Lfe = Y [ Kl fe@y) - Q@@ duw).  (401)
peP s=o4(x)

ProOOF. Fix z € G ~ G’. Sorting the tiles p on the left-hand-side of (4.0.1) by
the value s(p) € [—S, 5], it suffices to prove for every —S < s < S that

> Tf(z)=0 (4.0.2)

peP:s(p)=s
if s ¢ [0 (2), 05(x)] and

> B = [ Kepf Q@) - Q@) duly).  (103)
pEP:s(p)=s

ifs € [oy(x),04(x)]. If s ¢ [0¢(x), 04(x)], then by definition of E(p) we have x ¢ E(p)

for any p with s(p) = s and thus T, f(x) = 0. This proves (4.0.2).
Now assume s € [0 (z),045(x)]. By (2.0.7), (2.0.9), (2.0.10), the fact that ¢(1,) =
o and G C B(o,1D%), there is at least one I € D with s(I) = s and z € I. By
(2.0.8), this I is unique. By (2.0.13), there is precisely one p € PB(I) such that
Q(x) € Q(p). Hence there is precisely one p € B with s(p) = s such that x € E(p).

27
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For this p, the value T}, (x) by its definition in (2.0.21) equals the right-hand side of

(4.0.3). This proves the lemma. O
We use this to prove Proposition 2.0.1.

PROOF OF PROPOSITION 2.0.1. We now estimate with Lemma 4.0.3 and Propo-
sition 2.0.2

oy(z)
[ Y [Kenimeeew) | (10.0
GNG |s=ay(2)
o, (2)
- [ 1Y [K@niweue - )| (403
NG |sZor ()
440a3 L L
[ X Tt duta) < @ ) (4.0.6)
GG’ |pep q—1)
This proves (2.0.6) for the chosen set G’ and arbitrary f and thus completes the
proof of Proposition 2.0.1. U

4.1. Proof of Grid Existence Lemma
We begin with the construction of the centers of the dyadic cubes.

LEMMA 4.1.1 (counting balls). Let —S < k < S. Consider Y C X such that for
any y €Y, we have

y € B(o,4D% — DF), (4.1.1)
furthermore, for any y' € Y with y # vy’, we have
B(y, D¥) N B(y’, D¥) = 2. (4.1.2)
Then the cardinality of Y is bounded by
Y| < 93a+2005a® (4.1.3)

PROOF. Let k and Y be given. By applying the doubling property (1.0.5) in-
ductively, we have for each integer 7 > 0
u(B(y,2’D")) < 2%9u(B(y, D¥)). (4.1.4)

Since X is the union of the balls B(y, 2/D*) and p is not zero, at least one of the
balls B(y, 2 D¥) has positive measure, thus B(y, D¥) has positive measure.
Applying (4.1.4) for j’ = Iny(8D?%) = 34+25-100a? by (2.0.1), using —S < k < S,
y € B(0,4D%), and the triangle inequality, we have
B(o,4D%) c B(y,8D%) C B(y,2/ D¥). (4.1.5)

Using the disjointedness of the balls in (4.1.2), (4.1.1), and the triangle inequality
for p, we obtain

Y [@(B(o,4D%)) < 27>~ j(B(y, D¥)) (4.1.6)
yey
< 2'eu(| ] Bly,D*)) < 27"%u(0,4D%). (4.1.7)

yey
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As p(o0,4D%) is not zero, the lemma follows. O

For each —S < k < S, let Y, be a set of maximal cardinality in X such that
Y =Y, satisfies the properties (4.1.1) and (4.1.2) and such that o € Y,. By the
upper bound of Lemma 4.1.1, such a set exists.

For each —S < k < S, choose an enumeration of the points in the finite set Y},
and thus a total order < on Y.

LEMMA 4.1.2 (cover big ball). For each —S < k < S, the ball B(o,4D° — D¥)
is contained in the union of the balls B(y,2D*) with y € Y.

PROOF. Let x be any point of B(o,4D% — D¥). By maximality of |Y}|, the ball
B(z, D¥) intersects one of the balls B(y, D*) with y € Y}. By the triangle inequality,
r € B(y,2D"). a

Define the set
C:={(y,k): =S <k<S,yeY,} (4.1.8)
We totally order the set € lexicographically by setting (y, k) < (y', k") if £ < k’ or

both £k = k&’ and y < y’. In what follows, we define recursively in the sense of this
order a function

(I, 1,,13) : € = P(X) x P(X) x P(X). (4.1.9)
Assume the sets I,(y’, k") have already been defined for j = 1,2,3 if ¥ < k and
ifk=F and ¢y <y.
If k = —S, define for j € {1,2} the set I;(y, k) to be B(y,jD=%). If —S < k,
define for j € {1,2} and y € Y}, the set I,(y,k) to be
sy k= 1)y €Y,y N B(y,iD*)}. (4.1.10)
Define for —S <k < Sandy €Y,
Ly, k) ==L (y, k) U [L(y, k) ~ [ X, U {0 k) =y €Yy <w})]] (4111
with
Xy = U{Il(ylvk) Y €Yy} (4.1.12)

LEMMA 4.1.3 (basic grid structure). For each —S < k < S and 1 < j < 3 the
following holds.
If 7 #+ 2 and for some x € X and y,,y, € Y;, we have

xe[j(:l/l?k)ij(yQ’k)’ (4113)
then y; = Ys.
If j + 1, then
B(o,4D% —2D%) C | J I;(y, k). (4.1.14)
yeYy,
We have for each y € Y},
1
B(y, =D¥) C I,(y, k) C B(y,4D"). (4.1.15)

2
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PrROOF. We prove these statements simultaneously by induction on the ordered
set of pairs (y, k). Let =S <k < S.

We first consider (4.1.13) for j = 1. If & = —S, disjointedness of the sets
I, (y,—S) follows by definition of I; and Y}. If K > —S, assume z is in I, (y,,, k) for
m = 1,2. Then, for m = 1,2, there is z,, € Y;,_; N B(y,,, D*) with = € I;(z,,,k—1).
Using (4.1.13) inductively for j = 3, we conclude z; = z,. This implies that the
balls B(y,, D*) and B(y,, D¥) intersect. By construction of Y}, this implies y; = 5.
This proves (4.1.13) for j = 1.

We next consider (4.1.13) for j = 3. Assume z is in I5(y,,, k) for m = 1,2 and
Y € Y. If x is in X, then by definition (4.1.11), z € I,(y,,, k) for m = 1,2. As
we have already shown (4.1.13) for j = 1, we conclude y; = y,. This completes the
proof in case x € X, and we may assume z is not in X,. By definition (4.1.11), z is
not in I5(z, k) for any z with z < y; or z < y,. Hence, neither y; < y, nor y, < y;,
and by totality of the order of Y}, we have y; = y,. This completes the proof of
(4.1.13) for j = 3.

We show (4.1.14) for j = 2. In case k = —S, this follows from Lemma 4.1.2.
Assume k > —S. Let = be a point of B(o,4D% — 2D¥). By induction, there is
Yy’ € Y, ; such that x € I3(y’,k —1). Using the inductive statement (4.1.15), we
obtain z € B(y’,4D*'). As D > 4, by applying the triangle inequality with the
points, o, z, and y’, we obtain that y’ € B(o,4D% — D). By Lemma 4.1.2, /' is
in B(y,2D¥) for some y € Y,. It follows that o € I,(y, k). This proves (4.1.14) for
j=2.

We show (4.1.14) for j = 3. Let # € B(0,4D° — 2DF). In case z € X, then by
definition of X, we have x € I,(y, k) for some y € Y}, and thus z € I5(y, k). We may
thus assume = ¢ X,. As we have already seen (4.1.14) for j = 2, there is y € Y},
such that x € I,(y, k). We may assume this y is minimal with respect to the order
in Y;. Then x € I5(y, k). This proves (4.1.14) for j = 3.

Next, we show the first inclusion in (4.1.15). Let « € B(y, 3D*). As I,(y,k) C
I5(y, k), it suffices to show = € I,(y, k). If k = —S, this follows immediately from
the assumption on x and the definition of I;. Assume k > —S. By the inductive
statement (4.1.14) and D > 4, there is a y’ € Y,_; such that x € I3(y’,k —1). By
the inductive statement (4.1.15), we conclude z € B(y’,4D¥"!). By the triangle
inequality with points z, ¥, ¥, and D > 8, we have y' € B(y, D*). It follows by
definition (4.1.10) that I3(y’',k — 1) C I (y, k), and thus = € I5(y, k). This proves
the first inclusion in (4.1.15).

We show the second inclusion in (4.1.15). Let = € I5(y, k). As I (y, k) C I,(y, k)
directly from the definition (4.1.10), it follows by definition (4.1.11) that © € I,(y, k).
By definition (4.1.10), there is v’ € Y, ; N B(y,2D*) with € I;(y’,k —1). By
induction, x € B(y’,4D*1). By the triangle inequality applied to the points z,y’,y
and D > 4, we conclude z € B(y,4D¥). This shows the second inclusion in (4.1.15)
and completes the proof of the lemma. O

LEMMA 4.1.4 (cover by cubes). Let =S <1<k < S andy €Y. We have

Ly,k) c | Lw,0. (4.1.16)
Yy EY]
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PROOF. Let —S <1<k < S and y €Y. If | =k, the inclusion (4.1.16) is true
from the definition of set union. We may then assume inductively that £ > [ and
the statement of the lemma is true if k is replaced by k — 1. Let = € I3(y, k). By
definition (4.1.11), x € I,(y, k) for some j € {1,2}. By (4.1.10), x € I3(w,k —1) for
some w € Y),_;. We conclude (4.1.16) by induction. O

LEMMA 4.1.5 (dyadic property). Let —S <1< k< S andy €Y, andy €Y
with I3(y',1) N I3(y, k) #+ @. Then

I3(y',1) C I3(y, k). (4.1.17)

PROOF. Let I, k,y,y" be as in the lemma. Pick x € I5(y’,1) N I5(y, k). Assume
first [ = k. By (4.1.13) of Lemma 4.1.3, we conclude " = y, and thus (4.1.17). Now
assume | < k. By induction, we may assume that the statement of the lemma is
proven for k£ — 1 in place of k.

By Lemma 4.1.4, there is a y” € Y;_; such that x € I3(y”,k—1). By induction,
we have I3(y’,1) C I3(y”,k —1). It remains to prove

Ii(y", k—1) C I3(y, k). (4.1.18)

We make a case distinction and assume first * € X,;. By Definition (4.1.11), we
have z € I,(y,k). By Definition (4.1.10), there is a v € Y,_; N B(y, D*) with
x € I3(v,k —1). By (4.1.13) of Lemma 4.1.3, we have v = y”. By Definition
(4.1.10), we then have I3(y”,k —1) C I;(y, k). Then (4.1.18) follows by Definition
(4.1.11) in the given case.

Assume now the case x ¢ X,. By (4.1.11), we have = € I,(y, k). Moreover,
for any u < y in Y}, we have x ¢ I5(u,k). Let u < y. By transitivity of the
order in Y}, we conclude x ¢ I,(u, k). By (4.1.10) and the disjointedness property of
Lemma 4.1.3, we have I5(y”, k—1)N1y(u, k) = @. Similarly, I5(y”, k—1)N1;(u, k) =
@. Hence I3(y",k—1) N I5(u, k) = @. As u < y was arbitrary, we conclude with
(4.1.11) the claim in the given case. This completes the proof of (4.1.18), and thus
also (4.1.17). O

For —S <k <k<Sandy €Y, yecY,write (v, k |y, k)if I5(y', k') C I5(y, k)

and

inf ‘.x) < 6DF 4.1.19
xexy}sw’mp(y ) ( )

LEMMA 4.1.6 (transitive boundary). Assume —S < k" < k' < k < S and

v €Y,y €Yy, yeY,. Assume there is x € X such that
S IS(y”7k”) mIS(:y/?k/) mI3<y7 k) (4120)
If (Y, k"ly, k), the also (y", K"y’ k') and (y', K|y, k)

PROOF. Asz € I;(y", k") NI5(y', k) and k” < Kk, we have by Lemma 4.1.5 that
I;(y", k") C Is(y', k). Similarly, I5(y', k") C I3(y, k). Pick 2’ € X \ I3(y, k) such
that

ply”, ') < 6D*" (4.1.21)
which exists as (y”, k" |y, k). Asz’ € XN\I53(y’, k") as well, we conclude (y”, k" |y’, k").
By the triangle inequality, we have

py'sz") < ply',z) + p(z,y”) + p(y”, 2') (4.1.22)
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Using the choice of x and (4.1.15) as well as (4.1.21), we estimate this by
< 4D 44D 4+ 6D < 6D, (4.1.23)
where we have used D > 5 and k” < k’. We conclude (v, k’|y, k). O

LEMMA 4.1.7 (small boundary). Let K = 2%t For each —S+ K < k < S and
y € Y, we have

1
plLy (o k— K)) < 3
2€Y;,_ki(z,k—Kly,k)

PROOF. Let K be as in the lemma. Let =S+ K <k < Sandye€Y,.
Pick &’ so that k — K < k" < k. For each y” € Y,_, with (v",k — K|y, k), by
Lemma 4.1.4 and Lemma 4.1.5, there is a unique y’ € Y}, such that
I3(y" k= K) C I(y', k') C I3(y, k) . (4.1.25)
Using Lemma 4.1.6, (v, k'|y, k).
We conclude using the disjointedness property of Lemma 4.1.3 that
WL k—K))< Y LK) (4.1.26)
y":(y" k—Kly,k) Yy K |y, k)
Adding over k — K < k’ < k, and using

uIy ' k) < 2By, DY)

from the doubling property (1.0.5) and (4.1.15) gives

K Sl k- K)) (4.1.27)
y"(y” k—Kly,k)

n(I3(y, k) - (4.1.24)

<oe S| Y B, D) (4.1.28)

E—K<k'<k Ly :(v',K |y,k)

Each ball B(y’, %Dk/) occurring in (4.1.28) is contained in I3(y’, k) by (4.1.15) and
in turn contained in I4(y, k) by (4.1.25). Assume for the moment all these balls are
pairwise disjoint. Then by additivity of the measure,

K S k= K) < 29I,y k) (4.1.29)
y":(y” k—Kly,k)
which by K = 2%¢*! implies (4.1.24).
It thus remains to prove that the balls occurring in (4.1.28) are pairwise disjoint.
Let (u,l) and (u’,1") be two parameter pairs occurring in the sum of (4.1.28) and
let B(u,$D') and B(u/, %Dl/) be the corresponding balls. If | = I, then the balls

are equal or disjoint by (4.1.15) and (4.1.13) of Lemma 4.1.3. Assume then without
loss of generality that I’ < [. Towards a contradiction, assume that

1 1,
B(u, ZDl) N B/, ZDZ )+ D (4.1.30)

As (u/,I'|y, k), there is a point z in X N\ I;(y, k) with p(z,u/) < 6D". Using D > 25,
we conclude from the triangle inequality and (4.1.30) that z € B(u, %Dl). However,
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B(u,1D") C I3(u,l), and Iy(u,l) C I5(y, k), a contradiction to x ¢ I5(y,k). This
proves the lemma. O

LEMMA 4.1.8 (smaller boundary). Let K = 24atl gnd let n > 0 be an integer.
Then for each —S +nK < k < .S we have

) n(I(y' k= nE)) < 27 u(Iy(y, k). (4.1.31)

Y €Yy k(Y k—nK|y,k)

PROOF. We prove this by induction on n. If n = 0, both sides of (4.1.31) are
equal to u(I5(y, k)) by (4.1.13). If n = 1, this follows from Lemma 4.1.7.
Assume n > 1 and (4.1.31) has been proven for n — 1. We write (4.1.31)

p(Is(y” k —nK)) (4.1.32)
V' €Yy nii(y” k—nKlyk)

= > > u(I3(y" kb —nkK)) (4.1.33)
VeV gy k—Kly,k) Ly €Yy ni:(y” k—nKl|y k—K)

Applying the induction hypothesis, this is bounded by
= > 21Ty k — K) (4.1.34)
Y €Yy gy k—Kly,k)

Applying (4.1.24) gives (4.1.31), and proves the lemma. O

LEMMA 4.1.9 (boundary measure). For each —S < k < S and y € Y, and
0 <t<1 with tD* > D% we have

nfe € Ly, k) ¢ pla, X N Ly, k) < D)) < 25p(Ty(y,k) . (4.1.35)

PROOF. Let = € I5(y, k) with p(x, X \ I3(y, k) < tDF. Let K = 2%*! as in
Lemma 4.1.8. Let n be the largest integer such that DnE < %, so that tD* < Dk—nK

and )

D > —— 4.1.36
Let ¥ = k — nK, by the assumption tD* > D=5 we have ¥’ > —S. By (4.1.16),
there exists y* € Y, with = € I3(y’, k’). By the squeezing property (4.1.15) and the

assumption on z, we have
Py, X N I3y, k) < p(x,y') + pla, X N Iy(y, k) < 4DY +¢D".
By the assumption on n and the definition of &/, this is
< 4DV 4 DK < 6DF
Together with (4.1.17) thus (y’, k'|y, k). We have shown that
{z € Ii(y. k) + p(z, X N L(y, k) < tD*}

C U I;(y' k—nK).
yeY,_ k(v k—nK|y,k)

Using monotonicity and additivity of the measure and Lemma 4.1.8, we obtain

M({JZ € IB(y7 k) : P(Q?,X N IS(yv k)) < tDk}) < 2_nM(I3(y7 k)) :
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By (4.1.36) and the definition (2.0.1) of D, this is bounded by
2t1/(100a2K)/‘L(13(y3 k)) ’
which completes the proof by the definition (2.0.2) of &. O

Let D be the set of all I5(y, k) with k € [-S,S] and y € Y},. Define
s(I4(y, k) ==k (4.1.37)

c(I3(y. k) =y. (4.1.38)
We define D to be the set of all I € D such that I C I5(0, ).

PrOOF OF LEMMA 4.0.1. We first show that (23, ¢, s) satisfies properties (2.0.7),
(2.0.8), (2.0.10) and (2.0.11). Property (2.0.10) follows from (4.1.15), while (2.0.11)
follows from Lemma 4.1.9. .

Let z € B(o, D®). We show properties (2.0.7) and (2.0.8) for (2, c,s) and .

We first show (2.0.7) for (D, ¢, s) by contradiction. Then there is an I violating
the conclusion of (2.0.7). Pick such I = I5(y,[) such that [ is minimal. By assump-
tion, we have —S < k < [; in particular —S < [. By definition, I5(y,!) is contained
in I, (y,1) U Iy(y,l), which is contained in the union of I5(y’,l — 1) with y" € Y¥}_;.
By minimality of I, each such I3(y’,l — 1) is contained in the union of all I5(z, k)
with z € Y,. This proves (2.0.7).

We now show (2.0.8) for (ZND, ¢,s). Assume to get a contradiction that there are
non-disjoint 7, J € D with s(I) < s(J) and I ¢ J. We may assume the existence
of such I and J with minimal s(J) — s(I). Let k = s(I). Assume first s(J) = k.
Let I = I3(y,,k) and J = I3(y,, k) with y;,y, € V). If y; = y,, then I = J, a
contradiction to I ¢ J. If y; # y,, then INJ = @ by (4.1.13), a contradiction to the
non-disjointedness of I,.J. Assume now s(J) > k. Choose y € I N J. By property
(2.0.7), there is K € D with s(K) = s(J)—1 and y € K. By construction of J,
and pairwise disjointedness of all I3(w, s(J) —1) that we have already seen, we have
K C J. By minimality of s(.J), we have I C K. This proves I C J and thus (2.0.8).

Now note that properties (2.0.8), (2.0.10) and (2.0.11) immediately carry over to
(D, e, s) by restriction. (2.0.9) is true for (2D, ¢, s) by definition, and (2.0.7) follows
from (2.0.7) and (2.0.8) for (j?,c,s). O

4.2. Proof of Tile Structure Lemma

Choose a grid structure (D, ¢, s) with Lemma 4.0.1 Let I € D. Suppose that

Z CQX) (4.2.1)
is such that for any ,6 € Z with ¢ # 0 we have
B;.(¢,0.3) N B;.(0,0.3) N Q(X) =2. (4.2.2)

Since Q(X) is finite, there exists a set £ satisfying both (4.2.1) and (4.2.2) of maximal
cardinality among all such sets. We pick for each I € D such a set Z([).
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LEMMA 4.2.1 (frequency ball cover). For each I € D, we have

QX)c |J Br(20.7). (4.2.3)

zeZ(I)

PROOF. Let 6 € U%Q(X) Br.(9,1). By maximality of Z(I), there must be a
point z € Z(I) such that B.(z,0.3) N B.(0,0.3) # @. Else, Z2(I) U {0} would be a
set of larger cardinality than Z(I) satisfying (4.2.1) and (4.2.2). Fix such z, and fix
a point z; € Bj.(z,0.3) N B1.(0,0.3). By the triangle inequality, we deduce that

dp(z,0) <dp(z,2)+d.(0,z)<034+03=06,
and hence 6 € B;.(z,0.7). O
We define
PB={(l,z) : IeD,zeZ()},
I((1,2z)=1 and Q((1,2)) = =
We further set

s(p) = s(7(p)), c(p) = c(7(p))-

Then (2.0.18), (2.0.19) hold by definition.

It remains to construct the map 2, and verify properties (2.0.13), (2.0.14) and
(2.0.15). We first construct an auxiliary map ,. For each I € D, we pick an
enumeration of the finite set Z(I)

20) = {21, 2001
We define € : B = P(O) as below. Set

0 ((1,2)) = Br(2,0.)~ [ Bp(203)
z2€2(I)~ {7}

and then define iteratively

k—1
0 ((1,2) = Br(,00)~ | Br(z03)~ (U, 2)). (4.2.4)
2e2(1) Mz} i=1

LEMMA 4.2.2 (disjoint frequency cubes). For each I € D, and p,,p, € B(I), if

Q1(p1) N (py) # 2,
PRrROOF. By the definition of the map J, we have
P(I) = {(I,2) : = € 2(D)}.

By (4.2.4), the set ©,((, z;,)) is disjoint from each Q,((I, z;)) with ¢ < k. Thus the
sets Q,(p), p € P(I) are pairwise disjoint. O
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LEMMA 4.2.3 (frequency cube cover). For each I € D, it holds that

U Br(z07)c |J (4.2.5)
zeZ(I) pE‘B I)
For every p € B, it holds that
B,(9(p),0.3) CQy(p) C B,(2(p),0.7). (4.2.6)

PRrROOF. For (4.2.6) let p = (I, z). The second inclusion in (4.2.6) then follows
from (4.2.4) and the equality B, (Q(p),0.7) = B}.(2,0.7), which is true by definition.
For the first inclusion in (4.2.6) let ¥ € B,(Q(p),0.3). Let k be such that z = 2,
in the enumeration we chose above. It follows immediately from (4.2.4) and (4.2.2)
that ¥ ¢ Q,((1, 2;)) for all ¢ < k. Thus, again from (4.2.4), we have ¥ € Q,((1, z,)).

To show (4 2.5) let v € U__, n Br (2,0.7). If there exists z € Z(I) with ¥ €
B;.(2,0.3), then

z €9y c |
peP(I)
by the first inclusion in (4.2.6).

Now suppose that there exists no z € Z(I) with ¥ € Bj.(z,0.3). Let k be minimal
such that ¥ € Bj.(z,0.7). Since Q,((I, 2;)) C B.(#;,0.7) for each i by (4.2.4), we
have that 9 ¢ Q,((1, z;)) for all i < k. Hence ¥ € Q,((1, z;,)), again by (4.2.4). O

Now we are ready to define the function Q. We define for all p € B(1,)

Qp) = Qy(p). (4.2.7)

For all other cubes I € D, I # I, there exists, by (2.0.8) and (2.0.9), J € D with
I Cc Jand I # J. On such I we define Q2 by recursion. We can pick an inclusion
minimal J € D among the finitely many cubes such that I C J and I # J. This
J is unique: Suppose that J’ is another inclusion minimal cube with I C J’ and
I #+ J’. Without loss of generality, we have that s(J) < s(J’). By (2.0.8), it follows
that J C J’. Since J’ is minimal with respect to inclusion, it follows that J = J’.
Then we define

ow = |J  QAJ2)UB,(Q().0.2). (1.2.8)
z€2(J)N82 (p)
We now verify that (3,7, O, c,s) forms a tile structure.

PrROOF OF LEMMA 4.0.2. First, we prove (2.0.15). If I = I, then (2.0.15) holds
for all p € P(I) by (4.2.7) and (4.2.6). Now suppose that I is not maximal in D
with respect to set inclusion. Then we may assume by induction that for all J € D
with I C J and all p” € P(J), (2.0.15) holds. Let J be the unique minimal cube in
D with I C J.

Suppose that ¢ € Q(p). If ¥ € B,(<(p),0.2), then since

B, (Q(p),0.2) C B,(Q(p), 1),

we conclude that ¥ € B, (2(p),0.7). If not, by (4.2.8), there exists z € Z(J) N Q4 (p)
with ¢ € Q(J, z). Using the triangle inequality and (4.2.6), we obtain

dp.(Q(p),9) < dp(Q(p), 2) + dy.(2,9) < 0.7+ dp.(2,9) .
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By Lemma 2.1.2 and the induction hypothesis, this is estimated by
< 0.7+ 279 . (2,9) <0.7+279.1 < 1.

This shows the second inclusion in (2.0.15). The first inclusion is immediate from
(4.2.8).

Next, we show (2.0.13). Let I € D.

If I = I,, then disjointedness of the sets Q(p) for p € P(I) follows from the
definition (4.2.7) and Lemma 4.2.2. To obtain the inclusion in (2.0.13) one combines
the inclusions (4.2.3) and (4.2.5) of Lemma 4.2.3 with (4.2.7).

Now we turn to the case where there exists J € D with I C J and I # J. In
this case we use induction: It suffices to show (2.0.13) under the assumption that
it holds for all cubes J € D with I C J. As shown before definition (4.2.8), we
may choose the unique inclusion minimal such J. To show disjointedness of the sets
Q(p),p € P(I) we pick two tiles p,p” € P(I) and ¥ € Q(p) N Q(p”). Then we are by
(4.2.8) in one of the following four cases.

1. There exist z € Z(J) N Q(p) such that ¥ € Q(J, z), and there exists 2’ €
Z(J) N Qy(p") such that ¥ € Q(J,z"). By the induction hypothesis, that (2.0.13)
holds for J, we must have z = z’. By Lemma 4.2.2, we must then have p = p’.

2. There exists z € 2(J) N €2 (p) such that ¥ € Q(J, 2), and J € B,/ (2(p'),0.2).
Using the triangle inequality, Lemma 2.1.2 and (2.0.15), we obtain

dy(Q(p'),2) < dyr (Q(p'),0) + dy (2,9) < 0.2 427959 .1 < 0.3,

Thus z € Q,(p’) by (4.2.6). By Lemma 4.2.2, it follows that p = p’.

3. There exists 2" € 2(J) N4 (p’) such that ¥ € Q(J,2"), and ¥ € B, (2(p),0.2).
This case is the same as case 2., after swapping p and p’.

4. We have ¥ € B,(29(p),0.2) N B,/ (2(p),0.2). In this case it follows that
p = p’ since the sets B, (2(p),0.2) are pairwise disjoint by the inclusion (4.2.6) and
Lemma 4.2.2.

To show the inclusion in (2.0.13), let ¥ € Q(X). By the induction hypothesis,
there exists p € P(J) such that ¢ € Q(p). By definition of the set B, we have
p = (J,z) for some z € Z(J). Thus, by (4.2.3), there exists 2z’ € Z(I) with z €
B.(2,0.7). Then by Lemma (4.2.3) there exists p’ € PB(I) with z € Z(J) N Q,(p’).
Consequently, by (4.2.8), ¥ € Q(p”). This completes the proof of (2.0.13).

Finally, we show (2.0.14). Let p,q € B with J(p) C J(q) and Q(p) N Q(q) # @.
If we have s(p) > s(q), then it follows from (2.0.8) that I = J, thus p,q € B(I). By
(2.0.13) we have then either Q(p) N Q(q) = @ or Q(p) = Q2(q). By the assumption in
(2.0.14) we have Q(p) N Q(q) # @, so we must have Q(p) = Q(q) and in particular
O(q) C p).

So it remains to show (2.0.14) under the additional assumption that s(q) > s(p).
In this case, we argue by induction on s(q) —s(p). By (2.0.7), there exists a cube
J € D with s(J) =s(q) —1 and JNJ(p) # @. We pick one such J. By (2.0.8), we
have J(p) C J C J(q).

Thus, by (4.2.3), there exists 2z’ € Z(J) with Q(q) € Bj.(2',0.7). Then by
Lemma 4.2.3 there exists q" € P(J) with O(q) € Q,(q"). By (4.2.8), it follows that
Q(q) € Q(q"). Note that then 7(p) C J(q") and Q(p) NQ(q") # @ and s(q") —s(p) =
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s(q) —s(p) — 1. Thus, we have by the induction hypothesis that (q") C Q(p). This
completes the proof. O



CHAPTER 5

Proof of discrete Carleson

Let a grid structure (2D, ¢, s) and a tile structure (B, 7,2, Q) for this grid struc-
ture be given. In Section 5.1, we decompose the set P of tiles into subsets. Each
subset will be controlled by one of three methods. The guiding principle of the
decomposition is to be able to apply the forest estimate of Proposition 2.0.4 to the
final subsets defined in (5.1.23). This application is done in Section 5.4. The mis-
cellaneous subsets along the construction of the forests will either be thrown into
exceptional sets, which are defined and controlled in Section 5.2, or will be con-
trolled by the antichain estimate of Proposition 2.0.3, which is done in Section 5.5.
Section 5.3 contains some auxiliary lemmas needed for the proofs in Subsections
5.4-5.5.

5.1. Organisation of the tiles

In the following definitions, k,n, and j will be nonnegative integers. Define
C(G, k) to be the set of I € D such that there exists a J € D with I C J and

w(GNJ)>27F1u(J), (5.1.1)
but there does not exist a J € D with I C J and
w(GNJ)>27Fu(J). (5.1.2)
Let
Pk)={peP : I(p) €C(G,k)} (5.1.3)
Define M (k,n) to be the set of p € P(k) such that
u(Ey(p) > 27" (I (p)) (5.1.4)
and there does not exist p’ € P(k) with p” # p and p < p’ such that
w(Ey (7)) > 27" (T (p"))- (5.1.5)
Define for a collection B’ C P(k)
. By Ey(\,
() = s it e EEG 019
Sorting by density, we define
C(k,n) == {p € P(k) : 22927 < dens, ({p}) < 242"}, (5.1.7)
Following Fefferman [Fef73], we define for p € €(k,n)
B(p):={me M(k,n) : 100p < m} (5.1.8)

39
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and
¢ (kyn,j) i={p e Clk,n) : 272 <|B(p)| <27t}. (5.1.9)
and
Lolk,n) :={pec(k,n) : |B(p) <1}. (5.1.10)
Together with the following removal of minimal layers, the splitting into €, (k,n, j)
will lead to a separation of trees. Define recursively for 0 <1< Z(n+ 1)

to be the set of minimal elements with respect to < in
¢ (k,n,j) U Li(kyn,j,l"). (5.1.12)
o<l’<l
Define
Ck,m,j) =€ (k)N ) Lk, l). (5.1.13)
0<l/<Z(n+1)

The remaining tile organization will be relative to prospective tree tops, which
we define now. Define
st (k,n, 5) (5.1.14)
to be the set of all u € €, (k, n,j) such that for all p € €, (k,n,j) with J(u) strictly
contained in J(p) we have B, (2(u),100) N B,(<(p),100) =
We first remove the pairs that are outside the immediate reach of any of the
prospective tree tops. Define
Lo(k,n,j) (5.1.15)
to be the set of all p € €,(k,n, j) such that there does not exist u € i, (k,n,j) with
J(p) # J(u) and 2p < u. Define

Cs(k,n,j) = Cy(k,m, j) N Lo(k,n, j). (5.1.16)
We next remove the maximal layers. Define recursively for 0 <1< Z(n+ 1)

Ly(k,n,j,0) (5.1.17)

to be the set of all maximal elements with respect to < in
Cs(k,n, ) U La(k,n, j,l’). (5.1.18)

o<l’<l
Define
Cy(k,n,j) = Cy(k,n, )~ ) Ls(k,m,jl0). (5.1.19)
0<I<Z(n+1)

Finally, we remove the boundary pairs relative to the prospective tree tops.
Define

£(u) (5.1.20)
to be the set of all I € D with I C J(u) and s(I) =s(u)— Z(n+1) — 1 and
B(c(I),8D*D) ¢ I(u). (5.1.21)

Define
Ly(k,n,j) (5.1.22)
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to be the set of all p € €,(k,n,j) such that there exists u € i, (k,n, j) with J(p) C
J < (u), and define

65(]@77,,]') = €4<k7n7j) ~ ’84(k7n7j> : (5123)

We define three exceptional sets. The first exceptional set G, takes into account
the ratio of the measures of F' and G. Define P  to be the set of all p € P with

2a+5 (}?>
dens, ({p}) > 2 G) (5.1.24)
Define
Gi= ] J0). (5.1.25)
PEPR R ¢
For an integer A > 0, define A(\, k,n) to be the set of all x € X such that
Z Ly (z) > A2 (5.1.26)
peM(k,n)
and define
Gy=[J | A@n+6,kn). (5.1.27)
k>0 k<n
Define

G=JU U L 7). (5.1.28)

k>0 n>k 0<j<2n+3 pel,(k,n,j)
Define G’ = G; UGy U G4 The following bound of the measure of G” will be proven
in Section 5.2.

LEMMA 5.1.1 (exceptional set). We have
w(G) <272u(G). (5.1.29)

In Section 5.4, we identify each set €5 (k, n, j) outside G” as forest and use Propo-
sition 2.0.4 to prove the following lemma.

LEMMA 5.1.2 (forest union). Let
P.=UJU U &Gknj) (5.1.30)
k>0n>k 0<j<2n+3

For all f: X — C with |f| < 15 we have
/ Z T, fldu < WH(COFEM(F)
G G |pep, q

In Section 5.5, we decompose the complement of the set of tiles in Lemma 5.1.2
and apply the antichain estimate of Proposition 2.0.3 to prove the following lemma.

435a2 )

Q=

(5.1.31)

LEMMA 5.1.3 (forest complement). Let

Py = BB, . (5.1.32)
For all f:+ X — C with |f| <1y we have

/G\G’

3
210a 1

WMG)kEM(F)

Q=

S T f|du< (5.1.33)

peEPB,
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PROOF OF PROPOSITION 2.0.2. Proposition 2.0.2 follows by applying the trian-
gle inequality to (2.0.22) according to the splitting in Lemma 5.1.2 and Lemma 5.1.3
and using both Lemmas as well as the bound on the set G’ given by Lemma 5.1.1. [

5.2. Proof of the Exceptional Sets Lemma

We prove separate bounds for G, G5, and G5 in Lemmas 5.2.1, 5.2.6, and 5.2.10.
Adding up these bounds proves Lemma 5.1.1.
The bound for GG; follows from the Vitali covering lemma, Proposition 2.0.6.

LEMMA 5.2.1 (first exception). We have

1(Gy) < 27°u(G). (5.2.1)
PRrOOF. Let (F)
— 2a+5L
k=2

For each p € Py o pick a r(p) > 4D°P) with

p(E 0 B(e(p),r(p)) = Ku(B(c(p), r(p))) -

This ball exists by definition of Pp . and dens,. By applying Proposition 2.0.6to
the collection of balls

B ={B(c(p),r(p)) : p €Prg}
and the function u = 15, we obtain
p(JB) < 22K u(F).
We conclude with (2.0.10) and 7(p) > 4D5®)
(G = | 70) <l B) < 220K p(F) = 25 (G).
PEPR ¢
O

We turn to the bound of G,, which relies on the Dyadic Covering Lemma 5.2.2
and the John-Nirenberg Lemma 5.2.5 below.

LEMMA 5.2.2 (dense cover). For each k > 0, the union of all dyadic cubes in
C(G, k) has measure at most 281 u(Q) .

PROOF. The union of dyadic cubes in C(G, k) is contained the union of elements
of the set M (k) of all dyadic cubes J with u(G N .J) > 27%"14(J). The union of
elements in the set M (k) is contained in the union of elements in the set M*(k) of
maximal elements in M (k) with respect to set inclusion. Hence

p(JeG.m) <pUM®) < > w(J) (5-2.2)
JeM+(k)
Using the definition of M (k) and then the pairwise disjointedness of elements in
M*(k), we estimate (5.2.2) by

<Rl N (I NG) <28 p(G). (5.2.3)
JeM+(k)
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This proves the lemma. O
LEMMA 5.2.3 (pairwise disjoint). If p,p” € M(k,n) and

Ei(p)NE\(0) # 2, (5.2.4)
then p =yp’.

PROOF. Let p,p’ be as in the lemma. By definition of F;, we have F;(p) C J(p)
and analogously for p’, we conclude from (5.2.4) that J(p) NJ(p’) # @. Let without
loss of generality J(p) be maximal in {7(p),7(p")}, then J(p’) C J(p). By (5.2.4),
we conclude by definition of E; that Q(p) N Q(p’) # @. By (2.0.14) we conclude
Q(p) C Qp’). It follows that p” < p. By maximality (5.1.5) of p’, we have p’ = p.
This proves the lemma. O

LEMMA 5.2.4 (dyadic union). For each x € A(\, k,n), there is a dyadic cube I
that contains x and is a subset of A\, k,n).

PROOF. Fix k,n, A,z as in the lemma such that x € A(\, k,n). Let M be the
set of dyadic cubes J(p) with p in M(k,n) and x € J(p). By definition of A(X, k, n),
the cardinality of M is at least 1 + A2""!. Let I be a cube of smallest scale in M.
Then [ is contained in all cubes of M. It follows that I C A(\, k,n). O

LEMMA 5.2.5 (John Nirenberg). For all integers k,n,\ > 0, we have
(AN E,n)) < 28172 0(@) . (5.2.5)

Proor. Fix k,n as in the lemma and suppress notation to write A(\) for
A(A, k,n). We prove the lemma by induction on A. For A = 0, we use that A(\) by
definition of M (k, n) is contained in the union of elements in (G, k). Lemma 5.2.2
then completes the base of the induction.

Now assume that the statement of Lemma 5.2.5 is proven for some integer A > 0.
The set A(XA + 1) is contained in the set A(\). Let M be the set of dyadic cubes
which are a subset of A(\). By Lemma 5.2.4, the union of M is A(X). Let M* be
the set of maximal dyadic cubes in M.

Let x € AN+ 1) and L € M* such that x € L. Then by the dyadic property
(2.0.8)

Y. Lip@= Y L@+ Y L), (526
peM(k,n) peM(k,n):J(p)CL pEM(k,n):LCI (p)
We now show
1 (z) > 27 (5.2.7)
peM(k,n):J(p)CL
The left-hand side of (5.2.6) is strictly greater than (A + 1)27"1. If L is the top
cube the second sum @, on the right-hand side of (5.2.6) is zero and (5.2.7) follows
immediately. Otherwise consider the inclusion-minimal cube L with L - L; all tiles
p over which ), is summed over satisfy LcC p, so @, is constant for all x € L.
By maximality of L, Q, is at most A2""! somewhere on L, thus on all of L and
consequently also at z. Rearranging the inequality yields (5.2.7).
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By Lemma 5.2.3, we have
S B < pD). (5.2
peM(k,n):J(p)CL
Multiplying by 2™ and applying (5.1.4), we obtain
S ) <2l (5.2.9)
peM(k,n):J(p)CL
We then have with (5.2.7) and (5.2.9)

2”+1M(A()\ +1)NL)= / 27t ldpy (5.2.10)
A+1)NL
< / 1, dp < 270(L) . (5.2.11)
peM(k,n):J(p)CL
Hence
2u(AN+1) =2 3 WA+ )N < 3 (L) = p(AN). (5212
LeM* LeM+

Using the induction hypothesis, this proves (5.2.5) for A+ 1 and completes the proof
of the lemma. O

LEMMA 5.2.6 (second exception). We have

w(Gy) < 274u(G) . (5.2.13)
ProOOF. We use Lemma 5.2.5 and sum twice a geometric series to obtain
SN n(ARn+6,k,n)) <Y Y 2k52n (@) (5.2.14)
0<k k<n 0<k k<n
<Y 2R u(@) < 274u(G). (5.2.15)
0<k
This proves the lemma. O

We turn to the set G.
LEMMA 5.2.7 (top tiles). We have

> u(I(m)) < 27HRR(G). (5.2.16)
meM(k,n)
PrROOF. We write the left-hand side of (5.2.16)
9%
[ Y Lw@du <20 S wan k). G217
meM (k,n) A=0
Using Lemma 5.2.5 and then summing a geometric series, we estimate this by
|90
< on+l Z 2]”17’\/1((;) < 2n+12k+2M<G> ' (5.2.18)
A=0

This proves the lemma. (]
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LEMMA 5.2.8 (tree count). Let k,n,j > 0. We have for every x € X

D dyylz) <2729 > 1,0 (x) (5.2.19)
uetly (k,n,j) meM(k,n)

PROOF. Let z € X. For each u € Y, (k,n,j) with z € J(u), as u € €, (k,n,j),
there are at least 27 elements m € 9(k, n) with 100u < m and in particular x € J(m).
Hence

Ly (x) <27 > Ly () - (5.2.20)
meM(k,n):100usm
Conversely, for each m € M(k, n) with x € J(m), let L(m) be the set of u € 4, (k, n, j)
with z € J(u) and 100u < m. Summing (5.2.20) over u and counting the pairs (u, m)
with 100u < m differently gives

Z 1.7(u) ($) < 277 Z Z 1j(m)(33) (5221)
uetly (k,n,j) meM(k,n) ucil(m)

We estimate the number of elements in ${(m). Let u € ${(m). Then by definition of
(m)

d,(Q(u), Q(m)) < 100. (5.2.22)
If u” is a further element in Y(m) with u # u’, then
Q(m) € B,(2Q(u),100) N B,/ (Q(u"),100) . (5.2.23)

By the last display and definition of i, (k, n, ), none of J(u), J(u’) is strictly con-
tained in the other. As both contain x, we have J(u) = J(u’). We then have
d,=dy.

By (2.0.15), the balls B, (Q(u),0.2) and B, (Q(u’),0.2) are contained respectively
in Q(u) and Q(u’) and thus are disjoint by (2.0.13). By (5.2.22) and the triangle
inequality, both balls are contained in B, (Q(m), 100.2).

By (1.0.11) applied nine times, there is a collection of at most 29 balls of radius
0.2 with respect to the metric d, which cover the ball B,(Q(m),100.2). Let B’ be
a ball in this cover. As the center of B’ can be in at most one of the disjoint balls
B,(Q(u),0.2) and B,(Q(u"),0.2), the ball B’ can contain at most one of the points
Q(u), Q(u').

Hence the image of £4(m) under Q has at most 27¢ elements; since Q is injective
on 4(m), the same is true of (m). Inserting this into (5.2.21) proves the lemma. [

LEMMA 5.2.9 (boundary exception). Let £(u) be as defined in (5.1.20). We have
for each u € U, (k,n,l),

p( [ I) < D'REmD (T (). (5.2.24)
Ie£ (u)

PRrROOF. Let u € Y, (k,n,l). Let I € £(u). Then we have s(I) = s(u) — Z(n +
1) —1and I C J(u) and B(c(I),8D*D) ¢ J(u). By (2.0.10), the set I is contained
in B(c(I),4D*D)). By the triangle inequality, the set I is contained in

Xw):={zecIu) : plz, X N I(u)) < 12D3W-Zn+1)—-11 (5.2.25)
By the small boundary property (2.0. 11) noting that
12Ds(u)— (n+1)—1 _ = 12D°% (1) > D— S
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we have
p(X (W) < 2- (12D~ 70D u(T (u)).
Using k < 1 and D > 12, this proves the lemma. O
LEMMA 5.2.10 (third exception). We have
w(Gs) <274u(G) . (5.2.26)

PROOF. As each p € £,(k,n,j) is contained in UL (u) for some u € i, (k,n,l),
we have

u U osen< S u U D (5.2.27)
)

peLy(k,n,.j) uest; (k,n,j)  IeL(u

Using Lemma 5.2.9 and then Lemma 5.2.8, we estimate this further by

< ) DRI (w)) (5.2.28)
uesly (k,n,j)
< 9100a®+9a+1—j Z D=rZH1) (T (m)) . (5.2.29)
meM(k,n)

Using Lemma 5.2.7, we estimate this by
< 2100a2+9a+1—jD—nZ(n+1)2n+k+3M(G) ) (5.2_30)
Now we estimate G5 defined in (5.1.28) by

pG) <Y > Y U Tk (5.2.31)

k>0 n>k 0<j<2n+3  pel,(k,n,5)
< Z Z Z 2100(12+9a+4+n+k7jD7nZ(n+l)M(G> (5232)
k>0 n>k 0<j<2n+3

Summing geometric series, using that D*Z > 8 by (2.0.1), (2.0.2) and (2.0.3), we
estimate this by

< Z Z 2100a°+9a+5+n+k D=k Z(n+1) ((3) (5.2.33)
k>0 n>k
_ Z 9100a®+9a+5+2k [y—rZ(k+1) Z zn—kD—nZ(n—k)M(G) (5.2.34)
k>0 n>k
< Z 9100a%+9a-+6+2k )—rZ(k+1) () (5.2.35)
k>0
< 9100a%+9a+7 =k Z () (5.2.36)

Using D = 2'9%%% and ¢ > 4 and kZ > 2 by (2.0.1) and (2.0.2) proves the lemma. [

PROOF OF LEMMA 5.1.1. Adding up the bounds in Lemmas 5.2.1, 5.2.6, and
5.2.10 proves Lemma 5.1.1. O



5.3. AUXILIARY LEMMAS 47

5.3. Auxiliary lemmas

Before proving Lemma 5.1.2 and Lemma 5.1.3, we collect some useful properties
of <

LEMMA 5.3.1 (wiggle order 1). If np < mp’ and n’ > n and m > m’ then
n/p < m/p/‘

PRrROOF. This follows immediately from the definition (2.0.24) of < and the two
inclusions B, (Q(p),n) C B,(2(p),n’) and B, (Q(p"),m") C B, (2(p"), m). O

LEMMA 5.3.2 (wiggle order 2). Let n,m > 1 and k > 0. If p,p’ € B with
I(p) # I (") and
np < ky’ (5.3.1)

then
(n+27%%m)p <mp’. (5.3.2)

PROOF. The assumption (5.3.1) together with the definition (2.0.24) of < implies
that 7(p) C J(p’). Let ¥ € B,/ (2(p’),m). Then we have by the triangle inequality

dy(Q(p), V) < dy(Q(p), Q(p")) + d,, (Q(p'), V)
The first summand is bounded by n since
Q(p") € By (Q(p'), k) C B, (Q(p),n),

using (2.0.24). For the second summand we use Lemma 2.1.2 to show that the sum
is estimated by

n+ 279, (9(p),9) < n+2"%m.
Thus B, (Q(p"),m) C B,(Q(p),n 4+ 27%*m). Combined with J(p) C J(p’), this
2

yields (5.3.2). O
LEMMA 5.3.3 (wiggle order 3). The following implications hold for all q,q" € PB:
q<q and A>11 = M\, (5.3.3)

109 < q" and J(q) # J(q') = 100q < 100q”, (5.3.4)

2059 and J(q) #I(q") = 4q < 500q". (5.3.5)

PROOF. (5.3.4) and (5.3.5) are easy consequences of Lemma 5.3.1, Lemma 5.3.2
and the fact that a > 4. For (5.3.3), if 7(q) = J(q") then we get q = q" by (2.0.13)
and (2.0.23). If 7(q) # J(q’), then from (2.0.23), (2.0.24) and (2.0.15) it follows that
q < 0.2¢, and (5.3.3) follows from an easy calculation using Lemma 5.3.2. O

We call a collection 2 of tiles convex if
p<p <p’andpp’ €A = p €. (5.3.6)

LEMMA 5.3.4 (P convex). For each k, the collection B(k) is convex.
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PROOF. Suppose that p < p° < p” and p,p” € P(k). By (5.1.3) we have
J(p),TJ(p") € C(G, k), so there exists by (5.1.1) some J € D with

Jp)cIp’)cJ

and p(G N J) > 2% 1y(J). Thus (5.1.1) holds for J(p’). On the other hand, by
(5.1.2), there exists no J € 2D with J(p) C J and u(G N J) > 27%u(J). Since
J(p) C J(p’), this implies that (5.1.2) holds for J(p"). Hence J(p") € C(G, k), and
therefore by (5.1.3) p” € B(k). O

LEMMA 5.3.5 (C convex). For each k,n, the collection €(k,n) is convex.

PROOF. Let p < p’ < p” with p,p” € €(k,n). Then, in particular, p,p” €
B(k), so, by Lemma 5.3.4, p’° € P(k). Next, we show that if ¢ < q" € PB(k)
then dens;({q}) > dens,({q’'}). If p € P(k) and X\ > 2 with A\q’ < Ap, then it
follows from q < q’, (5.3.3) of Lemma 5.3.3 and transitivity of < that A\q < Ap.
Thus the supremum in the definition (5.1.6) of dens;({q}) is over a superset of
the set the supremum in the definition of dens),({q'}) is taken over, which shows
densy({q}) > dens,({q’}). From p’ < p”, p” € &(k,n) and (5.1.7) it then follows
that

2429 < dens, ({p”}) < dens, ({p'}) .
Similarly, it follows from p < p’, p € €(k,n) and (5.1.7) that
densy({p'}) < dens}({p}) < 21027+,
Thus p” € €(k,n). O
LEMMA 5.3.6 (C1 convex). For each k,n,j, the collection €, (k,n,j) is convez.

PRrROOF. Let p < p’ < p” with p,p” € €,(k,n,j). By Lemma 5.3.5 and the
inclusion €, (k, n, ) C €(k,n), which holds by definition (5.1.9), we have p” € €(k, n).
By (5.3.3) and transitivity of < we have that ¢ < q" and 100q” < m imply 100q < m.
So, by (5.1.8), B(p”) C B(p’) C B(p). Consequently, by (5.1.9)

29 < [B(p") < IBO)| < Bp)| <27,
thus p’ € €, (k,n, j). O
LEMMA 5.3.7 (C2 convex). For each k,n,j, the collection €45(k,n,j) is convez.
PROOF. Let p < p’ <p” with p,p” € €,(k,n,j). By (5.1.13), we have
&, (k,n, j) C & (k,n,j) .

Combined with Lemma 5.3.6, it follows that p” € €, (k,n,j). If p = p’ the statement
is trivially true, otherwise suppose that p’ ¢ €,(k,n,7). By (5.1.13), this implies
that there exists 0 <!’ < Z(n+1) with p” € £,(k, n,7,l"). By the definition (5.1.11)
of £,(k,n,7,l'), this implies that p’ is minimal with respect to < in €, (k,n,j) ~
U,y £1(k,n, 4, 1). Since p <p” and p € €4 (k,n,7), p = p’, a contradiction. O

LEMMA 5.3.8 (C3 convex). For each k,n,j, the collection €5(k,n,j) is convez.
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PROOF. Let p < p’ < p” with p,p” € €5(k,n,7). By (5.1.16) and Lemma 5.3.7
it follows that p’ € €,(k, n,j). By (5.1. 16) and (5.1.15), there exists u € i, (k,n,j)
with 2p” < uand J(p”) C J(u). From p” <p”, (5.3.3) and transitivity of < we then
have 2p” Su and J(p’) C J(u), so p’ € €3(k,n,j). O

LEMMA 5.3.9 (C4 convex). For each k,n, j, the collection €4(k,n,j) is convez.

ProOOF. The proof is entirely analogous to Lemma 5.3.7, substituting €, for €,
¢, for €, and p” <p” for p <p’. O

LEMMA 5.3.10 (C5 convex). For each k,n, j, the collection €(k,n,j) is conver.

PROOF. Let p < p’ < p” with p,p” € €5(k,n,j). Then p,p” € €, (k,n,j )
by (5.1.23), and thus by Lemma 5.3.9 p” € €,(k,n,j). It suffices to show that if
p’ € £,(k,n,j) then p € £,(k,n,j) by contraposition; this is true by (5.1.22) and
p<yp. O

LEMMA 5.3.11 (dens compare). We have for every k > 0 and B’ C P(k)

dens, (P) < dens (). (5.3.7)

PRrROOF. It suffices to show that for all p” € P’ and A > 2 and p € P(P’) with
Ap” < Ap we have

1(7(p)) pepk)ap’<ap” MI (7))
Let such p’, A, p be given. It suffices to show that p € P(k), that is, it satisfies
(5.1.1) and (5.1.2).

We show (5.1.1). As p € B(P’), there exists p” € P’ with J(p’) C I(p”). By
assumption on PB’, we have p” € P(k) and there exists J € D with J(p”) C J and

w(GNJ) > 27 1u(). (5.3.9)

Then also J(p”) C J, which proves (5.1.1) for p.
We show (5.1.2). Assume to get a contradiction that there exists J € 2 with
J(p) C J and

w(GNJ) > 27ku(J). (5.3.10)
As Ap” < Ap, we have J(p’) C J(p), and therefore J(p’) C J. This contradicts
p’ € P’ C P(k). This proves (5.1.2) for p. O

LEMMA 5.3.12 (C densl). For each set A C €(k,n), we have
dens, () < 2%e2—n+1,

PrROOF. We have by Lemma 5.3.11 that dens, () < densy (). Since A C
€(k,n), it follows from monotonicity of suprema and the definition (5.1.6) that
dens, (2) < dens, (€(k,n)). By (5.1.6) and (5.1.7), we have

dens, (€(k,n)) = sup dens,({p}) < 242 "*1,
pec(k,n)
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5.4. Proof of the Forest Union Lemma

Fix k,n,7 > 0. Define
Q:6(k7 n, ])
to be the set of all tiles p € €5(k,n,j) such that 7(p) ¢ G’. The following chain
of lemmas establishes that the set €4(k,n,j) can be written as a union of a small

number of n-forests.
For u € 8, (k,n, j), define

T(w) :={p e &(kn,j) : J(p) # I(u), 2p Suj. (5.4.1)
Define
Us(kynyg) i ={u el (k,n,j) : T, (w)NCs(k,n,j) + 2}. (5.4.2)
Define a relation ~ on s (k, n, j) by setting u ~ u’ for u,u” € Uy(k,n, j) if u =u’
or there exists p in ¥, (u) with 10p S u’.

LEMMA 5.4.1 (relation geometry). If u ~u’, then J(u) = J(u") and
B,(Q(1),100) N B, (Q(u’), 100) # @ .

PRrROOF. Let u,u” € 4y(k,n,j) with u ~u’. If u = u’ then the conclusion of the
Lemma clearly holds. Else, there exists p € &;(k,n,j) such that J(p) # J(u) and
2p < uand 10p < u'. Using Lemma 5.3.1 and (5.3.4) of Lemma 5.3.3, we deduce
that

100p < 100u, 100p < 100u”. (5.4.3)
Now suppose that B,(Q(u),100) N B,/ (Q(u"),100) = @. Then we have B(u) N
B(u') = @, by the definition (5.1.8) of B and the definition (2.0.24) of <, but also
B(u) C B(p) and B(u') C B(p), by (5.1.8), (2.0.24) and (5.4.3). Hence,

B (p)] > [Bu)| + [B()] > 27 +27 = 27,
which contradicts p € €, (k,n, j). Therefore we must have

B, (9(u),100) N B, (1), 100) + @.

u

It follows from 2p < u and 10p < u’ that J(p) C J(u) and J(p) C J(u).
By (2.0.8), it follows that J(u) and J(u’) are nested. Combining this with the
conclusion of the last paragraph and definition (5.1.14) of 4, (k,n, j), we obtain that

J(u) = J(u). O

LEMMA 5.4.2 (equivalence relation). For each k,n, j, the relation ~ on iUy (k,n, j)
is an equivalence relation.

PRrROOF. Reflexivity holds by definition. For transitivity, suppose that
u,u’ u” € i (k,n,j)

and u ~ u’, u’ ~u”. By Lemma 5.4.1, it follows that J(u) = J(u") = J(u”), that
there exists

v € B, (Q(u),100) N B,/ (Q(u"), 100)
and that there exists

0 c Bu’ (Q(u/), 100) N Bu” (Q(u//), 100) .
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If u = v/, then u ~ u” holds by assumption. Else, there exists by the definition of
~ some p € T;(u) with 10p < u’. Then we have 2p < u and p # u by definition
of T,(u), so 4p < 500u by (5.3.5). For ¢ € B,»(Q(u”),1) it follows by the triangle
inequality that
d,(Qu), q) < d,(Q(u),9) + d, (3, Q(w'))
+dy (Q(w'),0) + d, (6, Q(u”")) +d,, (Q(u"),q) .

Using (2.0.17) and the fact that J(u) = J(u’) = J(u”) this equals

dy (Q(u), ) + dy (9, Q(u'))

+d(Q),0) +dy(0,9u")) +dyw (Qu”), q)

< 100 + 100 + 100 + 100 + 1 < 500.

Since 4p < 500u, it follows that d,(Q(p),q) < 4 < 10. We have shown that
B, (Q"),1) C B,(2(p),10), combining this with J(u”) = J(u) gives u ~ u”.

u

For symmetry suppose that u ~ u’. By Lemma (5.4.1), it follows that J(u) =
J(u”) and that there exists ¥ € B, (Q(u),100) N B, (Q(u’),100). Again, for u = u’
symmetry is obvious, so suppose that u # u’. There exists p € T,(u"), which then
satisfies 2p < u” and J(p) # J(u’). By Lemma 5.3.1 and (5.3.5), it follows that

10p < 4p < 500u” . (5.4.4)

If ¢ € B,(9(u),1) then we have from the triangle inequality and the fact that
J(u) =T(u):

dy (W), q) < dy (Q(u),0) +dy (9, O(u))
= dy (Q(W), V) + d (0, Q(u))
< 100 4100 + 1 < 500.
Combining this with (5.4.4) and (2.0.24), we get
B,(Q(), 1) C B,(Q(p), 10).

Since 2p < u’, we have J(p) C J(u') = J(u). Thus, 10p < u which completes the
proof of u” ~ u. O

+ du’ (Q<u>7 Q)
+ du Q<u>7 Q)

Choose a set U3(k,n,j) of representatives for the equivalence classes of ~ in
Uy (k,n, 7). Define for each u € Us(k, n, 5)

Tow) = [ Tiw) Neglk,n,j) . (5.4.5)

u~u’

LEMMA 5.4.3 (C6 forest). We have
Clkn )= | Tolw. (5.4.6)

ueis(k,n,j)

PRrROOF. Let p € €4(k,n,j). By (5.1.19) and (5.1.23), we have p € &4(k,n,j).
By (5.1.15) and (5.1.16), there exists u € U, (k,n,j) with 2p < u and J(p) # J(u),
that is, with p € T, (u). Then T, (u) is clearly nonempty, so u € {y(k,n, j). By the
definition of Y5(k, n, j), there exists u” € Us(k,n, j) with u ~u’. By (5.4.5), we have
peT,u). O
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LEMMA 5.4.4 (forest geometry). For each u € s(k,n,j), the set To(u) satisfies
(2.0.32).

PROOF. Let p € T,(u). By (5.4.5), there exists u” ~ u with p € T, (u"). Then we
have 2p < u’” and J(p) # J(v'), so by (5.3.5) 4p < 500u’. Further, by Lemma 5.4.1,
we have that J(u’) = J(u) and there exists ¥ € B,,(Q(u"),100) N B, (Q(u), 100). Let
0 € B,(9(u),1). Using the triangle inequality and the fact that J(u’) = J(u), we
obtain

dy (Q(w'),0) < dy (QW), V) + dy (Q(u), ) + d\y (Q(u), 0)
= dy (Q(u),9) + d (Q(u), V) + d, (9(u), 0)
< 100+ 100+ 1 < 500.
Combining this with 4p < 500u’, we obtain
B, (9(u),1) € B,/ (Q(u'),500) C B,(Q(p),4) .
Together with J(p) C J(u’) = J(u), this gives 4p < 1u, which is (2.0.32). O

LEMMA 5.4.5 (forest convex). For each u € Us(k,n,j), the set To(u) satisfies

the convezity condition (2.0.33).

PROOF. Let p,p” € T,(u) and p’ € P with p < p’ < p”. By (5.4.5) we have
p,p” € C(k,n,j) C €5(k,n,j). By Lemma 5.3.10, we have p’ € &€;(k,n,j). Since
p € Cs(k,n,j) we have J(p) ¢ G', so I(p’) ¢ G’ and therefore also p” € €4(k,n, j).

By (5.4.5) there exists u” € i, (k, n,j) with p” € T,(u’) and hence 2p” < u’ and
J(p”) # J(u'). Together this implies J(p”) C J(u'). With the inclusion J(p") C
J(p”) from p” < p”, it follows that J(p’) € J(u’') and hence J(p’) # J(u’). By
(5.3.3) and transitivity of < we further have 2p” <u’, sop” € T, (u’). It follows that
p’ € Ty(u), which shows (2.0.33). O

LEMMA 5.4.6 (forest separation). For each u,u’ € Us(k,n,j) with u # u’ and
each p € Ty(u) with J(p) C J(u') we have
d,(9(p), Q(u')) > 2Z(n+1) (5.4.7)
PROOF. By the definition (5.1.13) of €4(k, n, j), there exists a tile p’ € €, (k,n, j)
with p” <p and s(p’) <s(p) — Z(n+1). By Lemma 2.1.2 we have
dy(Q(p), Qu")) > 29541 d,, (Q(p), O(u")).
By (5.3.3) we have 2p” < 2p, so by transitivity of < there exists v ~ u with 2p” < v
and J(p’) # J(v). Since u,u’ are not equivalent under ~, we have v ~ u’, thus
10p” £ w'. This implies that there exists ¢ € B, (Q(u'), 1) \ B,/ (2(p"), 10).
From p" <p, J(p’) C I(p) C J(u') and Lemma 2.1.2 it then follows that
dy (Q(p), Q"))
= —dy (Q(p), (")) +dy (2(p), q) —
= —dy (9(p), (")) +dy (2(p"), q) —
>—-1410—1=8.
The lemma follows by combining the two displays with the fact that 95¢ > 1. [
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LEMMA 5.4.7 (forest inner). For eachu € s(k,n,j) and each p € To(u) we have

B(c(p),8D5%))  J(u). (5.4.8)
PROOF. Let p € Ty(u). Let
qe | T,(w)nes(k,n, j) (5.4.9)

u~u’

be a maximal element of this set with respect to < such that p < q. We show that
there is no q" € €4(k,n,j) with ¢ < q" and q # q’. Indeed, suppose q" was such
a tile. By (5.1.16) there exists u” € 4, (k,n,j) with 2q" < u”. Then we have in
particular by Lemma 5.3.1 that 10p < u”. Let u” ~ u be such that p € T, (u’). By
definition of ~, we have u’ ~ u”, hence u ~ u”. This implies that q is in the set in
(5.4.9), contradicting maximality of .

Let u” ~ u with q € ¥, (u’). By the definition (5.4.1) of ¥;, we have s(p) < s(u’).
By Lemma 5.4.1, we have s(u) = s(u’), hence s(q) < s(u). By definition of €, (k,n, j),
p is not in any of the maximal Z(n + 1) layers of tiles in €5(k,n,j), and hence
s(p) <s(q) —Z(n+1)<s(u)—Z(n+1)—1

Thus, there exists some cube I € D with s(I) =s(u)—Z(n+1)—1and I C J(u)
and J(p) C I. Since p € €5(k,n,j), we have that I ¢ £(u), so B(c(I),8D%1)) C
J(u). By the triangle inequality, (2.0.1) and a > 4, the same then holds for the

subcube J(p) C I. O
LEMMA 5.4.8 (forest stacking). It holds for k < n that
> 1y < (dn+12)27 (5.4.10)
ueils(k,n,j)

PROOF. Suppose that a point x is contained in more than (4n 4 12)2" cubes
J(u) with u € Us(k, n, ). Since HUs(k,n,j) C € (k,n,j) for each such u, there exists
m € M(k,n) such that 100u < m. We fix such an m(u) := m for each u, and
claim that the map u — m(u) is injective. Indeed, assume for u # u’ there is
m € M(k,n) such that 100u < m and 100u” < m. By (2.0.8), either J(u) C J(u’)
or J(u') C J(u). By (5.1.14), B,(Q(u),100) N B,/ (Q(u"),100) = @. This contradicts
Q(m) being contained in both sets by (2.0.15). Thus z is contained in more than
(4n + 12)2™ cubes J(m), m € M(k,n). Consequently, we have by (5.1.26) that
x € A(2n + 6,k,n) C G,. Let J(u) be an inclusion minimal cube among the
J(u),u" € Us(k,n,j) with z € J(u). By the dyadic property (2.0.8), we have
J(u) C J(u’) for all cubes J(u") containing x. Thus

Jw)Cly + > 1yy) > 1+ (4n+12)2"} C G,.
ueils(k,n,j)
Thus T, (u) N €4(k,n,j) = @. This contradicts u € i, (k, n, 7). O

We now turn to the proof of Lemma 5.1.2.

PRrROOF OF LEMMA 5.1.2. We first fix k,n,j. By (2.0.21) and (2.0.20), we have
that 15,7, f(z) = T,f(z) and hence 1g T, f(x) = 0 for all p € & (k,n,j) ~
Cs(k,m,j). Thus it suffices to estimate the contribution of the sets €4(k,n,j). By



54 5. PROOF OF DISCRETE CARLESON

Lemma 5.4.8, we can decompose is(k,n,j) as a disjoint union of at most 4n + 13
collections U, (k,n,j,1), 1 <1 < 4n+ 13, each satisfying

D Ly <2

u€u4(k2,n,j,l)

By Lemmas 5.4.4, 5.4.5, 5.4.6, 5.4.7 and 5.3.12, the pairs

(ﬂ4(k, n,J, l)a ‘32 |Ll4(k,n,j,l)>

are n-forests for each k,n, j,l, and by Lemma 5.4.3, we have

4n+13

o(k,n,7) U U To(u).

=1 ueil,(k,n,jz,l)
Since J(p) ¢ G for all p € &4(k,n, j), we have C4(k,n, j) NP ¢ = @ and hence

dens, ( U Ty(u)) < 22“5@ .

u€u4<k7n7jzl) M( )

Using the triangle inequality according to the splitting by k,n,j and [ in (5.1.31)
and applying Proposition 2.0.4 to each term, we obtain the estimate

Wo(1- 1 ro2qss M) (11
S5 (20 4 8)(4n + 13)2880% g (1 D22 MEG§> Hflal e b

k>0 n>k

for the left hand side of (5.1.31). Since |f| < 1, we have ||f], < u(F)'/2, and we
have |15 ¢ llas < #(G)Y/2. Combining this with a > 4, we estimate by

9433a° (|7 % lflzzn% (1=g)n

k>0 n>k

Interchanging the order of summation, the sum equals

a- 2
n?(n + 1)27717‘ < ,
7;, (¢—1)1

which completes the proof of the lemma. O

5.5. Proof of the Forest Complement Lemma

Define P to be the set of all p € P such that u(J(p) N (G ~G')) >0
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LEMMA 5.5.1 (antichain decomposition). We have that

By N Paer (5.5.1)
= U U 2olk;n) nPeer (5.5.2)

k>0n>k

vJU U &kni)nPew (5.5.3)
k>0 n>k 0<j<2n-+3

vy u U Likni ) nPoe (5.5.4)
k>0 n>k 0<j<2n+3 0<I<Z(n+1)

vJU U U SnihnPes (5.5.5)

k>0 n>k 0<j<2n+3 0<I<Z(n+1)

PROOF. Let p € Py, NP, . Clearly, for every cube J = J(p) with p € P
there exists some k& > 0 such that (5.1.1) holds, and for no cube J € D and no k£ < 0
does (5.1.2) hold. Thus p € B(k) for some k > 0.

Next, since Ey(\,p’) C J(p") NG for every A > 2 and every tile p” € P(k) with
Ap < Ap, it follows from (5.1.2) that p(Ey(\,p’)) < 27%u(J(p’)) for every such p’,
so dens;,({p}) < 27*. Combining this with a > 0, it follows from (5.1.7) that there
exists n > k with p € €(k,n).

Since p € Po o, we have in particular J(p) ¢ A(2n + 6,k,n), so there exist
at most 1+ (4n + 12)2" < 2274 tiles m € M(k,n) with p < m. It follows that
p € Ly(k,n) or p € € (k,n,j) for some 1 < j < 2n + 3. In the former case we
are done, in the latter case the inclusion to be shown follows immediately from the
definitions of the collections €; and £;. U

LeEMMA 5.5.2 (LO antichain). We have that

Sok,n) = ) Lolk,n,1),

1<i<n

where each £y(k,n,l) is an antichain.

PrOOF. It suffices to show that £,(k,n) contains no chain of length n + 1.
Suppose that we had such a chain py < p; <--- < p, withp;, #p,,, fori =0,...,n—1.

By (5.1.7), we have that dens},({p,,}) > 2. Thus, by (5.1.6), there exists p’ € PB(k)
and A > 2 with Ap,, < A\p” and

p(E (A p7))
n(J ()

Let O be the set of all p” € B(k) such that we have 7(p”) = J(p’) and B, (2(p”), )N
Q(p”) # @. We now show that

> \agdag-n (5.5.6)

|O] < 2%ape, (5.5.7)

The balls B,/ (Q(p”),0.2), p” € O are disjoint by (2.0.15), and by the triangle in-
equality contained in B, (Q(p”), A+1.2). By assumption (1.0.11) on ©, this ball can
be covered with

9allog, (A+1.2)+log, (5)] < ga(log,(A)+4) — 94a ya
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many dp/—balls of radius 0.2. Here we have used that for A > 2
[log, (A +1.2) +1og,(5)] < 14 log,(1.6)) +log,(5) = 4 + log,()) .

By the triangle inequality, each such ball contains at most one Q(p”), and each Q(p”)
is contained in one of the balls. Thus we get (5.5.7).
By (2.0.26) and (2.0.27) we have E,(\,p’) C Up”eD E,(p”), thus

p(E ("))

lajegn < LT
2 (7))

Hence there exists a tile p” € O with

p(EL(p") 227 pu(T(p7)) -
By the definition (5.1.5) of M (k,n), there exists a tile m € M(k,n) with p’ < m.
From (5.5.6), the inclusion Ey(A,p") C J(p’) and a > 1 we obtain
2m > 2%\ > )\,
From the triangle inequality, Lemma 2.1.2 and a > 1, we now obtain for all ¢ €
B, (Q(m), 1) that
dp, (Q(po),7)
< de(Q(pO) 9(p,)) +d ( (pn), Q") + dp (Q(p7), Q(p”))
+dy, (Q(p"), Q(m)) + dy (Q(m), D)
<1427 95“”(d 9Qp,), Q(p")) + dy (Q(p"), C(p"))

W
+dyr (9(p"), Q(m)) + dy (Q(m), V)
<1429+ (A+1)+1+1) <100.

Thus, by (2.0.23), 100p, < m, a contradiction to p, & €(k,n). O
LEMMA 5.5.3 (L2 antichain). Fach of the sets £4(k,n,j) is an antichain.

PROOF. Suppose that there are py,p; € £4(k,n, j) with p, # p; and p, < p,. By
Lemma 5.3.1 and Lemma 5.3.2, it follows that 2p, < 200p,. Since £,(k,n ]) is finite,
there exists a maximal [ > 1 such that there exists a chain 2p, < 200p; < --- < 200y,
with p; # p; 4, for i = 0,...,1 — 1. If we have p; € ;(k,n,j), then it follows from
2py < 200p; < p; and (5. 1 15) that p, ¢ £4(k,n,j), a contradiction. Thus, by the
definition (5.1.14) of i, (k,n, j), there exists p;; € €, (k,n,j) with T(p;) C T(p;41)
and J € B, (9(p;),100) N B, (Q(p;41),100). Using the triangle inequality and
Lemma 2.1.2, one deduces that 200p; < 200p,,,. This contradicts maximality of
l. O

LEMMA 5.5.4 (L1 L3 antichain). Each of the sets £,(k,n,j,1) and £s5(k,n,j,1)
is an antichain.

PROOF. By its definition (5.1.11), each set £,(k,n,j,1) is a set of minimal ele-
ments in some set of tiles with respect to <. If there were distinct p,q € £, (k,n, j,1)
with p < q, then q would not be minimal. Hence such p,q do not exist. Similarly,
by (5.1.17), each set £4(k,n,j,1) is a set of maximal elements in some set of tiles
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with respect to <. If there were distinct p, q € £4(k,n, j,1) with p < g, then p would
not be maximal. O

We now turn to the proof of Lemma 5.1.3.

PrROOF OF LEMMA 5.1.3. If p ¢ Po o, then p(I(p) N (G~ G')) = 0. By
(2.0.21) and (2.0.26), it follows that 15 /T, f(z) = 0. We thus have

1o Z Tpf(m) =1g.¢e Z Tpf(x)'
peEP, PEPMPoor
Let £(k,n) denote any of the terms £,(k,n, j,1) NP4 on the right hand side of
(5.5.1), where the indices j,! may be void. Then £(k,n) is an antichain, by Lemmas
5.5.2,5.5.3, 5.5.4. Further, we have

dens, (£(k,n)) < 2%afl-n
by Lemma 5.3.12, and we have

2ats M
dens, (L(k,n)) < 2 G
since
L(k,n) N Br o CPowe NPBre =2
Applying now the triangle inequality according to the decomposition in Lemma 5.5.1,
and then applying Proposition 2.0.3 to each term, we obtain the estimate

< ZZ(TM— (2n+4)+22n+4)Z(n+1))

k>0 n>k
201a® 1 jgdationy Lt ro2ars M) 11
X 2 (g = 1)t st (22— 0) 2 [ flo 1 o -
p@)
Because | f| < 15, we have ||, < u(F)Y?, and we have |15 o ||ls < u(G)Y/2. Using
this and (2.0.3), we bound

< 22020 (g — 1) p(F)ap(@) 7 Y Y w2
k>0 n>k
The last sum equals, by changing the order of summation,

28@3

Y 00+ 1)27T < -
n>0 (q_ 1)

This completes the proof. O






CHAPTER 6

Proof of the Antichain Operator Proposition

Let an antichain 2 and functions f, g as in Proposition 2.0.3 be given. We prove
(2.0.30) in Section 6.1 as the geometric mean of two inequalities, each involving
one of the two densities. Omne of these two inequalities will need a careful esti-
mate formulated in Lemma 6.1.5 of the TT™ correlation between two tile operators.
Lemma 6.1.5 will be proven in Section 6.2.

The summation of the contributions of these individual correlations will require a
geometric Lemma 6.1.6 counting the relevant tile pairs. Lemma 6.1.6 will be proven
in Subsection 6.3.

6.1. The density arguments

We begin with the following crucial disjointedness property of the sets E(p) with
p e

LEMMA 6.1.1 (tile disjointness). Let p,p” € . If there exists an x € X with
x € E(p)NE(®), thenp=yp’.

PROOF. Let p,p” and z be given. Assume without loss of generality that s(p) <
s(p’). As we have z € E(p) C J(p) and x € E(p’) C J(p’) by Definition (2.0.20),
we conclude for ¢ = 1,2 that Q(x) € Q(p) and Q(z) € Q(p’). By (2.0.14) we have
Q(p") € Q(p). By Definition (2.0.23), we conclude p < p’. As 2 is an antichain, we
conclude p = p’. This proves the lemma. O

Let B be the collection of balls
B(c(p),8D¥)) (6.1.1)
with p € 2 and recall the definition of My from Definition 2.0.41.

LEMMA 6.1.2 (maximal bound antichain). Let x € X. Then
ST, fa)] < 21970 My (). (6.1.2)
peA

Proor. Fix x € X. By Lemma 6.1.1, there is at most one p € 2 such that
T, f(z) is not zero. If there is no such p, the estimate (6.1.2) follows.

Assume there is such a p. By definition of 7, we have x € E(p) C J(p) and by
the squeezing property (2.0.10)

p(x,c(p)) < 4D3P) . (6.1.3)

59
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Let y € X with K, (z,y) # 0. By Definition (2.0.5) of K, we have

%DS(P)_l < p(z,y) < %DS(”). (6.1.4)
The triangle inequality with (6.1.3) and (6.1.4) implies
ple(p), ) < 8D (6.1.5)
Using the kernel bound (1.0.14) and the lower bound in (2.1.2) we obtain
29°

p(B(z, g D0=1))

Using D = 2'99%* and the doubling property (1.0.5) 5+ 10042 times estimates the
last display by
25a+101a3
p(B(z,8Ds))) -
Using that |e(?)] is bounded by 1 for every ¢ € O, we estimate with the triangle
inequality and the above information

(6.1.7)

25a+101a3
T, f(2)] < / )l dy (6.18)
P j(B(z,8D3P))) w(B(z,8Ds(p)))
This together with @ > 1 proves the Lemma. O
Set 5

~ q
= —. 6.1.9
=1, (6.1.9)

Since 1 < ¢<2, wehave 1 <7< q<2.
LEMMA 6.1.3 (dens2 antichain). We have that

[

peA

)| <211 (g — 1) densy ()72 flloflgll - (6.1.10)

PROOF. We have f = 1, f. Using Holder’s inequality, we obtain for each x € B’
and each B’ € B using 1 < ¢ <2

1
(B B,\f(y)ld/z(y) (6.1.11)
! 2 i 14
< (u(B’) /9 | f(y)]= du(y)> (M(B,> [9 1F(y)d,u(y)) (6.1.12)
= <M23<|f|%>($)>rz dens, ()72 . (6.1.13)

Taking the maximum over all B’ containing x, we obtain
M|f| < My s || dens, (A)7 2 . (6.1.14)
We have with Proposition 2.0.6
[ 2o, ]| < 22235~ 2)(25 2711l (6.1.15)

3q7
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Using 1 < ¢ < 2 estimates the last display by

220°2(g = 1) fl2 - (6.1.16)
We obtain with Cauchy-Schwarz and then Lemma 6.1.2

/ )Y T, f(= (6.1.17)

peA
< lglol| > 7,4 (6.1.18)
peA 2
< 2107 g, | My £ (6.1.19)
With (6.1.14) and (6.1.16) we can estimate the last display by
< QU074 2052(G 1) g, | ], dens, ()72 (6.1.20)

Using @ >4 and (§—1)"' = (¢+1)/(¢—1) <3(¢g—1)"! proves the lemma. O
LEMMA 6.1.4 (densl antichain). Set p := 4a*. We have

[

peA

< 299 dens, ()27 | 2], - (6.1.21)

Proor. We write for the expression inside the absolute values on the left-hand
side of (6.1.21)

// )1 ) (2) Ky (2, 9)e(Q(2) (y) — Q) (2)) f(y) dply) du(x) — (6.1.22)

peA
— [ > Tawi ) duty) (61.23)
peA
with the adjoint operator
y) = /( )Ks(p)<x7y)6(_Q(x>(y> + Q(z)(x))g(x) dp(z) . (6.1.24)
E(p

We have by expanding the square

/‘ Tyg( y dp(y) =/ (Z T,;‘g(y)> (Z T,;‘/g(y)> du(y)  (6.1.25)
ped peA

p’eA

<3y / T 9(y) duly )| (6.1.26)

peA p’eA
We split the sum into the terms with s(p’) < s(p) and s(p) < s(p”’). Using the
symmetry of each summand, we may switch p and p’ in the second sum. Using
further positivity of each summand to replace the condition s(p”) < s(p) by s(p’) <
s(p) in the second sum, we estimate (6.1.26) by

<2 > / T g(y) du(y)| . (6.1.27)

peA p’eAss(p’)<s(p)
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Define for p € 3
B(p) := B(c(p), 15.D%%)) (6.1.28)
and define
Ap) == {p" e A=s(p’) <s(p) AT (p') C Bp)}- (6.1.29)
Note that by the squeezing property (2.0.10) and the doubling property (1.0.5)
applied 6 times we have

p(B(p)) < 2%u(7(p)) . (6.1.30)
Using Lemma 6.1.5 and (6.1.30), we estimate (6.1.27) by
< 2255“3+6““Z/ l9(y)h(p) duly) (6.1.31)
peA YE(p)

with A(p) defined as

; / —1/( a2+a3) , ,
M(B(PD/,J%%,) (1+d, (Q(p"),Q(p)) 1/ (Lgenlgh W) duy’) . (6.1.32)

Note that p > 4 since a > 4. We estimate h(p) as defined in (6.1.32) with Holder
using |g| < 1 and B(p') C B(p) by

191 5ol 2. 3
e 1+d,(Q(p), Q(p")) "1/ Ra™+a%1 1| . 6.1.33

Then we apply Lemma 6.1.6 to estimate this by

Sl

1 p 1
< 9104a ”i(g((pﬁk dens, ()7 u(B(p))

Let B’ be the collection of all balls B(p) with p € 2. Then for each p € 2 and
x € B(p) we have by definition (2.0.41) of My,

(6.1.34)

191 5l < 1(B(p)) " My 1y g(x) - (6.1.35)
Hence we can estimate (6.1.34) by
< 21040 (N, g(x)) dens, ()7 . (6.1.36)

With this estimate of h(p), using E(p) C B(p) by construction of B(p), we estimate
(6.1.31) by

1
< 92551100+ Jopg () Z/ l9l(y) M 9(y) dy . (6.1.37)
peA YE(p)
Using Lemma 6.1.1, the last display is observed to be
— 92550741100+ dopg (1) 7 / 91(y) (M ) (y) dy . (6.1.38)
Applying Cauchy-Schwarz and using Proposition 2.0.6estimates the last display by
9265a%+110a+1 qopg ()7 l9ll2 1Mz gl (6.1.39)

2
< 2255a3+110a+32_7p/ densl(Ql)% lgl3 - (6.1.40)



6.1. THE DENSITY ARGUMENTS 63
Using p > 4 and thus 1 < p’ < %, we estimate the last display by

< 92550%+1100+5 qang ()7 | g[2 . (6.1.41)

Now Lemma 6.1.4 follows by applying Cauchy-Schwarz on the left-hand side and
using a > 4. O

The following basic TT™ estimate will be proved in Section 6.2.

LEMMA 6.1.5 (tile correlation). Let p,p’” € B with s(p”) < s(p). Then

‘/Tg,ngg (6.1.42)
ps5as (L dy (Q(p), O(p)) 1/ 2%+
pIAP E(p)  JEp)
Moreover, the term (6.1.42) vanishes unless
J(p’) C B(c(p), 15050 (6.1.44)

The following lemma will be proved in Section 6.3.

LEMMA 6.1.6 (antichain tile count). Set p := 4a* and let p’ be the dual exponent
of p, that is 1/p+ 1/p" = 1. For every ¥ € © and every subset A" of 2A we have

H ST (14 dy(Q(p), 19))*1/<2a2+a3>1E(p)1GH (6.1.45)
peA’ D

=

< 2104 dens, (A) 7 1 (Upeor I, ) - (6.1.46)

From these lemmas it is easy to prove Proposition 2.0.3.
PROOF OF PROPOSITION 2.0.3. We have
1 1 1 1
(:—f> 2—g=1-1 (6.1.47)

Multiplying the (2 — ¢)-th power of (6.1.10) and the (¢—1)-th power of (6.1.21) and
estimating gives after simplification of some factors

| 5@ 3 1,10 duta) (6:1.45)
peA
< 2190° (g — 1)L dens, (%) % densy(2) 52| £ g]l2 - (6.1.49)

With the definition of p, this implies Proposition 2.0.3. ([
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6.2. Proof of the Tile Correlation Lemma
The next lemma prepares an application of Proposition 2.0.5.
LEMMA 6.2.1 (correlation kernel bound). Let —S < sy < s, < S and let x1,x4 €
X. Define
QO(?/) = K51<x1,y>K52($2,y)- (621)
If o(y) # 0, then
y € B(x,,D*1). (6.2.2)
Moreover, we have with T =1/a
9254a®

- sy < .
Wlertpienon) = L, Do By, D)
PRrROOF. If p(y) is not zero, then K (xy,y) is not zero and thus (2.1.2) gives

(6.2.2).
We next have for y with (2.1.3)

(6.2.3)

9204a®
lp(y)] < A(Ble D )(Blrs D)) (6.2.4)
and for y" # y additionally with (2.1.4)

lp(y) — @(y)] (6.2.5)
< K (z,y) — K (20, 9)[ 1K, (22, 9))] (6.2.6)
K, (@, )| Ky, (29, y) — K (2,97))] (6.2.7)

2252a3 p<y’y/> 1/a p(y,y’) 1/a
= W(Bla,, D )u(Blay, D) (( D ) " ( D ) ) (6.28)

9253a® oy, ') 1/a

< 1(B(zy, D)) u(B(zy, D)) ( Do > . (6.2.9)

Adding the estimates (6.2.4) and (6.2.9) gives (6.2.3). This proves the lemma. [
The next lemma is a geometric estimate for two tiles.

LEMMA 6.2.2. Let py,py € B with s(p;) < s(py). For each x; € E(p,) and
xy € E(py) we have

1+d, (Q(p1), Qpy)) < 2°4(1 + dpiy, pory (Q(21), Q(5))) - (6.2.10)

PRrOOF. Let i € {1,2}. By Definition (2.0.20) of E, we have Q(x;) € Q(p,) With
(2.0.15) we then conclude

dy (Q(z;), Qp;)) < 1. (6.2.11)
We have J(p;) C J(py) by (2.0.8). Using Lemma 2.1.2 it follows that
dy (Q(z5),9(py)) < 1. (6.2.12)

By the triangle inequality, we obtain from (6.2.11) and (6.2.12)
1+d, (9p1), Qpy)) <3 +d, (Qzy), Q) - (6.2.13)
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As z; € J(p;) by Definition (2.0.20) of E, we have by the squeezing property (2.0.10)

d(zy,c(py)) < 40P (6.2.14)
and thus by (2.0.10) again and the triangle inequality
I(py) C Blzy,8D5P1)). (6.2.15)

We thus estimate the right-hand side of (6.2.13) with monotonicity (1.0.9) of the
metrics dg by

<3+ dB(x1,8D5<P1))(Q($1)7 Q(z3)) - (6.2.16)

This is further estimated by applying the doubling property (1.0.8) three times by
<3+ 2%%dp (p, pern) (Ql21), Q) - (6.2.17)

Now (6.2.10) follows with a > 1. O

LEMMA 6.2.3 (tile range support). For each p € B, and each y € X, we have
that

Tyg(y) #0 (6.2.18)
implies
y € B(c(p),5D5W)). (6.2.19)
PRrROOF. Fix p and y with (6.2.18). Then there exists x € E(p) with
Ky (2,y)e(=Q(x)(y) + Q(x)(x))g(x) # 0. (6.2.20)
As E(p) C J(p) and by the squeezing property (2.0.10), we have
p(z,c(p)) < 4D%®) (6.2.21)
As Ky, (2,y) # 0, we have by (2.1.2) that
1
p(z,y) < 5DSW (6.2.22)
Now (6.2.19) follows by the triangle inequality. O

We now prove Lemma 6.1.5. We begin with (6.1.42).
We expand the left-hand side of (6.1.42) as

//E( )We<—Q<$1>(y)+Q($1)(x1))g(x1)d,u(x1) (6.2.23)
P1

x| Koy o 0)e@Uas) ) — Qo)) dules) duy)| . (6:2:20
EPQ)

By Fubini and the triangle inequality and the fact |e(Q(x;)(x;))| =1 for i = 1,2, we
can estimate (6.2.23) from above by

/pl /E% (@1, ) dpl@y)dp(zs) - (6.2.25)

with

Loyyas) = | [ e(-QE) ) + Q) 0)er, ey W) g(o)gl)|  (6:2:20
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We estimate for fixed x; € E(p;) and x4 € E(p,) the inner integral of (6.2.25)
with Proposition 2.0.5. The function ¢ := ¢, . satisfies the assumptions of
Proposition 2.0.5 with z = z; and R = D*t by Lemma 6.2.1. We obtain with
B = B(g;l,_Ds(Pl))7

L@1,25) < 2Bl (o) (L + di (1), QL)) /2%

< 9254a®+8a (14 dp (Qz,), O )))71/(2a2+a3) (6.2.27)
< M(B(;CQ’DS(p2))> B 1/ 2 . L.

Using Lemma 6.2.2 and a > 1 estimates (6.2.27) by

9254a®+8a+1
<
"~ (Blay, D3P2))
As x4 € J(p5y) by Definition (2.0.20) of E, we have by (2.0.10)

(1+dy, (Q(py), Q)1+, (6.2.28)

play, c(py)) < 4D5P2) (6.2.29)
and thus by (2.0.10) again and the triangle inequality
J(py) C Bz, 8D5P2)) (6.2.30)
Using three iterations of the doubling property (1.0.5) give
(T (py)) < 230 B(ay, DP2))) (6.2.31)

With @ > 1 and (6.2.28) we conclude (6.1.42).
Now assume the left-hand side of (6.1.42) is not zero. There is a y € X with

Ty9(y)Tyg(y) #0 (6.2.32)
By the triangle inequality and Lemma 6.2.3, we conclude
ple(p),c(p’) < ple(p),y) + ple(p’), y) < 5D®) + 5D < 10D5®) . (6.2.33)

By the squeezing property (2.0.10) and the triangle inequality, we conclude
J(p’) C Blc(p), 156D5%)). (6.2.34)
This completes the proof of Lemma 6.1.5.

6.3. Proof of the Antichain Tile Count Lemma

LEMMA 6.3.1 (tile reach). Let 9 € © and N > 0 be an integer. Let p,p’ € P
with
d,(Q(p),9)) < 2N (6.3.1)
dy (Q(p"),0)) < 2V (6.3.2)
Assume J(p) C I(p’) and s(p) < s(p’). Then

2N+2p < oNH2y7 (6.3.3)
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Proor. By Lemma 2.1.2, we have
dp(g(p/>7 19) < dp’(g(p/>7 0) < 2N :
Together with (6.3.1) and the triangle inequality, we obtain
dy (Q(p"), Q(p)) < 2N*1.
Now assume

S Bp,(Q(p’),2N+2).
By the doubling property (1.0.8), applied five times, we have
Aty s (), ) < 20FN42.
We have by the squeezing property (2.0.10)
c(p) € Ble(p’),4D5*")) .
Hence by the triangle inequality
B(c(p),4D*?)) C B(c(p’),8D%"").
Together with (6.3.7) and monotonicity (1.0.9) of d
dB(C(p>,4DS(p/))(Q(p/)719/) < 9PatN+2
Using the doubling property (1.0.10) 5a + 2 times gives
dB(C(p)722,5,,,2,2(,,Ds<p/>)(Q(p’),19’) <2V,
Using s(p) < s(p’) and D = 21909% and g > 4 gives
d,(Q(p),0") < 2N
With the triangle inequality and (6.3.5),
d,(Q(p), V) < 2N+2Z

This shows
B, (Q(p"),2V2) C B,(Q(p), 2V ).

This implies (6.3.3) and completes the proof of the lemma.
For ¥ € ©® and N > 0 define
Ay y = {p A2V <14d,(Qp),0) <2V},

LEMMA 6.3.2 (stack density). Let 9 € ©, N >0 and L € D. Then
ST u(E®R) N G) < 20849 dens, (A)u(L)

peAy N:I(p)=L
PRrOOF. Let ¥, N, L be given and set
A ={peUyy:T(p)=L}.
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(6.3.4)

(6.3.5)

(6.3.6)

(6.3.7)

(6.3.8)

(6.3.9)

(6.3.10)

(6.3.11)

(6.3.12)

(6.3.13)

(6.3.14)

(6.3.15)

(6.3.16)

(6.3.17)

Let p € A’. We have by Definition (2.0.28) using A = 2 and the squeezing property

(2.0.15)
W(E(p) N Q) < (Ey(2,p)) < 2% dens, (A )u(L)

(6.3.18)
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By the covering property (1.0.11), applied N + 4 times, there is a collection @ of
at most 2¢N*4) elements such that
B,w,2N) c | J B,(¢,02). (6.3.19)
Ve’

As each O(p) with p € 2 y is contained in the left-hand-side of (6.3.19) by defini-
tion, it is in at least one B, (¢,0.2) with ¢’ € ©".

For two different p, p” € A’, we have by (2.0.13) that Q(p) and Q(p’) are disjoint
and thus by the squeezing property (2.0.15) we have for every ¥’ € ©’

¥ ¢ B,(Q(p),0.2) N B,(2(p"),0.2) . (6.3.20)
Hence at most one of Q(p) and Q(p) is in B,(9",0.2). It follows that there are at
most 24N elements in 2A’. Adding (6.3.18) over 2’ proves (6.3.16). O

LEMMA 6.3.3 (local antichain density). Let ¥ € © and N be an integer. Let py
be a tile with ¥ € Q(py). Then we have

> p(E@)NGNI(py)) < n(Ey(2V3,py)) . (6.3.21)
pey nis(py)<s(p)

PROOF. Let p be any tile in 4,  with s(p,y) < s(p). By definition of E, the tile
contributes zero to the sum on the left-hand side of (6.3.21) unless J(p)NJT(py) # @,
which we may assume. With s(py) < s(p) and the dyadic property (2.0.8) we
conclude J(py) C J(p). By the squeezing property (2.0.15), we conclude from 9 €
Q(py) that

v € B(Q(py),1). (6.3.22)
We conclude from p € 2 y that
Y € B(Q(p),2N*1). (6.3.23)
With Lemma 6.3.1, we conclude
2N+3p < 2N +3p (6.3.24)
By Definition (2.0.27) of E,, we conclude
E(p) NG C Ey(2N3 py) . (6.3.25)

Using disjointedness of the various F(p) with p € 2 by Lemma 6.1.1, we obtain
(6.3.21). This proves the lemma. O

LEMMA 6.3.4 (global antichain density). Let ¥ € © and let N > 0 be an integer.
Then we have

> wEP)NG) < 210 Nadens, () (Upead,) - (6.3.26)

pejy N

PROOF. Fix ¥ and N. Let 2’ be the set of p € 2l y such that J(p) NG is not
empty.

Let £ be the collection of dyadic cubes I € D such that I C J(p) for some
p €A and if J(p) C I for some p € A’, then s(p) = —S. By (2.0.7), for each p € A’
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and each x € J(p) N G, there is I € D with s(I) = —S and = € I. By (2.0.8), we
have I C J(p). Hence

Ip)c| J{IeD:s(I)=-S,1cIp)}cl]c. (6.3.27)
As each I € £ satisfies I C J(p) for some p in 2", we conclude
U<=1J 7). (6.3.28)
pe’

Let £* be the set of maximal elements in £ with respect to set inclusion. By (2.0.8),
the elements in £* are pairwise disjoint and we have

Uc =1 70). (6.3.29)
peA/
Using the partition (6.3.29) into elements of £ in (6.3.30), it suffices to show for
each L € £*
> w(E(p) NG N L)< 210N dens, (2)u(L). (6.3.30)
pel’
Fix L € £*. By definition of L, there exists an element p’ € 2’ such that L C J(p’).
Pick such an element p’ in A with minimal s(p’). As J(p’) ¢ L or s(L) = —S by
definition of L, we have with (2.0.8) that s(L) < s(p’) or s(L) = —S. In particular
s(L) < S, thus L # I, and hence by (2.0.9) there exists a cube J € D with L C J.
By (2.0.7), there is an L’ € D with s(L’) = s(L) + 1 and ¢(L) € L’. By (2.0.8), we
have L C L.
We split the left-hand side of (6.3.30) as

> wEPENGNL) (6.3.31)
peA’:J(p)=L’
+ Y wEMNGNL), (6.3.32)
peA”:I(p)#L’
We first estimate (6.3.31) with Lemma 6.3.2 by
< ) wWEENGNL) < 20N dens, (A)u(L). (6.3.33)

peRl’:7(p)="L"

We turn to (6.3.32). Consider the element p’ € A" as above with L C J(p’)
and s(L) < s(p’). As L C L" and s(L’) = s(L) + 1, we conclude with the dyadic
property that L’ C J(p’). By maximality of L, we have L’ ¢ £. This together with
the existence of the given p’ € 2 with L’ C J(p”) shows by definition of £ that there
exists p” € A" with J(p”) C L.

By the covering property (2.0.13), there exists a unique p, with

I(py) =L
such that ¥ € Q(py). Note that
¥ € B(Q(py), 1) (6.3.34)

and as p” € A, v that
¥ € B(Q(p”),2N*1). (6.3.35)
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By Lemma 6.3.1, we conclude

oNH3p” < oNH3p (6.3.36)
As p” € A, we have by Definition (2.0.28) of dens; that
H(F (2N py)) < 2N dens, (A)u(L') (6.3.37)

Now let p be any tile in the summation set in (6.3.32), that is, p € 2" and J(p) # L’.
Then J(p) N L # @. It follows by the dyadic property (2.0.8) and the definition of
L that L C J(p) and L # J(p). By the dyadic property (2.0.8), we have s(L) < s(p)
and thus s(L") < s(p). By the dyadic property (2.0.8) again, we have L’ C J(p). As
L" + J(p), we conclude s(L) < s(p). By Lemma 6.3.3, we can thus estimate (6.3.32)
by

WE@P)NGNL) < p(By (274, py)) . (6.3.38)

pe’:J(p)# L’

Using the decomposition into (6.3.31) and (6.3.32) and the estimates (6.3.33), (6.3.21),
(6.3.37) we obtain the estimate

> wEP)NGNL) < (20N+5) 4 aNat39) dens, (§) (L) . (6.3.39)
peA’

Using s(L’) = s(L) +1 and D = 2!09%* and the squeezing property (2.0.10) and
the doubling property (1.0.5) 100a? + 4 times , we obtain

p(L') < 2100a%+4a (1)) (6.3.40)
Inserting in (6.3.39) and using a > 4 gives (6.3.30). This completes the proof of the
lemma. O

We turn to the proof of Lemma 6.1.6.

PRrOOF OF LEMMA 6.1.6. Using that 2l is the union of the 2l n with N > 0,
we estimate the left-hand side (6.1.45) with the triangle inequality by

_ a2 a3
<SS 2 veatrey (6.3.41)

N>0||peby n
D

We consider each individual term in this sum and estimate it’s p-th power. Using
that for each € X by Lemma 6.3.4 there is at most one p € 2 with x € E(p), we
have

P
D N/t 1 (6.3.42)
peby N D
p
- / ( 3 2—N/<2a2+a3>1E(p><x)) dp(z) (6.3.43)
G peAy n
= / > 2N/t b (@) dp(x) (6.3.44)

G peAy N
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= 27PN/@a*+e®) N (E(p) N G) (6.3.45)
pey N
Using Lemma 6.3.4, we estimate the last display by

< 27PN/(Ra%+a?)+101a%+Na qens (A)p (Uyeq T (p)) (6.3.46)

Using that with a > 4 and since p = 4a*, we have
pN/(2a* + a®) > 4a*N/(3a®) > Na + N . (6.3.47)

Hence we have for (6.3.46) the upper bound

< 21010°N dens,; (A) (Upea I (b)) - (6.3.48)

Taking th p-th root and summing over N > 0 gives for (6.3.41) the upper bound

< (Z 2N/P) 2101°/p deng, (A) 7 (Upent I (p))” (6.3.49)
N>0
_ L 1
< (1—271/%) " 2101°/2 deng (A)5 1 (Upeq T () (6.3.50)

Using that p = 4a* and a > 4, this proves the lemma. U






CHAPTER 7

Proof of the Forest Operator Proposition

7.1. The pointwise tree estimate

Fix a forest (4, T). The main result of this subsection is Lemma 7.1.3, we begin
this section with some definitions necessary to state the lemma.
For u € { and = € X, we define

o(u,z) = {s(p) : p € T(u),z € B(p)} .
This is a subset of Z N [—S, 5], so has a minimum and a maximum. We set
o(u,z) == maxo(T(u),z)

o(u,z) :=mino(T(u),z).

LEMMA 7.1.1 (convex scales). For each u € U, we have

ou,z) =ZN[a(u,z),o(u,z).

PROOF. Let s € Z with g(u,z) < s < a(u,z). By definition of o, there exists
p € T(u) with s(p) = a(u, ) nd x € E(p), and there exists p” € T(u) with
s(p”) = o(u,z) and x € E( "y C J(p”). By property (2.0.7) of the dyadic grid,
there exists a cube I € D of scale s with x € I. By property (2.0.13), there
exists a tile p’ € P(I) with Q(x) € Q(p’). By the dyadic property (2.0.8) we
have J(p) C J(p’) C J(p”), and by (2.0.14), we have Q(p”) C Q(p’) C Q(p). Thus
p <p’ <p”, which gives with the convexity property (2.0.33) of T(u) that p” € T(u),
so s €o(u,x). O

For a nonempty collection of tiles & C P we define

J0(6)
to be the collection of all dyadic cubes J € D such that s(J) = —S or
I(») ¢ Ble(J), 100D /1)

for all p € &. We define J(S) to be the collection of inclusion maximal cubes in

J0(6).
We further define

£0(6)
to be the collection of dyadic cubes L € D such that s(L) = —S, or there exists

p € G with L C J(p) and there exists no p € S with J(p) C L. We define £(S) to
be the collection of inclusion maximal cubes in £,(S).

73
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LEMMA 7.1.2 (dyadic partitions). For each & C P, we have

Jr= | 7 (7.1.1)

€D Jej(®)

and )
U= U L (7.1.2)
pes Lel(S

PROOF. Since J(&) is the set of inclusion maximal cubes in J,(&), cubes in
J(6) are pairwise disjoint by (2.0.8). The same applies to £(S).

If # € (J;.pp I, then there exists by (2.0.7) a cube I € D with x € I and
s(I) = —S. Then I € J,(6). There exists an inclusion maximal cube in J,(&)
containing I. This cube contains = and is contained in J(&). This shows one
inclusion in (7.1.1), the other one follows from J(&) C D.

The proof of the two inclusions in (7.1.2) is similar. O

For a finite collection of pairwise disjoint cubes €, define the projection operator

Pof(z) 1= o 1o
Je@
Given a scale —S < s < S and a point = € UI€D s(D)=s I, there exists a unique cube

in D of scale s containing = by (2.0.7). We denote it by I (z). Define for ¢ € © the
nontangential maximal operator

T3 f(x) == sup sup sup Z /K ) fy)du(y)| . (7.1.3)
—S<s,<Sa’el,, (x) 51<85<8 s=s,
D*2 <R, (9,2’
Define for each u € U the auxiliary operator
Sl,uf(l‘)
Ds)=s(I))/a
SRS c [ @) L)
IeD Jed(T(w) :U'(B(C(I>7 16D (I))> J
JCB(c(I),16 D)
s(J)<s(1)

Define also the collection of balls
B={B(c(I),2°D*")) : T€ D, 0<s5<S+5}.

The following pointwise estimate for operators associated to sets T(u) is the
main result of this subsection.

LEMMA 7.1.3 (pointwise tree estimate). Let u € Y and L € £(%(u)). Let
x,x’ € L. Then for all bounded functions f with bounded support

Y Tyle(=9(w)) f]()

peET(u)

ad Q(u) ’
< 2519 (Mg 1 + S )Py (@) + 1T Py £, (7.1.5)
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Proor. By (2.0.21), if T,[e(—Q(u))f](z) # 0, then z € E(p). Combining this
with |e(Q(u)(z) — Q(z)(z))| = 1, we obtain

| > Tle( ) f1()]

peZ(u)

> /6<—Q(u)(y) +Q(2)(y) + Cu)(x) — Q(x)(x))x

seo(u,x)

K (z,y)f(y) du(y)|-

Using the triangle inequality, we bound this by the sum of three terms:

< (Z) [e-0610) + Q) + 0w)) — Q) 1) %
K(z,y)f(y)du(y)| (7.1.6)
i Se;:m K (2, y) Py f(y) duly) (7.1.7)
e ”)/K T YI) = Py f(9)) duly)) (7.1.8)

The proof is completed using the bounds for these three terms proven in Lemma 7.1.4,
Lemma 7.1.5 and Lemma 7.1.6. U

LEMMA 7.1.4 (first tree pointwise). For allu € 4, all L € £(%(u)), all x,2" € L
and all bounded f with bounded support, we have

(7.1.6) < 10 - 219" My, | Py | f](2) -

PROOF. Let s € o(u,z). If x,y € X are such that K,(z,y) # 0, then, by (2.1.2),
we have p(z,y) < 1/2D°. By 1-Lipschitz continuity of the function ¢ — exp(it) =
e(t) and the property (1.0.7) of the metrics dp, it follows that

le(—Q(u)(y) + Q(x)(y) + Q(u)(z) — Q(x)(x)) — 1
<dp(z1/2p+) (L), Q(z)) .

Let p, € T(u) be a tile with s(p,) = s and = € E(p,), and let p’ be a tile with
s(p’) =7 (u,z) and = € E(p’). Using the doubling property (1.0.8), the definition of
d, and Lemma 2.1.2, we can bound the previous display by

2d, (Q(u), Q(x)) < 2°2°7707d,, (O(u), Q(x)).

Since Q(u) € B,/ (2(p’),4) by (2.0.32) and Q(x) € Q(p’) C B,/ (2(p’), 1) by (2.0.15),
this is estimated by
<5. 2a25—5(u,:p) )
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Using (2.1.3), it follows that
1

w(B(z, D)) /B(:z,o.st) [f ()l du(y) -

By (7.1.1), the collection J is a partition of X, so this is estimated by

oot 3 g Lo S ),

s€o(x) JedJ(Z(u)) J
JNB(z,0.5D%)+@

(7.1.6) < 52103}~ gs—olua)

s€o(x)

This expression does not change if we replace |f| by Pyzq)lf|-

Let J € 7(%(u)) with B(z,0.5D°)NJ # @. By the triangle inequality and since
x € E(p,) C Blc(py),4D%), it follows that B(c(p,),4.5D°)NJ + @. If s(J) > s
and s(J) > —S, then it follows from the triangle inequality, (2.0.10) and (2.0.1)
that J(p,) C B(c(J),100D*)+1) | contradicting J € J(T(u)). Thus s(J) < s —1
or s(J) = —=S. If s(J) = —S and s(J) > s — 1, then s = —S. Thus we always
have s(J) < s. It then follows from the triangle inequality and (2.0.10) that J C
Blc(p,), 16D").

Thus we can continue our chain of estimates with

_ 1
50 37 e Pyt ) duly)
se;z) w(B(@. D) Jpietp a0y

We have B(c(p,),16D%)) C B(x,32D?®), by (2.0.10) and the triangle inequality, since
x € J(p). Combining this with the doubling property (1.0.5), we obtain
u(Ble(p,), 16D%)) < 25u(B(z, D*)) .
Since a > 4, it follows that (7.1.6) is bounded by
_ 1
01?37 et / Py (st £l i)
2 n(B(c(p,), 16D°) Jy o) 16pe) 0~

s€o(x)

Since L € £(%(u)), we have s(L) < s(p) for all p € T(u). Since x € LN I(p,), it
follows by (2.0.8) that L C J(p,), in particular 2 € J(p,) C B(c(p,),16D%). Thus

< 9l04a® Z 25*5(“’I)M371Pg(5(u))|f|(x/)

seo(x)
< 21050° My | Py 1 £1(2) -
This completes the estimate for term (7.1.6). O

LEMMA 7.1.5 (second tree pointwise). For all u € i, all L € £(T(u)), all
xz,x’ € L and all bounded f with bounded support, we have

Z /Ks(x7y)P3(T(u))f<y) du(y)| < TJ%(U)PJ(I(u))f<x/)‘
)

s€o(u,x

PROOF. Let s; = o(u,z). By definition, there exists a tile p € T(u) with
s(p) = s; and = € E(p). Then x € J(p) N L. By (2.0.8) and the definition of
L(T(u)), it follows that L C J(p), in particular 2’ € J(p), so x € I, (2"). Next, let
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So = o(u,z) and let p’ € T(u) with s(p’) = s, and z € E(p”). Since p’ € T(u), we
have 4p” < 1u. Since Q(x) € Q(p’), it follows that
d,(Qu),Q(z)) <5.
Applying the doubling property (1.0.8) five times, we obtain
dp(e(p) 8Dy (QW), Q(x)) < 5-2%¢.
By the triangle inequality, we have B(x, D®2) C B(c(p),8D*2), so by (1.0.9)
dp(z,ps2)(Qu),Q(z)) < 5- 2%
Finally, by applying (1.0.10) 2199 times, we obtain
dp(e,pea1)(Q(), Q(2)) <5279 < 1.

Consequently, D%2~! < R (Q(u),z). The lemma now follows from the definition of
Ty O

LEMMA 7.1.6 (third tree pointwise). Forallu € U, all L € £(T(u)), allx,z’ € L
and all bounded f with bounded support, we have

/ny — Py /) du(y)

< 151’ StuPyyl (@)
PRrROOF. We have for J € J(T(u)):

Z&@ma—&mwmmw@

- /Ju(lJ) /,Ks@ y) = K (2, 2) du(z) f(y) duly) . (7.1.9)

By (2.1.4) and (2.0.10), we have for y,z € J

2150(13 8DS(J> l/a
K (z,y) — K (z,2)| < ( )
e = Rte 2l = e oy o

Suppose that s € o(u,z). If K (x,y) # 0 for some y € J € J(%(u)) then, by
(2.1.2), y € B(z,0.5D°)NJ # @. Let p € T(u) with s(p) = s and = € E(p).
Then B(c(p,),4.5D°) N J # @ by the triangle inequality. If s(J) > s and s(J) >
—S, then it follows from the triangle inequality, (2.0.10) and (2.0.1) that J(p)
B(c(J),100D5)+1) | contradicting J € J(T(u)). Thus s(J) < s —1 or s(J) = —8S.
If s(J) = =S and s(J) > s — 1, then s = —S. So in both cases, s(J) < s. It then
follows from the triangle inequality and (2.0.10) that J C B(x,16D%).
Thus, we can estimate (7.1.8) by

1gp ()
2150a3+3/a Z E(p) Z D(s( / |f|
pes p(B(x, D)) JeI (% (u))
JCB(x,16 D3®))

5(J)<s(p)
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Lgp) ()
_ 9150a3+3 E(p) J)—s(I
— 910t s3/a 3 3O B 3 )) Dls)-s( ))/a/J|f|.

IeD pe¥ H Jed (T (u
I(p)=I JCB(z,16D50)
s(J)<s(I)

By (2.0.13) and (2.0.20), the sets E(p) for tiles p with J(p) = I are pairwise disjoint.
It follows from the definition of £(%(u)) that = € J(p) if and only if 2" € J(p), thus
we can estimate the sum over 1g,) (x) by 1;(2"). If z € E(p) then in particular
x € J(p), so by (2.0.10) B(c(I), 16D3(1)) C B(x,32D*"). By the doubling property
(1.0.5)

u(B(e(D), 16D°1)) < 25 p(B(z, D).
Since @ > 4 we can continue our estimate with

151a° 1 (.f/) s a
=2 (B(c(II),16Ds<’>)> 2, D /f

1ep P JeF (T (u)
JCB(z,16 D)
s(J)<s(I)
a3 /
= 2191978, Pyl fl(z') .
This completes the proof. Il

7.2. An auxiliary L? tree estimate

In this subsection we prove the following estimate on L? for operators associated
to trees.

LEMMA 7.2.1 (tree projection estimate). Let u € $. Then we have for all f,g
bounded with bounded support

/Z y) du(y)

X peZ(u
< 21049 Py e oo L F I I P sy 91 - (7.2.1)

Below, we deduce Lemma 7.2.1 from Lemma 7.1.3 and the following estimates
for the operators in Lemma 7.1.3.

LEMMA 7.2.2 (nontangential operator bound). For all bounded f with bounded
supportand all ¥ € ©
CL3
ITR fll2 < 219397 £

LEMMA 7.2.3 (boundary operator bound). For all u € { and all bounded func-
tions f with bounded support

151 flla < 22 £l - (7.2.2)

PrROOF OF LEMMA 7.2.1. Let L € £(%(u)). We apply Lemma 7.1.3 to e(Q(u)) f
to obtain for all y, 2" € L
2, Bl

pET(u
< 2151&3((MB,1 + S1,u)PH(‘I(u))’f’($ )+ |TN(u)P3(T(u))[e(gm))ﬂ(m/)|> :
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Hence, by taking an infimum, we have for y € L

2, Bl

peZ(u

<271 inf (Mg + S1.0) Py [ 1(@") + 1T Py [e(Qu)) £)(a)])

Integrating this estimate yields

/L\g(y

<291 [ lg(y)] inf (M 1451, P 1) TS Py (200 A1) )

(y)

> T, f(y)|dp
u)

§2151“3/L|g(y)!dﬂ(y)><

/L 2((Magy + Sy Pyl F10) + 1T Py [e(Q(w)) 1)) dpaly)

a3
=211 /PA(S(M)IQ\(ZJ)X
L

(M1 + S1.0) Pyl F10) + ITHY Py [e(Qw)) £1()]) du(y) -
By (2.0.21), we have T, f = 15,)T,, f for all p € B, so

o om0 50

pes(u 7(13) pe‘I (u)

Since £(%(u)) partitions Upef(u)j(p) by Lemma 7.1.2, we get from the triangle
inequality

> T, f)

peT(u)

dp(y)

< ¥ / 9(v)
Lel(Z(u) YL

which by the above computation is bounded by

a3
2101 /PL(T \9‘
Lel(%

(M1 + S1.4) Py 1) + TN Py [e(Q0)) £1(w)]) duy)

— g1ote? /X Pzl ()%
(Mg + S0Pyl F10) + 1T Py [e(Qu)) £1)]) duly) -
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Applying Cauchy-Schwarz and Minkowski’s inequality, this is bounded by
a3
25 Py 91 2

o}
(1M 51 Pyl fllla + 151 u Py | flll2 + ”TN(H)PH(T(u))[e(g<u))f]<y>H|2) -
By Proposition 2.0.6, Lemma 7.2.2 and Lemma 7.2.3, the second factor is at most
(2201 4 212) | Py o )| F 2 + 2% | Py [e(Q(w)) ] -
By the triangle inequality we have for all z € X that |Pyg ) [e(Qu))f][(z) <
) f|(z), thus we can further estimate the above by
a a 043
(2201 2120 - 2103T) | P) ) [ £l -
This completes the proof since a > 4. O

Now we prove the two auxiliary lemmas. We begin with the nontangential
maximal operator T’ .

PROOF OF LEMMA 7.2.2. Fix sq,s,. By (2.0.4) we have for all z € (0, c0)

(D a)=1-> $(DPz)— Y (D).

5=5, 5<8, s>8

Since v is supported in [ 41D, 2] the two sums on the right hand side are zero for all

€ [3D*171, 1 D%~1] hence

1 s;—1 S
€30 D2 Zwa—1

s=8,
Since v is supported in [ﬁ, %], we further have

¢ &Dsﬂ, %DSQ] Y WD) =0,

s=s,

Finally, since ¢ > 0 and }____ ¢(D °z) = 1, we have for all z

0< i (D %x) <1

5=5,

Let 2" € I, (x) and suppose that D271 < R (¥,2"). By the triangle inequality and
(2.0.10), it holds that p(z,z") < 8D?%1. We have

Z/K 2 9) £ () du(y)

5=5,

_ ‘/iq/;(D—sp(x’,y))K(x/,y)f(y) du(y)

5=5,

<

K(2',y) f(y) du(y) (7.2.3)

/8D51 <p(z’,y)< iDS2*1
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4 / K ()£ ()] duly) (7.2.4)
LD <p(al ) <D

4 / K (@, )|/ ()] du(y) (7.2.5)
1 psg—1 SP($/7Q)S%DS2

The first term (7.2.3) is at most QTSf(x) , using with R := 8D*1 and R, := ;D!
and

Ry < Ry < Rg(9,2") (7.2.6)
the triangle inequality in the form
swp || K(a/,y) f(y) du(y) (7.27)
p(r,x’)<R1 R1<P(I/7y)<R2

< s |f K(&',9)f(y) dpu(y) (7.2.5)

p(z,a")<Ry |JR <p(z’ ,y)<Rg(9,z")
+osw | f K (@' y)f(y) duly) (7.2.9)

plz,z")<Ry R2<P(I/7y)<RQ<19’I/>

and making the second term larger by replacing the constraint p(z,z’) < R; by the
constraint p(z,x’) < R,.

The other two terms will be estimated by the finitary maximal function from
Proposition 2.0.6. For the second term (7.2.4) we use (1.0.14) which implies that for
all y with p(2’,y) > 1D*1"!, we have

3

2(1

S LB )

Using D = 2100a* 4nd the doubling property (1.0.5) 6 + 100a? times estimates the
last display by
26a+101a3

< .
= W(B(, 16D")
By the triangle inequality and (2.0.10), we have
B(a',8D%) C B(c(I,, (x)),16D* "))
Combining this with (7.2.10), we conclude that (7.2.4) is at most
26a+101a3M2371f($) )

(7.2.10)

For (7.2.5) we argue similarly. We have for all y with p(z’,y) > iDSz

3

2(1
(K2, y)| € ————7~7
u(B(z', 1 D*2))
Using the doubling property (1.0.5) 6 + 100a? times estimates the last display by

26a+101a3

= W(B@, 16D%))

(7.2.11)
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Note that by (2.0.8) we have I, (z) C I, (v), in particular 2’ € I, (x). By the
triangle inequality and (2.0.10), we have

B(x',8D%2) C B(c(I,, (x)), 16D @)y,

S2
Combining this, (7.2.5) is at most
26a+101a3M371f($) .

Using a > 4, taking a supremum over all 2’ € I, (z) and then a supremum over
all =5 < sy <59 < .5, we obtain

Ty f(x) < T.f(x) + 2" My, f(x).
The lemma now follows from assumption (1.0.18), Proposition 2.0.6 and @ > 4. O

We need the following lemma to prepare the L?-estimate for the auxiliary oper-
ators Sy ;.

LEMMA 7.2.4 (boundary overlap). For every cube I € D, there exist at most 29¢
cubes J € D with s(J) = s(I) and B(c(I),16D*)) N B(c(J),16D5)) + @.

PROOF. Suppose that B(c(I),16D*)) N B(c(J),16D*)) % @ and s(I) = s(J).
Then B(c(I),33DD)) ¢ B(c(J),128D*)). Hence by the doubling property (1.0.5)

1
2 p(B(e(J), 7 D) = p(B(e(I), 33D°1))

and by the triangle inequality, the ball B(c(J), +D*/)) is contained in B(c(I), 33D31)).

If € is any finite collection of cubes J € D satisfying s(J) = s(I) and

B(c(I),16D°1)) N B(c(J),16D)) + @ |

then it follows from (2.0.10) and pairwise disjointedness of cubes of the same scale
(2.0.8) that the balls B(c(J), $D*")) are pairwise disjoint. Hence

p(B(e(1),33D1) = S u(Ble(7), ;D))
Jel

> 6|27 u(B(e(1), 33D*D)).

Since y is doubling and u # 0, we have u(B(c(I),33D*1))) > 0. The lemma follows
after dividing by 27%¢u(B(c(I), 33D51)). 0

Now we can bound the operators S ,,.

PRrOOF OF LEMMA 7.2.3. Note that by definition, S, , f is a finite sum of indi-
cator functions of cubes I € D for each locally integrable f, and hence is bounded,
has bounded support and is integrable. Let g be another function with the same
three properties. Then g5, , f is integrable, and we have

| / 39)Sy o f () du(y)
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1 _
=% e ey 90w

IeD K
X > Dls()=s(D)/a / ()] duly)
) J

JeJ(ZT(w)): JCB(c(I),16 DD
s(J)<s(I)

1
<2 w(B(c(I),16Ds0))) /B B l9(y)| du(y)

. > )Dwﬂsﬂwallﬂwhmwy

JeJ(T(w): JCB(e(I),16 D31
s(J)<s(I)

Changing the order of summation and using J C B(c(I),16D°1) to bound the first
average integral by My ,|g|(y) for any y € J, we obtain

< ) /If(y)lea,llg\(y)du(w > Dls=s)ja_ (7.2.12)
Jed(T(w) 7 I€D: JCB(c(I),16 D)
s(I)>s(J)

By Lemma 7.2.4, there are at most 2°¢ cubes I at each scale with J C B(c(I), D31).
By convexity of ¢ - D! and since D > 2, we have for all —1 <¢ <0

1 1
Dt <1 t(l——><1 —t
<1+ D) S +2,

so (1 — D 1/%)"1 < 2¢ < 2%°!. Using this estimate for the sum of the geometric
series, we conclude that (7.2.12) is at most

200 57 150 ll ) ity
)

JeJ(T(u

The collection J is a partition of X, so this equals

2Hw*/Wf@MM@quwdu@»
X

Using Cauchy-Schwarz and Proposition 2.0.6, we conclude

[ 81t | < 2201 1

The lemma now follows by choosing g = 5, ,,f and dividing on both sides by the
finite “‘Sl,uf”2' O

7.3. The quantitative L? tree estimate

The main result of this subsection is the following quantitative bound for oper-
ators associated to trees, with decay in the densities dens; and dens,.
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LEMMA 7.3.1 (densities tree bound). Let u € 4. Then for all f, g bounded with
bounded support

/9 > T, f dp| < 21559 dens, (T(w)) 2] flallgll, - (7.3.1)
X peT(w)

If |f| < 1p, then we have

/§ > T, f du| < 22559 dens, (T(u))/? densy (T () V2] fl2]gllz - (7.3.2)
X peZ(u)

Below, we deduce this lemma from Lemma 7.2.1 and the following two estimates
controlling the size of support of the operator and its adjoint.

LEMMA 7.3.2 (local densl tree bound). Let u € { and L € £(%(u)). Then

WL [ E(p)) < 29" dens, (T(u))u(L) . (7.3.3)
peET(u)

LEMMA 7.3.3 (local dens2 tree bound). Let J € J(T(u)) be such that there exist
qe T(u) with JNI(q) # @. Then

w(F N J) < 22000°+19 deng, (T (u))u(J) .

ProoOF OoF LEMMA 7.3.1. Denote

Then we have

/Xg Z Tpfd:u = /Xg]-é’(u) Z Tpfdu .
p

€T (u) peT(u)
By Lemma 7.2.1, this is bounded by

< 21040 1Pz @ |2l P [ Lew gl - (7.3.4)
We bound the two factors separately. We have

2
1
1P s Leqglle = ( Z u(D) (/ |g(y)|dﬂ(y>> )
Lez) ¥ LNE(w)

By Cauchy-Schwarz and Lemma 7.3.2 this is at most

s( > 21919 dens, (T(u)) /

LeL(T(u)) LN&(u)

1/2

1/2
lg(y)I? du@)) :

Since cubes L € £(%(u)) are pairwise disjoint by Lemma 7.1.2, this is
< 2°1" dens, (T(w))'/2|g], - (7.3.5)
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Similarly, we have
1/2

M&amwﬂb=( 3 u&)<[U@WM@0:) . (136)

Je (T (u))

By Cauchy-Schwarz, this is

1/2
g( $ /V@dem) .
Jeg(Z(w) 7J

Since cubes in J(%¥(u)) are pairwise disjoint by Lemma 7.1.2, this at most

I £ (7.3.7)

Combining (7.3.4), (7.3.5) and (7.3.7) and using a > 4 gives (7.3.1).
If f<1p then f= f1p,so

1/2 1/2
( > /!f(y)\Qdu(y)) = ( > / \f(y)\zdﬂ(y)> :
Jed(T(w) 7 Jed (T (w) JINF

We estimate as before, using now Lemma 7.3.3 and Cauchy-Schwarz, and obtain
that this is

< 210007410 dens, (T(w)2[ f], -
Combining this with (7.3.4), (7.3.6) and a > 4 gives (7.3.2). O

Now we prove the two auxiliary estimates.

PROOF OF LEMMA 7.3.2. If the set on the right hand side is empty, then (7.3.3)
holds. If not, then there exists p € T(u) with LN J(p) # @.

Suppose first that there exists such p with s(p) < s(L). Then by (2.0.8) J(p) C L,
which gives by the definition of £(%(u)) that s(L) = —S and hence L = J(p). Let
q € T(u) with E(q) N L # @. Since s(L) = —S < s(q) it follows from (2.0.8) that
J(p) =L C J(q). We have then by Lemma 2.1.2

dy(Q(p), 2(q)) < d,(Q(p), Q(u)) + d,,(9(q), O(u))
< dy(9(p), Q(u)) + dg(9(q), Qu)) .
Using that p,q € T(u) and (2.0.32), this is at most 8. Using again the triangle
inequality and Lemma 2.1.2, we obtain that for each ¢ € B,(2(q),1)
dy(Q(p), q) < d,(Q(p), 2(q)) + dg(2(q),q) <9.
Thus LN E(q) C Ey(9,p). We obtain
L | B@) < u(Ey9,p)).
qeT(u)
By the definition of dens;, this is bounded by
9° dens, (T (u))p(7 (p)) = 9° dens, (T(u))u(L) .
Since a > 4, (7.3.3) follows in this case.
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Now suppose that for each p € T(u) with L N E(p) # @, we have s(p) > s(L).
Since there exists at least one such p, there exists in particular at least one cube
L” € D with L C L” and s(L”) > s(L). By (2.0.7), there exists L’ € D with L C L’
and s(L") = s(L) 4+ 1. By the definition of £(T(u)) there exists a tile p” € T(u)
with J(p”) € L’. Let p’ be the unique tile such that J(p’) = L’ and such that
Qu) NQ(p") # @. Since by (2.0.32) s(p’) = s(L") < s(p) < s(u), we have by (2.0.8)
and (2.0.14) that Q(u) C Q(p’). Let q € T(u) with L N E(q) # @. As shown
above, this implies s(q) > s(L’), so by (2.0.8) L’ C J(q). If ¢ € B,(9(q), 1), then
by a similar calculation as above, using the triangle inequality, Lemma 2.1.2 and
(2.0.32), we obtain

dy (Q(p"), q) < dp (Q(p"), Q(q)) +dy(2(a),q) < 6.

Thus L N E(q) C Ey(6,p"). Since J(p”) C I(p’) C J(p) and p”,p € T(u), we have
p’ € P(T(u)). We deduce using the definition (2.0.28) of dens,

L [ E@) < u(Ey(6,9")) < 6 dens; (T(w)u(L) .
qex(u)
Using the doubling property (1.0.5), (2.0.10), and a > 4 this is estimated by
622100a°+5 dengs (T (u))pu(L) < 2191 dens, (T (u))u(L).

This completes the proof. O

PROOF OF LEMMA 7.3.3. Suppose first that there exists a tile p € T(u) with
J(p) C B(c(J),100DV)+1) By the definition of J(T(u)), this implies that s(.J) =
—S, and in particular s(p) > s(J). Using the triangle inequality and (2.0.10) it
follows that J C B(c(p),200D%®)*1). From the doubling property (1.0.5), D =
21000* and (2.0.10), we obtain

(I (p)) < 210000 ()

and hence
p(B(c(p), 200DPIH)) < 220007439 ().
With the definition (2.0.29) of dens, it follows that

u(J N F) < u(Ble(p), 2000°%)+1) A F)

< dens,(T(u))u(B(c(p), 200D%P)1 1)) < 220007419 demsy (T (u))u(J)
completing the proof in this case.
Now suppose that there does not exist a tile p € T(u) with 7(p) C B(c(J),100D3))+1),

If we had s(q) < s(J), then by (2.0.8) and (2.0.10) 7(q) C J C B(c(J),100D5(/)+1),
contradicting our assumption. Thus s(q) > s(J). Then, by (2.0.7) and (2.0.8),
there exists some cube J' € D with s(J") = s(J)+ 1 and J C J’. By definition of
J(T(u)) there exists some p € T(u) such that 7(p) C B(c(J’), 100D/ )+1). From

the doubling property (1.0.5), D = 21909 and (2.0.10), we obtain

H(B(e(p), ADP)) < 2994(7 (p)) < 22000° 4147 (738)
If J C B(c(p),4D%%)), then we bound
u(J (1 F) < u(Blo(p), ADP) (1 F)
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and use the definition (2.0.29)
< dens, (T (w))u( B(c(p), 4D=(P))) < 22007414, 1)
From now on we assume J ¢ B(c(p),4DP)). Since
c(p) € I(p) C B(c(J"), 100D/ )+1)
we have by (2.0.10) and the triangle inequality
JCJ C B(e(J),4D*")) ¢ B(c(p), 104D5)+1)

In particular this implies 104Ds(/)+1 > 4Ds(P) By the triangle inequality we also
have
Bl(c(p),104D* 1) € B(e(J), 204D37 )41y
so from the doubling property (1.0.5)
p(B(c(p), 104D 1)) < 220067+10,,( 7).

From here one completes the proof as in the other cases. O

7.4. Almost orthogonality of separated trees

The main result of this subsection is the almost orthogonality estimate for oper-
ators associated to distinct trees in a forest in Lemma 7.4.4 below. We will deduce
it from Lemmas 7.4.5 and 7.4.6, which are proven in Subsections 7.5 and 7.6, re-
spectively. Before stating it, we introduce some relevant notation.

The adjoint of the operator 7|, defined in (2.0.21) is given by

Tyg(x) = /E N Ko (y,2)e(—Q(y)(z) + Q(y)(v))g(y) du(y) - (7.4.1)

LEMMA 7.4.1 (adjoint tile support). For each p € B, we have
Ty9 = Lp(e(p) 5001 Tp Ly (p)9 -
For each u € Y and each p € T(u), we have
Tyg=LywTplsng-
PRrROOF. By (2.0.32), E(p) C J(p) C J(u). Thus by (7.4.1)
Tyg9(x) =Ty (1y9)(2)

B / ( >W€(_Q(y)@) + Q1)) L) (1)9(y) dp(y) -
E(p

If this integral is not 0, then there exists y € J(p) such that K, (y,z) # 0. By
(2.1.2), (2.0.10) and the triangle inequality, it follows that
x € B(c(p),5D5%)).
Thus
Ty 9(w) = 1p((p), 500 (@) T3 (L5 9) () -
The second claimed equation follows now since J(p) C J(u) and by (2.0.37) B(c(p), 5D%%))
T (u). O
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LEMMA 7.4.2 (adjoint tree estimate). For all bounded g with bounded support,
we have that

S Tygll < 215" dens, (T(w) gl

pe(u) 9

Proor. By Cauchy-Schwarz and Lemma 7.3.1, we have for all bounded f,g
with bounded support that

/ 3 Tiafds ~|/ 9 > T

X peX(u X peX(u

< g185a” den81(T(u)>1/2llgllzllf\|2 : (7.4.2)
Let f = Zpez(u) Tyg. If g is bounded and has bounded support, then the same is
true for f. In particular | f||, < co. Dividing (7.4.2) by | f|| completes the proof. [

We define

Soug = Z b9+ Mz19+ 9]
peT(u

LEMMA 7.4.3 (adjoint tree control). We have for all bounded g with bounded
support

3
HSQ,ugl\z < 21564 gl -

ProoF. This follows immediately from Minkowski’s inequality, Proposition 2.0.6and
Lemma 7.4.2, using that a > 4. |

Now we are ready to state the main result of this subsection.

LEMMA 7.4.4 (correlation separated trees). For any uy; # u, € U and all bounded
91, 9o with bounded support, we have

/ Y Ty aT,edu (7.4.3)

X preT(uy) p2€T(uy)

2
asf n
< 2550073 H||S2,ujgj||L2(,7(u1)ﬂj(uQ))' (7.4.4)
j=1

PROOF OF LEMMA 7.4.4. By Lemma 7.4.1 and (2.0.8), the left hand side (7.4.3)
is 0 unless J(u;) C J(uy) or J(uy) C J(uy). Without loss of generality we assume
that J(u;) C J(uy).

Define

={peT(u)UT(uy) : d,(Quy),O(uy)) >2%"/2}. (7.4.5)

Lemma 7.4.4 follows by combining the definition (2.0.3) of Z with the following two
lemmas. (]
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LEMMA 7.4.5 (correlation distant tree parts). We have for all u; #+ uy € 84 with
J(uy) C I(uy) and all bounded g, gy with bounded support

/ Z T; 9.T5,9, dp (7.4.6)
X p€T(uy) poe¥( u2) S
3 2 3 2

< 9541a%9—Zn/(4a?+2a )H 15,4952, ) - (7.4.7)
j=1

LEMMA 7.4.6 (correlation near tree parts). We have for all u; # uy, € U with
J(uy) C I(uy) and all bounded g, gy with bounded support

/ Y. ). LaTheds (7.4.8)

X p1€T(uy) p2eT(ug)NG

2
a3e6—Zn2-10a
< 9222a%9—Zn2 1‘[1”527%9],%2(7(%). (7.4.9)
1=

In the proofs of both lemmas, we will need the following observation.
LEMMA 7.4.7 (overlap implies distance). Let uy # uy € 4 with J(uy) C J(uy).

If p € T(uy) UZ(uy) with I(p) NI (uy) # @, then p € &. In particular, we have
T(uy) C 6.

PROOF. Suppose first that p € T(uy). Then J(p) C J(u;) C J(uy), by (2.0.32).
Thus we have by the separation condition (2.0.36), (2.0.15), (2.0.32) and the triangle
inequality

dy (Q(uy), Q(ug)) = dy ((p), Q(uy)) — d)y (Q(p), Q(uy))
> 22(n+1) —4
> 2Zn ,
using that Z = 2'2¢ > 4. Hence p € &.
Suppose now that p € T(u,). If 7(p) C J(uy), then the same argument as above
with U and u, swapped shows p € &. If 7(p) ¢ J(u,) then, by (2.0.8), T(uy) C I(p).

Pick p” € ¥(u,), we have J(p’) C J(uy) C J(p). Hence, by Lemma 2.1.2 and the
first paragraph

d, (Q(uy), Q(uy)) > dyy (Q(uy), Q(u,)) > 277,
sopeGs. O

To simplify the notation, we will write at various places throughout the proof of
Lemmas 7.4.5 and 7.4.6 for a subset € C B

Tef =) T,f, Teg:=)Y Tyg

pec pec
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7.5. Proof of the Tiles with large separation Lemma

Lemma, 7.4.5 follows from the van der Corput estimate in Proposition 2.0.5. We
apply this proposition in Section 7.5.3. To prepare this application, we first, in
Section 7.5.1, construct a suitable partition of unity, and show then, in Section 7.5.2
the Holder estimates needed to apply Proposition 2.0.5.

7.5.1. A partition of unity. Define
J ={JedS) : JCIT(uw)}.
LEMMA 7.5.1 (dyadic partition 1). We have that
T(w)= | JJ.
Jeg’

PrOOF. By Lemma 7.1.2, it remains only to show that each J € J(&) with
JNI(uy) #@isin J’. Butif J ¢ J’, then by (2.0.8) J(uy) € J. Pickp € T(uy) C 6.
Then J(p) C J. This contradicts the definition of 7(S). O

For cubes J € D, denote
B(J) := B(c(J),8D*\Y)). (7.5.1)
The main result of this subsubsection is the following.

LEMMA 7.5.2 (Lipschitz partition unity). There ezists a family of functions x ;,
J e Jd’ such that

Loy = D X (7.5.2)
Jed’

and for all J € " and all y,y" € T(u,)

0<x;) <1puy(y), (7.5.3)
/ W3 P, Y)
X () =X ()] < 22200 =200 (7.5.4)

In the proof, we will use the following auxiliary lemma.
LEMMA 7.5.3 (moderate scale change). If J,J" € " with
B(J)NB(J") + @,
then |s(J) —s(J")| < 1.
PrRoOOF OF LEMMA 7.5.2. For each cube J € J let
X, (y) = max{0,8 — D=*p(y, (1))},

and set

a(y) =D ).

Jed’
We define
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Then, due to (2.0.37) and (7.5.1), the properties (7.5.2) and (7.5.3) are clearly true.
Estimate (7.5.4) follows from (7.5.3) if y,y” ¢ B(J). Thus we can assume that
y € B(J). We have by the triangle inequality

X, () — X, ()] N Xy )la(y) —a(y’)]

a(y) a(y)a(y’)
Since X (z) > 4 for all z € B(c(J),4) D J and by Lemma 7.5.1, we have that
a(z) > 4 for all z € J(uy). So we can estimate the above further by

< 272(I%, () = X, W) + X W)laly) — aly)) -

If 4 ¢ B(c(p),8D*®)) then the second summand vanishes. Else, we can estimate
the above, using also that |X;(y")| < 8, by

< 27%%,(y) — Ko ()] +2 3 ) — T ().
J'ed’
B(c(J'),8D*Y )N B(c(J),8D*))) 40

X7 (W) — x| <

By the triangle inequality, we have for all dyadic cubes I € J’

X)) — X W) < ply,y ) D).
Using this above, we obtain

/ / 1 —s —s /7
) =W < py) ({00 +2 X D).
J'eg’
B(J)NB(J)+2

By Lemma 7.5.3, this is at most

By (2.0.10) and Lemma 7.5.1, the balls B(c(.J’), D (7)) are pairwise disjoint, so by
Lemma 7.5.3 the balls B(c(J'), ; 1ps(I=1y are also disjoint. By the triangle inequality
and Lemma 7.5.3, each such ball for J’ in the set of the last display is contained in

B(c(J), 9D+
By the doubling property (1.0.5), we further have
u(Ble(7), ;D)) > 2720006, (B(c(]), 9D+
for each such ball. Thus
{J' €d’ : B(J)NB(J)+ @} < 22000°+6
Recalling that D = 2100a* e obtain

1 2
1 F2D ed’ = BU)NB() # 2} < 9200a° +100a2+8_

Since a > 4, (7.5.4) follows. O
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PrROOF OF LEMMA 7.5.3. Suppose that s(J’) < s(J) —1. Then s(J) > —S.
Thus, by the definition of J’ there exists no p € & with

J(p) C B(e(J),100D3)+1) (7.5.5)

Since s(J”) < s(J) and J’,J C J(u,), we have J" C J(uy). By (2.0.7), (2.0.8) there
exists a cube J” € D with J C J” and s(J”) = s(J’) + 1. By the definition of 7/,
there exists a tile p € & with

J(p) C B(e(J”),100D57)+2) (7.5.6)
But by the triangle inequality and (2.0.1), we have
B(c(J"),100D°)+2) < B(¢(J), 100D+ |
which contradicts (7.5.5) and (7.5.6). O

7.5.2. Holder estimates for adjoint tree operators. Let g;,9, : X — C be
bounded with bounded support. Define for J € J’

hy(y) == x;(y) - (e(Qu)(y) T (191 () - (e(Qua) (W) T3, s 92() - (7:5.7)

The main result of this subsubsection is the following 7-Holder estimate for h;,
where 7 = 1/a.

LEMMA 7.5.4 (Holder correlation tree). We have for all J € J' that

. 535a° : * I '
”hJHCT(B(C(J%gDs(J))) <2 ].HZ(B(C(J;,DJDSU)) |T3(uj)gj\ + H}fMB,1|g]D . (758)

We will prove this lemma at the end of this section, after establishing several
auxiliary results.

We begin with the following Hoélder continuity estimate for adjoints of operators
associated to tiles.

LEMMA 7.5.5 (Holder correlation tile). Let u € & and p € T(u). Then for all
v,y € X and all bounded g with bounded support, we have

le(Q(uw)(y)Tyg(y) — e(Quw)(y')Tyg(y)|

2151(13 (,’J(y y/))l/a/

< : : l9(2)| du(e) (7.5.9)
p(B(c(p), 4Ds®))) \ Ds) E(p)

PROOF. By (7.4.1), we have

le(Q(uw)(y)Tyg(y) — e(Qw)(y') Ty g(y)|

/( )6(@(33)(96) — Q) (y) + Qu)(y)) Ky (7, y)g(x)
E(p

—e(Qx)(2) = Q) (y') + Q) (y") Ky (x,y")g () dpu(x)
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< /( ) l9(2)le(Q(x)(y) — Q(z)(y") — Qu)(y) + Q) (y") Ky (2, y)
E(p

— Ky (2, ') dp(z)

< /  lo@llel=Q)) + Q)W) + 2w — 2wy -1
E(p
% [Rp (@ y)l du(z)  (7.5.10)

o Gl mieam B ey EE (7.5.11)
E(p)

By the oscillation estimate (1.0.7), we have
| = Q@)(y) + Q) (y) + 2(u)(y) — Q) ()]

< dB(%p(y’y/))(Q(ZU), Q(u)) . (7512)
Suppose that y,y’ € B(c(p), 5D%®)), so that p(y,y’) < 10D°P®). Let k € Z be such
that 2% p(y,y’) < 10D°®) but 24+ p(y, ') > 10D¥). In particular, k > 0. Then,
using (1.0.8), we can bound (7.5.12) from above by

2 d p(o(p), 10020 (Q(2), Q1)) < 2097%d, (Q(x), O(u)) -
Since z € E(p) we have Q(z) € Q(p) C B,(2(p),1), and since p € T(u) we have
O(u) € B,(2(p),4), so this is estimated by
< 5. 26a7k .

By definition of k, we have

1 10Ds(p)
k < —log, () ,

T a (Y, y')

which gives

A\ 1/a
= Q)+ Q) + 2w — Q)| <52 (A} (rs13)

For all x € J(p), we have by (1.0.5) that
p(B(w, D®))) > 273 u(B(c(p), 4D*P))) .
Combining the above with (2.1.3), (2.1.4) and (7.5.13), we obtain

23a
w(B(c(p), 4Ds))) /E(p) lg(z)| dp()x

’ 1/a , 1/a
10243 | £ . 96a Py, y) 150a® (P Y)
(2752 ( D) ) 2 ( D ) )
Since p(y,y’) < 10D*"®) | we conclude

151" Py y)\""
(7.5.10) + (7.5.11) < (Ble(p) D)) ( T5(0) ) /E(p) lg(z)| du(z) .

(7.5.10) 4 (7.5.11) <
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Next, if y,y" ¢ B(c(p),5D°®)), then Tyg(y) = T;g(y') = 0, by Lemma 7.4.1.
Then (7.5.9) holds.
Finally, if y € B(c(p),5D°%)) and y’ ¢ B(c(p), 5D%")), then

le(Qu)(y)Tyg(y) —e(Qw)(y')Ty9(y")| = [Ty 9(y)]

< /E VB o) duto).

By the same argument used to prove (2.1.6), this is bounded by

1024* I . N i
=2 /E(p) (B, D) VP )lg(@)l dulz) (7.5.14)

It follows from the definition of 3 that
Y(z) < max{0, (2 — 4z)'/} .

Now for all z € E(p), it follows by the triangle inequality and (2.0.10) that

2 —4D W p(z,y) <2 —4D P p(y,c(p)) + 4D *P)p(x, c(p))

<18 —4D~*Wp(y,c(p)) < 4DPp(y,y’) — 2.
Combining the above with the previous estimate on v, we get
H(D ) p(z, ) < 4D p(y, )1,
Further, we obtain from the doubling property (1.0.5) and (2.0.10) that
u(Bl, D*)) = 2 2 u(c(p), 4D°).

Plugging this into (7.5.14) and using a > 4, we get

2103 ply.y)\ "
T30 < (“a) [ le@ldntn.
F pu(B(c(p), 4D5®))) \ Dsp) E(p)
which completes the proof of the lemma. U

Recall that
B(J) := B(c(J),8D%W).

We also denote

B (J) = Ble(J), épsw) .

LEMMA 7.5.6 (limited scale impact). Let p € T, N6, J € ' and suppose that
BUI(p) N B(J) £ @.
Then
s(J) <s(p) <s(J)+3.
PRrOOF. For the first estimate, assume that s(p) < s(J), then in particular
s(p) < s(uy). Since p ¢ &, we have by Lemma 7.4.7 that 7(p) N J(u;) = @. Since
B(c(J), iDSU)) C 7(J) C J(uy), this implies

plel),clp)) > D).
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On the other hand
1
p(el),c(p) < D)4 8D,
by our assumption. Thus D*®) > 64D*/)| which contradicts (2.0.1) and a > 4.

For the second estimate, assume that s(p) > s(J) + 3. Since J € J’, we have
J C J(uy). Thus there exists J* € D with J C J" and s(J') = s(J) + 1, by

=

(2.0.7) and (2.0.8). By definition of J’, there exists some p’ € & such that J(p’) C
B(c(J’),100D%")+2). On the other hand, since B(7(p))NB°(J) # @, by the triangle
inequality it holds that

B(c(J),100DV)+3)  B(c(p),10D5%))

Using the definition of &, we have
27n/2 < dp’(Q<u1)7 O(uy)) < dB(c(J’),lOODS(-”*?)(’Q(u1>a Q(uy)).

By (1.0.10), this is

< 27100adB(c(J’),100D-‘J'(J)+3)<Q(u1>> Q(uy))

< 27199 g o 10ps) (Q(1g), Q(ug))

and by (1.0.8) and the definition of &

< 270100, (Q(u), Ofuy)) < 20252,
This is a contradiction, the second estimate follows. O

LEMMA 7.5.7 (local tree control). For all J € 7’ and all bounded g with bounded
support

* 3.
sup |T‘I(u2)\6.g| S 2104(1 H}fMB,l‘g|
B (J)

PROOF. By the triangle inequality and since Ty g = 1p () 5psr) T g, We have

p
sup [Tk g9l < sup Y |Tigl.
B (J) (v2) ‘ PET(uy)NG

BU(p)NE ()40

By Lemma 7.5.6, this is at most

s(J)+3
Z Z sup [T g|. (7.5.15)
s=s(J) pePsip=s D)

P
B(I(9)NB"(J)40
If x € E(p) and B(J(p)) N B°(J) # @, then
B(c(J),16D%)) C B(x,32D%))

by (2.0.10) and the triangle inequality. Using the doubling property (1.0.5), it follows
that

u(B(a, D)) > 2-54(B(c(J), 16D5P)))
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Using (7.4.1), (2.1.3) and that a > 4, we bound (7.5.15) by
s(J)+3

103a3 1
21097 > > u(B(c(J), 16D%) /E(p) s

s=s(J) peP,s(p)=s
B(I(p)nB*(J)#o

For each I € D, the sets E(p) for p € P with J(p) = I are pairwise disjoint
by (2.0.20) and (2.0.13). Further, if B(J(p)) N B°(J) # @ and s(p) > s(J), then
E(p) C B(c(J),32D%®)). Thus the last display is bounded by

, s(J)+3 1
giote / gl
s:zs(:J) w(B(c(J),32D%)) Jp(e(s) 1600

< inf 2103‘13*2M371|g|.

z’'ed
The lemma follows since a > 4. O

LEMMA 7.5.8 (scales impacting interval). Let € = T(uy) or € = T(uy)NS. Then
for each J € 7" and p € € with B(J(p)) N B(J) # @, we have s(p) > s(J).

PROOF. By Lemma 7.4.7, we have that in both cases, € C &. If p € € with
B(J(p)) N B(J) # @ and s(p) < s(J), then J(p) C B(c(J),100D)+1) Since
p € 6, it follows from the definition of J’ that s(J) = —S, which contradicts
s(p) < s(J). O

LEMMA 7.5.9 (global tree control 1). Let € = T(uy) or € = T(uy) N S. Then
for each J € 7" and all bounded g with bounded support, we have

sup |Tig| < inf |Tig| + 214" inf My, |g] (7.5.16)
B(J) Be(J) J '

and for all y,y" € B(J)
le(Q(u)(y)Teg(y) — e(Qw)(y')Teg(y)|

’ 1/a
o (PWY) .
< 2153 ( D)) ) 1r}fM371]g\ . (7.5.17)

Proor. Note that (7.5.16) follows from (7.5.17), since for y" € B°(J), by the

triangle inequality,
1/a
p(y,y) Ve s
( Ds() ) = (8+§> =2
By the triangle inequality, Lemma 7.4.1 and Lemma 7.5.5, we have for all y,3" €
B(J)

e(Qw) () Teg(y) — e(Qw)(y ) Teg(y)] (75.18)
< e(Qw)(5) T 9(y) — () (y )T gy
B(j(P)gﬁlg(J)#Q
15143 N1/ D—S(P)/a
<P S e ay / laldn,

B(I(p))NB(J)#@
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By Lemma 7.5.8, we have s(p) > s(J) for all p occurring in the sum. Further, for
each s > s(J), the sets E(p) for p € P with s(p) = s are pairwise disjoint by (2.0.20)
and (2.0.13), and contained in B(c(J),32D®) by (2.0.10) and the triangle inequality.
Using also the doubling estimate (1.0.5), we obtain that the expression in the last
display can be estimated by

2151a3p(y7y/>1/a Z D—sla

23a /
. g dp
S>s5>s(J) w(B(c(J),32D%)) Jp(e(s) 3200

N 1/a
< 9152 (p(y, y )) S DEU et My gl
D S>s>s(J) d

By convexity of ¢ = D! and since D > 2, we have for all —1 <t <0

1 1
D'<1+t(l——=)<1+t.
<1+tl-p) <143
Since —1 < —1/a < 0, it follows that
Z DE)=s)/a < - 7z < 2a < 2%.
S>s>s(J) 1-D ¢
Estimate (7.5.17), and therefore the lemma, follow. O

LEMMA 7.5.10 (global tree control 2). We have for all J € ' and all bounded g
with bounded support

sup |T% < inf |T% g| + 215%¢° inf M. .
B(JP)| 12m69| _Bow‘ 529| Vi 5,119

Proor. By Lemma 7.5.9

T: < inf |T% + 21549 inf M
g(lgy z(uQ)mgg‘ = ]81}<1J)| z(uQ)megy m 3,119

< inf |T2 T 2154a% inf B
_Blg<1J>| g(u2>g|+gy(l§)l T(uy)e9] T inf My 9],

and by Lemma 7.5.7

; * 104a® 154a3y :
< jnf T3 (9l + (2170 4 20257) inf Mg | g] -
This completes the proof. O

PROOF OF LEMMA 7.5.4. Let P be the product on the right hand side of (7.5.8),
and h; as defined in (7.5.7).

By (7.5.3) and Lemma 7.4.1, the function h; is supported in B(J) N J(uy). By
(7.5.3) and Lemma 7.5.9, we have for all y € B(J):

[hy(y)] < 290%°P.
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We have by the triangle inequality
|hy(y) —hy (')l

< Ixs(y) = X Wz 91 DT e 92(9)] (7.5.19)
+ IXs W50 )91 (W) — T3 )91 WO T5 o, ne92(9)] (7.5.20)
+ IXsWMTE )91 WO T3, ne92(Y) — T, e 92(W )] - (7.5.21)

As h; is supported in J(u,), we can assume without loss of generality that
y € J(uy). If y ¢ J(u,), then (7.5.19) vanishes. If y € J(u;) then we have by
(7.5.4), Lemma 7.5.9 and Lemma 7.5.10

Py, y')
Ds(J)
where P denotes the product on the right hand side of (7.5.8).

By (7.5.3), Lemma 7.5.9 and Lemma 7.5.10, we have

(7.5.20) < 23100° p
By (7.5.3), and twice Lemma 7.5.9, we have

(7.5.19) < 29344’

P,

(7.5.21) < 2308¢° p
Using that p(y,y’) < 16D*Y) and a > 4, the lemma follows. O

7.5.3. The van der Corput estimate.
LEMMA 7.5.11 (lower oscillation bound). For all J € J’, we have that
dp ) (Quy), Q(uy)) > 2720107 27n/2,

PROOF. Since @ # T(u;) C & by Lemma 7.4.7, there exists at least one tile
p e S with 7(p) € J(uy). Thus J(uy) ¢ 7', so J C J(u;). Thus there exists a cube
J' € D with J C J" and s(J') = s(J) + 1, by (2.0.7) and (2.0.8). By definition of
J’ and the triangle inequality, there exists p € & such that

I(p) C B(e(J"),100D°)+1) € B(e(J), 128D5()+2)
Thus, by definition of &:
24n/2 < dp(Q(u1>7 Q(uy)) < dB(c(J),128DS(J)+2)(Q(u1>v 9(uy)) .
By the doubling property (1.0.8), this is
< 2200a3+4adB(J)(Q(u1)7 9(uy)),
which gives the lemma using a > 4. O
Now we are ready to prove Lemma 7.4.5.

PROOF OF LEMMA 7.4.5. We have

(7.4.6) = ‘ /X T )91 T a2 -
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By Lemma 7.4.1, the right hand side is supported in J(u;). Using (7.5.2) of
Lemma 7.5.2 and the definition (7.5.7) of h;, we thus have

<

/ e(Q(u3) () — Q1) () () dpu(w)|
B(J)

Jed’
Using Proposition 2.0.5 with the ball B(J), we bound this by

< 280 Z (Bl 1+ dpy(Quy), Quy )L/ Ra*+a®)
Jed’

Using Lemma 7.5.4, Lemma 7.5.11 and a > 4, we have that the above is bounded
from above by

< 95404’ 9—Zn/(4a’+2a%) Z N(B(J»
Jed’

2
H 1nf T ()95 +inf M yg,) . (7.5.22)

By the doubling property (1.0.5)

u(B(J)) < 2%u(B°(J)),
thus

Ew

I Bu(la |T%(uj)gj| + iI}fMB,lgj>
2
< 960 / T1(T20 9,1@) + Ma 19,(2) du(e)
B*(J) j=

< gn / T1072 0 051) + Mass,(2)) dte).

Summing over J € J’, we obtain
2
(1.522) < a0y 2ot [ T[T 0](0) + Mgy (0) dite).
i=1

Applying the Cauchy-Schwarz inequality, Lemma 7.4.5 follows. (]

7.6. Proof of The Remaining Tiles Lemma

We define
J'={J€d(Z(w)) : J CI(w)},

note that this is different from the 7’ defined in the previous subsection.

LEMMA 7.6.1 (dyadic partition 2). We have

u) = UJ.

Jeg’
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PrOOF. By Lemma 7.1.2; it remains only to show that each J € (% (u,)) with
JNI(w) #@isin J'. But if J ¢ J’, then by (2.0.8) J(uy) C J. Pick p € T(uy).
Then J(p) C J. This contradicts the definition of F(T(uy)). O

Lemma 7.4.6 follows from the following key estimate.
LEMMA 7.6.2 (bound for tree projection). We have

100

* 36—
||P£/’T32\692H|2 < 2118473 202"'Zmulj(ul)]WBJ|92|“2

We prove this lemma below. First, we deduce Lemma 7.4.6.

PRrROOF OF LEMMA 7.4.6. By Lemma 7.2.1 and Lemma 7.4.1, we have

3 *
(7.4.8) < 2% Pz |91 Lo 2l Lo Pris ) Ta, e 921112 -
It follows from the definition of the projection operator P and Jensen’s inequality
that
“PL(‘Z(ul))‘gllj(ul)Hb < ”gllj(ul)H2 y
Since cubes in J’ are pairwise disjoint and by Lemma 7.6.1, a cube J € J’ intersect

J(uy) if and only if J € J’. Thus

L) Prsw Ty a2l = Py T3, a2l -
Combining this with Lemma 7.6.2, the definition (2.0.2) and a > 4 proves the
lemma. O

We need two more auxiliary lemmas before we prove Lemma 7.6.2.

LEMMA 7.6.3 (thin scale impact). Ifp € T,N6 and J € J" with B(J(p))NB(J) #
@, then

Zn
< 2———.
PROOF. Suppose that s(p) > s(J) + 2 — 52 =: s(J) — s;. Then, we have

plc(p),c(J)) < 8D) 18D < 16 D5w)+s1

There exists a tile ¢ € T(u;). By (2.0.32), it satisfies 7(q) € J(u;). Thus J(uy) ¢ J’.
It follows that J C J(uy). By (2.0.7) and (2.0.8), there exists a cube J’ € D with
J C J and s(J") = s(J) + 1. By definition of J’, there exists a tile p” € T(u;) with

J(p") € B(e(J'),100D5)+1)

By the triangle inequality, the definition (2.0.1) and a > 4, we have
B(c(J"),100D37)+1) € B(c(p), 128 D) Ts1+1) |
Since p’ € T(uy) and J(u;) C J(uy), we have by (2.0.36)
dy (Qp'). Quy)) > 2700,
Hence, by (2.0.32), the triangle inequality and using that by (2.0.3) Z > 2
dy (Quy), O(uy)) > 22(ntl) _ 4 > 94n
It follows that
27" < dyr (Q(uy), Q(uy)) < dB(c(p),128DS<PHS1+1)<Q<u1)7 Q(uy)) .
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Using (1.0.8), we obtain
< 29a+100a3(51+1)dp(g(u1)’ Q(uQ)) )
Since p’ ¢ & this is bounded by

< 29a+100a3(sl+1)2Zn/2 )

Thus
Zn/2 < 9a +100a3(s; + 1),

contradicting the definition of s;. (]

LEMMA 7.6.4 (square function count). For each J € J’, we have

2
1 2
104a —s\K
w/( > ten) dns2sno
H J \ IeD,s(I)=s(J)—s
INI(u,)=2
JNB(I)+2

PROOF OF LEMMA 7.6.4. Since J € J’ we have J C J(uy). Thus, if B(I)NJ #+
@ then

BI)nJc{zeJ : px, X~ J)<8D*!}. (7.6.1)
Furthermore, for each s the balls B(I) with s(I) = s have bounded overlap: Consider
the collection D , of all I € D with z € B(I) and s(I) = s. By (2.0.10) and (2.0.8),
the balls B(c(I), 1D*!)), I € D, , are disjoint, and by the triangle inequality, they
are contained in B(x,9D?®). By the doubling property (1.0.5), we have

1
p(B(z,9D%)) < 25 u(B(e(I), 7 D*1))

for each I € D, . Thus

p(B(r,9D%) > 37 p(BlelD), D) = 275D |u(B(x, 9D")).
IeD, ,

Dividing by the positive u(B(z,9D?)), we obtain that for each x

2
( 1B(1>(90)> =Dy y)sal® <2107 (7.6.2)
IeD,s(I)=s(J)—s
INI(uy)=2
JNB(1)4o
Combining (7.6.1), (7.6.2) and the small boundary property (2.0.11), noting that
8D°) = 8D—D*)_ the lemma follows. O

ProOF OF LEMMA 7.6.2. Expanding the definition of P;,, we have
HPg/|T§2\692|”2
oo 1/2

— Z(1> /J S Tig,duly)

ie mJ PET(1g) &
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We split the innermost sum according to the scale of the tile p, and then apply the
triangle inequality and Minkowski’s inequality:
o0 1/2
5 1
<Yl meww
s—s | jegr M J peT(uy)NG
s(p)=s

By Lemma 7.4.1, the integral in the last display is 0 if J N B(J(p)) = @. By

Lemma 7.6.3, it follows with s, := QOZ# -2
$1+28 2\ 1/2
=> [ > > *d()) : (7.6.3)
p92 Hy
5=81 (Jeg’ ,u(J) /Jpe‘z( NG
S(p)=s(J)—s
JﬂB(j(p))#

We have by Lemma 7.4.1 and (2.1.3)

[ Ti0:lt0) autw

1
<20 [ [y @]l (@) du) du(y).
Bup) ] MB, Ds))) T E®) ?
If x € E(p) C J(p), then we have by (2.0.10) that

B(c(p), 4D*®)) € B(I(p)).
Using the doubling property (1.0.5), it follows that
u(B(c(p),4D°)) < 2% u(B(x, D%)).

[ Ti02lt0) antw

103a3 N |
= /Bw(p))/u(B(C(p) 1D ) LER) (»)(%)]92| (x) dp() dp(y)

Since for each I € D the sets E(p),p € P(I) are disjoint, it follows that

Thus, using also a > 4

Tygodp
pe‘I

JﬂB( ( ))75@

3 1
< 9103 / ] / 195/(x) dpu(z)
J B 1(Bc(p), ADSP))) B(c(p),4D=()) 2

< 91080° /M31|92|< V1 () duy)
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By Lemma 7.4.7, we have J(p) N J(u;) = @ for all p € T(uy) N &. Thus we can
estimate (7.6.3) by
2) 1

) 5,428 1
9103a Z (Z ﬁ

/ > Mz 1192115y dpe
JIeD,s

s=s; \Jeg M s(D)=s(J)—s
INJ(u,)=2
JNB(I)+o
which is by Cauchy-Schwarz at most
51+QS 2 3
2103a ( / Mg 1|g2 (])/ ( Z 13(])) d/,t) . (764)
§=81 Jeg’ IeD,s(I)=s(J)—s
INJ(uy)=2
JNB(I)+2

Using Lemma 7.6.4, we bound (7.6.4) by

514+28 2

a3 a
2103 E ( /Mzs 11gs)221040% (8D5)~ ) ;
Jed’

5=5,

and, since dyadic cubes in J’ form a partition of 7(u;) by Lemma 7.6.1, k < 1 by
(2.0.2), and a > 4
51428

3 —SK
< 21160% N Dk 21, Mg 1|9l

s=s,

1
3 —
<2 D ) Maalalllz

By convexity of ¢t D! and since D > 2, we have for all —1 <t <0

1 1
DI<14tl1—=)<1+ —t.
<1+ D)f +2

Using this for t = —x/2 and using that s; =
and (2.0.2) of k and D

s — 2 and the definitions (2.0.1)

— a“ (553 £ 2
< 2100010 a0 2 ) My gl

9117a%+1 100 7,
< 727 10, Mp1lg2]l2 -

Using the definition (2.0.2) of x and a > 4, the lemma follows. O

7.7. Forests

In this subsection, we complete the proof of Proposition 2.0.4 from the results
of the previous subsections.

Define an n-row to be an n-forest (4U,%), i.e. satisfying conditions (2.0.32) -
(2.0.37), such that in addition the sets J(u),u € il are pairwise disjoint.
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LEMMA 7.7.1 (forest row decomposition). Let (4,%) be an n-forest. Then there
exists a decomposition
U= U g
1<j<2n
such that for all j =1,...,2™ the pair (ilj,‘Z\uj) is an n-row.

PROOF. Define recursively il; to be a maximal disjoint set of tiles u in
s [y,
J'<j
with inclusion maximal J(u). Properties (2.0.32), -(2.0.37) for (&;,T|y ) follow
immediately from the corresponding properties for (4, T), and the cubes J(u),u € £,

are disjoint by definition. The collections i, are also disjoint by definition.
Now we show by induction on j that each point is contained in at most 2" — j

cubes J(u) with u € & \ U ;4. This implies that U i, = 4, which completes

the proof of the Lemma. For j = 0 each point is contamed in at most 2" cubes by
(2.0.34). For larger j, if x is contained in any cube J(u) with u € £~ Uj,<j i/, then

it is contained in a maximal such cube. Thus it is contained in a cube in J(u) with
u € 8h;. Thus the number u € (N Uj/<j U, with x € J(u) is zero, or is less than the

number of u € 40 \ Uj/gjil i, with = € J(u) by at least one. O
We pick a decomposition of the forest (4,%) into 2™ n-rows
(uj7 T]) = (uja (z’uj)
as in Lemma 7.7.1.

LEMMA 7.7.2 (row bound). For each 1 < j < 2" and each bounded g with
bounded support, we have

SN Tl <2122l (7.7.1)
2

uetl; peT(u)

and

SN 1pTygl| < 257272 dens, (| T(w)2|gll, - (7.7.2)
ueld; pe¥(u) 9 uel

PRrROOF. By Lemma 7.3.1 and the density assumption (2.0.35), we have for each
u € 4 and all bounded f of bounded support that

SO T < 2iatate i g, (7.7.3)
pet(u) 5
and
ST Tpf]| < 22590200 1om/2 dens, (T () V2| £], (7.7.4)

peT(u) 9
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Since for each j the top cubes J(u), u € i, are disjoint, we further have for all
bounded ¢ of bounded support by Lemma 7.4.1

2 2

e Y > Tl =|[1r )] Z Ly T3l

uell; peT(u) 5 uetl; pe(u 5

= Z/ 1p Z le(u)g dp < Z Z 1pTyly
uell; I (u)

peT(u uell; |lpeZ(u 9

Applying the estimate for the adjoint operator following from equation (7.7.4), we
obtain

< 9256a%9(4a+1-n)/2 1o dens, (T (u))/? Z Hli(u)guz

uetl;
Again by disjointedness of the cubes J(u), this is estimated by

9256a%9(dat+1-n)/2 10 dens, (T (u)) 1/2 ”g”% ]
uetl;

Thus, (7.7.2) follows, since a > 4. The proof of (7.7.1) from (7.7.3) is the same up
to replacing F' by X. O

LEMMA 7.7.3 (row correlation). For all 1 < j < j° < 2™ and for all bounded
g1, 9o with bounded support, it holds that

/Z Z Z Z glmd# < 28620°30 . 1| gl -

uestl; u eu v PET;(u) p’ex /(u

ProOOF. To save some space we will write for subsets € C P
Te=) Ty,
pec

We have by Lemma 7.4.1 and the triangle inequality that

/zz Y3 G

uell; w el peT;(u) p’ €T/ (

’/ 1j(u 91)T v /)(17(1«)92)(1# .
ueu u eu Y
By Lemma 7.4.4, this is bounded by
2650a°=3n Z Z 1520911 L2 (7w )7 () 192,00 G2l L2 (7 0y 1) - (7.7.5)
ueuj u/Eﬂj/

We apply the Cauchy-Schwarz inequality in the form

Z a;b; < (Z a%)1/2(z biz>1/2

ieM €M €M
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to the outer two sums:

1/2
a®—3n
< 9550a°-3 (Z Z HSQ,ughH2L2(7(u’)ﬂﬂ(u)>)
ueuj U/Euj/

1/2
(Z Z ’SQ,u’g2‘%2(7(u’)ﬂ](u))) :

’
uetl; u Eilj/

By pairwise disjointedness of the sets J(u) for u € ; and of the sets J(u’) for
u’ €4y, we have

Z Z ”52711‘(]1“%2(,7@’)&7(1.{)): Z Z / 152,u91(y>’2dﬂ(y>

uesl; uesl, uedt; westy, “J(unI(w)

< [ 19,0010 duty) = 15,,00.13-
X
Arguing similar for g,, we can estimate (7.7.5) to be
3_
< 25504 3n||52,u91 ||2||52,u/92||2~
The lemma now follows from Lemma 7.4.3. O

Define for 1 < j < 2"

=Y U e

uetl; pe(u

LEMMA 7.7.4 (disjoint row support). The sets E;, 1 < j < 2" are pairwise
disjoint.

PROOF. Suppose that p € T(u) and p’ € T(u’) withu # u” and z € E(p)NE(p’).
Suppose without loss of generality that s(p) < s(p’). Then x € J(p)NJT(p’) C T(u').
By (2.0.8) it follows that J(p) C J(u"). By (2.0.36), it follows that

d, (Q(p), (")) > 2701
By the triangle inequality. Lemma 2.1.2 and (2.0.32) it follows that
dy(Q(p), A(p")) = d,(Q(p), Q') — d, (Q(p"), Q(u”))

O(u
> 270 —d, (Q(p'), Q')
> 2Z(n+1) 4.

Since Z > 3 by (2.0.3), it follows that Q(p’) ¢ B,(<9(p),1), so Qp’) ¢ Q(p) by
(2.0.15). Hence, by (2.0.14), Q(p) N Q(p") = @. But if z € E(p) N E(p’) then
Q(x) € Q(p) NQ(p"). This is a contradiction, and the lemma follows. O

Now we prove Proposition 2.0.4.
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PrROOF OF PROPOSITION 2.0.4. To save some space, we will write
Ta, =2 2 Ty
uell; peX(u)
By (7.4.1), we have for each j
EYEDY Z =2 2 RBlpg=Tilpg.
uell; pe(u ueld; peT(u)

Hence, by Lemma 7.7.1,

2n 2 2" 2
Z Z - ZTg‘jg - ZT%lejg
J=1 9 J=1 9

uci peT(u
27L 2
:/Z%ﬁﬂw
X |j=1 ’
/‘T* 1E9| +ZZ/T 1p,9T% 1g,9du.
14=1
J'#i

We use Lemma 7.7.2 to estimate each term in the first sum, and Lemma 7.7.3 to
bound each term in the second sum:

2" TL 27L
<Y L gl + 20 > 21z glaltz, gl
J=lj'=

By Cauchy-Schwarz in the second two sums, this is at most
n
3 _ —
2520° (3-n 4 919-3) 31, g1,
j=1
and by disjointedness of the sets £, this is at most

3_
2630" g

Taking adjoints and square roots, it follows that for all f

Z Z Tf 2432(13—ﬂ

uell pe(u)

fls - (7.7.6)

On the other hand, we have by dlsjomtedness of the sets E; from Lemma 7.7.4

ZZTf

uc peT(u

omn

ZlE Tm

If | f| < 1 then we obtain from Lemma 7.7.2 and taking square roots that

27’1.
< 2257 densy(| T)) b2 2 113)
j=1

uesl

on

Z 115, T f13-
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= 2% dens, (| J T(w)2[ £ - (7.7.7)
uell
Proposition 2.0.4 follows by taking the product of the (2 — %)—th power of (7.7.6)

and the (% — 1)-st power of (7.7.7). O



CHAPTER 8

Proof of the Holder cancellative condition

We need the following auxiliary lemma. Recall that 7 = 1/a.

LEMMA 8.0.1 (Lipschitz Holder approximation). Let z € X and R > 0. Let
¢ : X — C be a function supported in the ball B := B(z, R) with finite norm
lelcrmy- Let 0 <t < 1. There exists a function @ : X — C, supported in B(z,2R),
such that for every x € X

(@) — @(@)| < t7]elor s (8.0.1)
and
1Plip(B(z2r)) < 2%l or ) - (8.0.2)
PROOF. Define for x,y € X the Lipschitz and thus measurable function
L(z,y) := max{0,1 — P(Z%y) }. (8.0.3)
We have that L(z,y) # 0 implies
y € B(x,tR) . (8.0.4)
We have for y € B(x,2 'R) that
|L(z,y)| > 27" (8.0.5)
Hence
[ B dnt) = 2 (B2 Re)). (8.0.6)
Let n be the smallest integer so that
2t > 1. (8.0.7)
Iterating n 4 2 times the doubling condition (1.0.5), we obtain
[ B dnt) = 27 2B, 2R)). (8.0.8)
Now define

o) = ( [ L) du(y))l [ Lot duty).

Using that ¢ is supported in B(z, R) and (8.0.4), we have that @ is supported in
B(z,2R).
We prove (8.0.1). For any x € X, using that L is nonnegative,

([ 2o auw)) lo(a) - ola) (5.0.9)

109
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— | [ L@0)(ota) o) duty)| (5.0.10)
Using (8.0.4), we estimate the last display by
<[ Lewlea - )]l duw). (8.0.11)
B(z,tR)

Using the definition of |¢[cr(p), we estimate the last display further by

< (/ L(z,y)p(z,y)" du(y)) lellcr sy BT (8.0.12)
(z,tR)

Using the condition on the domain of integration to estimate p(x,y) by tR and then
expanding the domain by positivity of the integrand, we estimate this further by

< ([ L) duty)) Iolermt (8.0.13)

Dividing the string of inequalities from (8.0.9) to (8.0.13) by the positive integral of
L proves (8.0.1).
We turn to (8.0.2). For every z € X, we have

‘/ (z,y) duly ‘Iso I—V (z,y)p(y) du(y) (8.0.14)

g‘/L@wﬁw@>2gw@vw (8.0.15)

As ¢ is supported on B, dividing by the integral of L, we obtain
[p(x)] < SU%ISO@’)\ <lelorm) - (8.0.16)
z’'e

If p(xz,2") > R, then we have by the triangle inequality
[p(z) — &(x)] o
R ; <2 sup |p(x”)| < 2|¢|cp) - 8.0.17
<2 s B < 2elonn (0.7

Now assume p(z,z") < R. For y € X we have by the triangle inequality and a two
fold case distinction for the maximum in the definition of L,

plz,a’)

1L(z,y) = L' y)l < — 5 (8.0.18)

We compute with (8.0.18), first adding and subtracting a term in the integral,
([ 2@ anw) 12 - o) = (8.0.19)
[ L) - Lewpe + L 9)pa) - L n)pe) duw)| . (3020)

Grouping the second and third and the first and fourth term, we obtain using the
definition of ¢ and Fubini,

< | [ (2@ )~ L))ot duty) (5.0.21)
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+| [ L duty) - [ L6 dulw) 6] (5.0.22)

<2 [ |9~ L6 )l dhw)lelonm (8.0.23)

where in the last inequality we have used (8.0.16). Using further (8.0.18) and the
support of L, we estimate the last display by

plx,x’ )
<2 <tR )”(B(w’tR) U B(z',tR))| el o) - (8.0.24)
Using p(z,2’) < R and the triangle inequality, we estimate the last display by
plx,z’)
< 2= B 2R)) ¢l e ) (8.0.25)

Dividing by the integral over L and using (8.0.8) and (8.0.7), we obtain
R|p(z") — p(x)]

< 92+a(n+2)4—1 ol o < 92+3ay—1-a o) o ) 8.0.26
et lelors) lelo-m)- (8:0.26)
Combining (8.0.17) and (8.0.26) using a > 4 and ¢t < 1 and adding (8.0.16) proves
(8.0.2) and completes the proof of Lemma 8.0.1. O

We turn to the proof of Proposition 2.0.5.

PROOF OF PROPOSITION 2.0.5. Let z € X and R > 0 and set B = B(z, R).
Let ¢ be given as in Proposition 2.0.5. Set

t:=(1+dg(9,0) za (8.0.27)
and define ¢ as in Lemma 8.0.1. Let ¥ and 6 be in ©. Then

| eto(w) — 0(a)) (o) duta) (8.0.28)
<| [ etvia) ~ ) pla) duta) (8.0.29)
+] [ et0(@) ~ () o(a) ~ Bla) duo) (8.0.30)

Using the cancellative condition (1.0.12) of © on the ball B(z,2R), the term (8.0.29)
is bounded above by
2°(B(2, 2R)|PlLip Bz 2m) (1 + dp(z,2m) (9,0)) 77 (8.0.31)
Using the doubling condition (1.0.5), the inequality (8.0.2), and the estimate
dp < dp, o) from the definition, we estimate (8.0.31) from above by
25 u(B) |l o ) (1 + dp(9,0)) 7. (8.0.32)

The term (8.0.30) we estimate using (8.0.1) and that ¥ and # are real and thus

e(¥) and e(f) bounded in absolute value by 1. We obtain for (8.0.30) with (1.0.5)
the upper bound

(B2, 2R)t7 el or ) < 2°m(B) @l or (i) - (8.0.33)
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Using the definition (8.0.27) of ¢t and adding (8.0.32) and (8.0.33) estimates (8.0.28)
from above by

269 1u(B)| el o) (1 + dp (0, 0)) 7 (8.0.34)

121 B) el ) (1 + dg(0,0)) 5 (8.0.35)
2

< 2M%u(B) ¢l orpy (1 + dp(9,0)) 25 (8.0.36)

where we used 7 < 1. This completes the proof of Proposition 2.0.5. O



CHAPTER 9

Proof of Vitali covering and Hardy—Littlewood

We begin with a classical representation of the Lebesgue norm.

LEMMA 9.0.1 (layer cake representation). Let 1 < p < oo. Then for any mea-
surable function u : X — [0,00) on the measure space X relative to the measure
we have

g =p [ e ute) 2 N dr (9.0.1
0
PRrROOF. The left-hand side of (9.0.1) is by definition
/ u(z)P du(z) . (9.0.2)
Writing u(z) as an elementary integral in A and then using Fubini, we write for the
last display
= / /u(w)p)\p_ld)\du(:c) (9.0.3)
X Jo
= p/oo NP u({x s u(z) > A})d. (9.0.4)
This proves the lemma. ’ O

The following lemma will be used to define M in the proof of Proposition 2.0.6.

LEMMA 9.0.2 (covering separable space). For eachr > 0, there exists a countable
collection C(r) C X of points such that

X C U B(e,r).
ceC(r)

PROOF. It clearly suffices to construct finite collections C'(r, k) such that
B(o,72%) C U B(e,r),
ceC(r,k)
since then the collection C(r) =, C(r, k) has the desired property.

Suppose that Y C B(o,72"%) is a collection of points such that for all i, € Y
with y # y’, we have p(y,y’) > r. Then the balls B(y,r/2) are pairwise disjoint and
contained in B(o,72¥*1). If y € B(o,r), then B(o,r2"*"!) C B(y,r2"2). Thus, by
the doubling property (1.0.5),

u(By. 5)) = 27 F29p(Blo,r2t+1))
113
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Thus, we have

p(B(o,125Y) = 3 ju(Bly, 5)) = [Y[2-+2u(Blo,r251))..
yeY

We conclude that |Y| < 2 +2)e In particular, there exists a set Y of maximal
cardinality. Define C(r, k) to be such a set.

If z € B(o,r2%) and = ¢ C(r, k), then there must exist y € C(r, k) with p(z,y) <
r. Thus C(r, k) has the desired property. O

We turn to the proof of Proposition 2.0.6.

PROOF OF PROPOSITION 2.0.6. Let the collection B be given. We first show
(2.0.43).

We recursively choose a finite sequence B; € B for ¢ > 0 as follows. Assume B,/
is already chosen for 0 < i’ < 4. If there exists a ball B; € B so that B, is disjoint
from all B, with 0 < i’ < ¢, then choose such a ball B, = B(acz, r;) with maximal r;.

If there is no such ball, stop the selection and set ¢” := 1.

By disjointedness of the chosen balls and since 0 < u, we have

o<iz<¢// /Bi u(z)dp(x) < /Xu(x) dp(x) . (9.0.5)

By (2.0.42), we conclude

A DY uBy) < / u(zx) dp(z) . (9.0.6)
0<i<i” X
Let 2 € | JB. Choose a ball B = B(z/,r") € B such that « € B’. If B’ is one of the
selected balls, then
x € U B, C U B(z;,3r;) . (9.0.7)
0<i<i” 0<i<i”
If B’ is not one of the selected balls, then as it is not selected at time 7”7, there is a
selected ball B; with B’ N B, # @. Choose such B; with minimal index i. As B’ is
therefore disjoint from all balls B,, with ¢ < i and as it was not selected in place of
B;, we have r; > r’.
Using a point y in the intersection of B; and B’, we conclude by the triangle
inequality

p(xia .’L'/) < P(ﬁ%y) + P(x/, y) <r + r < 2r; . (908)
By the triangle inequality again, we further conclude
pla;m) < plz, ') + pla’,x) < 2r; + 17 < 3r;. (9.0.9)
It follows that
x € U B(z;,3r;) (9.0.10)
0<i<i”

With (9.0.7) and (9.0.10), we conclude
Usc | Bla,3r). (9.0.11)

0<i<i”
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With the doubling property (1.0.5) applied twice, we conclude
p(UB) < Y wBlx;,3r)) <22 " u(B)). (9.0.12)
0<i<i” 0<i<i”

With (9.0.6) and (9.0.12) we conclude (2.0.43).
We turn to the proof of (2.0.44). We first consider the case p; = 1 and re-
call My = Mg ;. We write for the py-th power of left-hand side of (2.0.44) with

Lemma 9.0.1 and a change of variables

[Myu()|22 = p / NP p({a: Mau(a) > A})dA (9.0.13)

= 2P2p, /0°° NP2ty (o s Mgu(z) > 20})dA. (9.0.14)

Fix A > 0 and let = € X satisfy Mgzu(x) > 2. By definition of M, there is a ball
B’ € B such that z € B” and

/ uw(y) du(y) > 2 \u(B’) . (9.0.15)
Define u, (y) := 0 if |u(y)| < )\Band uy(y) := u(y) if |u(y)| > A. Then with (9.0.15)
[ o) = [ a)dut) ~ [ (=) w)duty) (9.016)
B / B’
> 20u(B) - / (=) (w)d(y) (9.0.17)
As (u—wuy)(y) < A by definition, we C£1 estimate the last display by
> 2 \u(B’) —/ Adu(y) = Au(B'). (9.0.18)
Hence z is contained in | J(B, ), where ; ) is the collection of balls B” in B such that
[ st duty) 2 2(87). (9.019)
We have thus seen ’
{z: Myu(z) > 2)} C | ] B,. (9.0.20)
Applying (2.0.43) to the collection B, gives
Mil{z : Myu(z) > 20}) < 2% / uy (2) dz (9.0.21)
With Lemma 9.0.1,
Au({z : Mgu(z) > 20}) < 22¢ /OO p({z s Juy ()] > N'})dN . (9.0.22)
0

By definition of u,, making a case distinction between A > A" and A < X, we see
that

p({z = uy(z)] 2 N}) < p({z : [u(z)] = max(A,A)}). (9.0.23)
We obtain with (9.0.14), (9.0.22), and (9.0.23)

| My ()|} (9.0.24)



116 9. PROOF OF VITALI COVERING AND HARDY-LITTLEWOOD

< 2p2+2“p2/ )\7922/ p({x s Ju(z)] > max(A\,A")}) dNdX. (9.0.25)
0 0

We split the integral into A > A" and A < X and resolve the maximum correspond-

ingly. We have for A > \” with Lemma 9.0.1

o0 A
/ o / ({ + Ju(z)| > A}) dVdA (9.0.26)
0 0
:/ NP2l (L u(x)| > A})dA. (9.0.27)
0
=y ullp; - (9.0.28)
We have for A < A" with Fubini and Lemma 9.0.1
/ )\p22/ p{z:u(x)] >N} dNd. (9.0.29)
0 A
oo N
- / / M2({a s [u(z)] > N D)AN . (9.0.30)
0o Jo
== [ Ol s ()] 2 W ha (9.0.31)
0
= (py — 1) 'y ullp; - (9.0.32)

Adding the two estimates (9.0.28) and (9.0.32) gives
[Mpu()lp; < 272201+ (pp — 1)~ ullp; = 272" pa(pp — )7 ulps - (9.0.33)

With a > 1 and p, > 1, taking the p,-th root, we obtain (2.0.44). We turn to the
case of general 1 < p; < p,. We have

Mg, u = (Mg (ulPr))?r . (9.0.34)
Applying the special case of (2.0.44) for Mz gives

1

Myl = M), 9.0.35)
< 2%%(py/py) (P2/P1 — 1>71||(|U‘p1)||£/p1 = 22%p, (p, —p1)71||u||p2 . (9.0.36)

This proves (2.0.44) in general.
Now we construct the operator M satisfying (2.0.45) and (2.0.46). For each
k € Z we choose a countable set C(2¥) as in Lemma 9.0.2. Define

B =1{B(c,2%) : ceC(2¥),kez}.
By Lemma 9.0.2, this is a countable collection of balls. We choose an enumeration
B, ={By,... } and define
Bn == {B17 oo 7Bn} .
We define

Muw = 22%sup My w.
neN "
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This function is measurable for each measurable w, since it is a countable supremum
of measurable functions. Estimate (2.0.46) follows immediately from (2.0.44) and
the monotone convergence theorem.

It remains to show (2.0.45). Let B = B(z,r) C X. Let k be the smallest integer
such that 2% > 7, in particular we have 2* < 2r. By definition of C(2*), there exists
c € C(2F) with z € B(c,2*). By the triangle inequality, we have B(c, 2¥) C B(x, 4r),
and hence by the doubling property (1.0.5)

p(B(e,2%)) < 22 u(B(z, 7).

It follows that for each z € B(x,r)

1 22a
W[BW) lw(y)| dp(y) < M(B(CJ’C))/BWIQ) lw(y)| dp(y)
< Mw(z).

This completes the proof. [l






CHAPTER 10

Two-sided Metric Space Carleson

We prove a variant of Theorem 1.0.2 for a two-sided Calderén—Zygmund ker-
nel on the doubling metric measure space (X, p, u,a), i.e. a one-sided Calderén—
Zygmund kernel K which additionally satisfies for all z, 2",y € X with = # y and

2p(x,0) < pla,y),

(2, 2)\ "2

, plx,x “

K (2,9) — K(2/, )] < ( ) . (10.0.1)
p(z,y) ) Viz,y)

By the additional regularity, we can weaken the assumption (1.0.18) to an operator

that is easier to work with in applications. Namely, for r > 0, x € X, and a bounded,

measurable function f: X — C supported on a set of finite measure, we define

T, f(x) = / K ) dul) = /X K(r.y)f() du(y).  (10.0.2)

NB(z,r)

THEOREM 10.0.1 (two-sided metric space Carleson). For all integers a > 4 and
real numbers 1 < q < 2 the following holds. Let (X,p,pu,a) be a doubling metric
measure space. Let © be a cancellative compatible collection of functions and let
K be a two-sided Calderon—Zygmund kernel on (X, p, u,a). Assume that for every
bounded measurable function g on X supported on a set of finite measure and all
r > 0 we have

17,912 < 2%l (10.0.3)

Then for all Borel sets F' and G in X and all Borel functions f : X — C with
|f| < 1p, we have, with T defined in (1.0.17),

452a3 )

/ deu‘ < (@)

S

wu(F) (10.0.4)

For the remainder of this chapter, fix an integer a > 4, a doubling metric measure
space (X, p, i1, a) and a two-sided Calderén—Zygmund kernel K as in Theorem 10.0.1.
The following lemma is proved in Section 10.1.

LEMMA 10.0.2 (nontangential-from-simple). Assume (10.0.3) holds. Then, for
every bounded measurable function g : X — C supported on a set of finite measure
we have

IT.glls < 25¢°|g]l,. (10.0.5)

Proor oF THEOREM 10.0.1. Let 1 < ¢ < 2 be a real number. Let © be a
cancellative compatible collection of functions. By the assumption (10.0.3), we can

119
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apply Lemma 10.0.2 to obtain

IT.gll < 2% |g]- (10.0.6)

Define

K'(z,y) == 22 K (z,y).
Then K’ is a two-sided Calder6n—Zygmund kernel on (X, p, i, a). Denote the cor-
responding maximally truncated non-tangential singular operator by 7, and the
corresponding generalized Carleson operator by 7”. With (10.0.6), we obtain

I72gll2 < 29l (10.0.7)

Applying Theorem 1.0.2 for K’ yields that for all Borel sets F' and G in X and all
Borel functions f: X — C with |f| < 1, we have

450a3
/T’fdu
G

< S (@) ep(F
= 1)5u( )T ap(E)
This finishes the proof since for all x € X,
T f(x) =2"2"Tf(x).

Q[

g

The proof of Lemma 10.0.2 relies on the following auxiliary lemma which is
proved in Section 10.2.

LEMMA 10.0.3 (Weak 1 1). Let f : X — C be a bounded measurable function
supported on a set of finite measure and assume for some r > 0 that for every
bounded measurable function g on X supported on a set of finite measure,

179l < 2% lg]l,. (10.0.8)
Then for all o > 0, we have
2a3+19a
plla € XL 0@ > o) < = — [1f@lduty). (1009

Throughout Sections 10.1 and 10.2, for any measurable bounded function w :
X — C, let Mw: X — [0,00) denote the corresponding Hardy—Littlewood maximal
function defined in Proposition 2.0.6. Apart from Proposition 2.0.6, Sections 10.1
and 10.2 have no dependencies in the previous chapters.

10.1. Proof of Cotlar’s Inequality

LEMMA 10.1.1. For all real numbers a > 4,

i 2-a <29,
n=0

PRrROOF. By convexity, for all 0 < A <1
2M=3) < A273 4 (1 — \)20.

For A\ := %, we obtain

4
1 1

Ta<1—(1—27%)—.
<1-(1-27%):>



10.1. PROOF OF COTLAR’S INEQUALITY 121

We conclude

= n 1 1
Zz—z = _ < _a < 2%
o 1—27a  4(1—21)
U

LEMMA 10.1.2 (estimate x shift). Let 0 < r and x € X. Let g: X — C be a
bounded measurable function supported on a set of finite measure. Then for all x’
with p(x,z") <.

| T,9(x) = T,g(z')| < 2% *2*2Mg(x).

PRrooOF. By definition,

T.9(x) = T,g(2")| =

/ ( )K(x,y)g(y)du(y)—/ K(x’,y>g(y)du(y)‘-

r<p(z’,y)

(10.1.1)
We split the first integral in (10.1.1) into the domains r < p(x,y) < 2r and 2r <
p(x,y). The integral over the first domain we estimate by (10.1.2) below. For
the second domain, we observe with p(x,z’) < r and the triangle inequality that
r < p(z’,y). We therefore combine on this domain with the corresponding part of
the second integral in (10.1.1) and estimate that by (10.1.3) below. The remaining
part of the second integral in (10.1.1) we estimate by (10.1.4). Overall, we have
estimated (10.1.1) by

s |K (z,y)||lg(y)| du(y) (10.1.2)
+ / (K(@,y) — K(z,9))g(y) du(y) (10.1.3)
2r<p(x,y)
+ / K (@, 9)g(y)| dyu(y) (10.1.4)
r<p(z’,y),r<p(z,y)<2r

Using the bound on K in (1.0.14) and the doubling condition (1.0.5), we estimate
(10.1.2) by

9a® 9a®
()l duly) < ——— / o)ldu(y)  (10.15)
/T<p(a:,y)<2r V(x7 y) /,L(B(J), T)) Tgp(1;7y)<2’r
2a3 . 9a

: u(B(x,Qr))/p(Z’yKQT l9(y)ldp(y) . (10.1.6)

Using the definition of Mg, we estimate (10.1.6) by
< 29\ g(x) . (10.1.7)

Similarly, in the domain of (10.1.4) we note by the triangle inequality and assumption
on z’ that p(z’,y) < 3r and thus we estimate (10.1.4) by

3

2a

W(B(a',r)) /p(x@y)w l9()] duly) < 2% Mg(x) (10.1.8)
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We turn to the remaining term. Using (10.0.1), we estimate (10.1.3) by

L 3
p(x, :ﬂ)) o 29 |
9l dp(y) (10.1.9)
~/2T§p<z7y) ( p(.’]}', y) V(ﬂf7 y)
We decompose and estimate (10.1.3) with the triangle inequality by
oo AN = a3
ple, 2’ )\ * 2
2/ ( ( )) o 9Wldu(y) (10.1.10)
j=1 Y2ir<p(z,y)<2i+ir ,O(CU, y) (JZ‘, y)
oo 1 2a3
<> e[ 2oyl du(y) (10.1.11)
j=1 ( ) 2ir<p(z,y)<2itlr /J,(B($, 2]T)>
O ; 9a 3+a
< sza Ble 577 / )| duly) (10.1.12)
j=1 p(x,y) <27+1r
< 2a’+a Z 274 Mg(z). (10.1.13)
=1
Using Lemma 10.1.1, we estimate (10.1.13) by
< 20°F20 £ g(z) . (10.1.14)

Summing the estimates for (10.1.2), (10.1.3), and (10.1.4) proves the lemma. O

LEMMA 10.1.3 (Cotlar control). Let 0 <r < R and x € X. Let g: X — C be
a bounded measurable function supported on a set of finite measure. Then for all
2’ € X with p(z,2’) < & we have

Trg(@)| < |T,(9 = g1 p0 1) (@)] + 2740 Mg (). (10.1.15)

PROOF. Let z and 2’ be given with p(z,z") < % By an application of Lemma 10.1.2,
we estimate the left-hand-side of (10.1.15) by

Ta(g)(@)] + 20 202 Mg(z) (10.1.16)
We have
Too)a) = [ K@\ y)a)duty). (10.1.17
R<p(z’,y)
On the domain R < p(z/,y), we have £ < p(z,y). Hence we may write for (10.1.17)
Taa) = [ K50 olne5)0)du(y)
R<p(a’y)

— Trlg— gl p)(&) (10.118)

Combining the estimate (10.1.16) with the identification (10.1.18), we obtain
Tig(@)] < Talg — gL pe. ) (@) + 20202 M (). (10.1.19)

We have
(T, —Tr)(9 — ng(z,g))@?/)
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K(z',y)g(y) du(y) (10.1.20)
As & < p(z,y) together with p(z,2’) < £ implies £ < p(2’,y), we can estimate
(10.1.20) with (1.0.14) by
S el 90| du(y)
S~ F®. g\y)laply
w(B(z’, %)) B(z,2R)~B(z’, 1)
9a’+a /
< l9(y)] dpy)
w(B(x, %)) B(z,2R)

oo n(B(z.2R))
= LB B)

By the triangle inequality, (10.1.15) follows now from (10.1.19) and the estimate
for (10.1.20). O

LEMMA 10.1.4 (Cotlar sets). Assume that (10.0.3) holds. Let 0 < r < R and
x € X. Let g: X — C be a bounded measurable function supported on a set of finite
measure. Then the measure |Fy| of the set Fy of all 2’ € B(z, &) such that

T,9(a)| > AM(T,g)(x) (10.1.21)

is less than or equal to yu(B(z,£))/4. Moreover, the measure |Fy| of the set F, of
all 2’ € B(z, &) such that

T, (91 5, &) (2")| > 2¢ 20042 \p o () (10.1.22)

3

Mg(z) < 20°H4a ) g(z) .

is less than or equal to u(B(x, ))/

PROOF. Let r, R, z and g be given. If M(T,g)(x) =0, then T, g is zero almost
everywhere and the estimate on |F}| is trivial. Assume M(T,.g)(x) > 0. We have
with (10.1.21)

1 / /
MENE) 2 s /B  [To@)lds (10.1.23)
> m /F AM (T b (10.1.24)
Dividing by M(T,.g)(x) gives
1> MB(i,f))’Fll . (10.1.25)

This gives the desired bound for the measure of F;. We turn to the set F,. Sim-
ilarly as above we may assume Mg(x) > 0. The set F), is then estimated with
Lemma 10.0.3 by

9a’+19a
9a3+20a+2 [ ¢ /’913 ) du(y) (10.1.26)
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1 R w(B(x, 1))
< ———u(B(z, 7)) M < — 10.1.2
This gives the desired bound for the measure of F,. |

LEMMA 10.1.5 (Cotlar estimate). Assume that (10.0.3) holds. Let 0 < r < R
andxz € X. Let g : X — C be a bounded measurable function supported on a set of
finite measure. Then

[Trg(w)] < 22M (T, g)(x) + 242003 Mg(x) (10.1.28)

PROOF. By Lemma 10.1.4, the set of all 2’ € B(z, ) such that at least one
of the conditions (10.1.21) and (10.1.22) is satisfied has measure less than or equal
to p(B(z,£))/2 and hence is not all of B(z, £). Pick an 2’ € B(z,£) such that
both conditions are not satisfied. Applying Lemma 10.1.3 for this 2’ and using the
triangle inequality estimates the left-hand side of (10.1.28) by

AM(T,g)(z) + 29° 42002 N[ g () 4 20°+4a+1 N rg () (10.1.29)
This proves the lemma. O

LEMMA 10.1.6 (simple nontangential operator). Assume that (10.0.3) holds. For
every r > 0 and every bounded measurable function g supported on a set of finite
measure we have

177 gl < 2724+ g, (10.1.30)
where
Trg(x) :==sup sup [Tg(g)(z")]. (10.1.31)
r<Rz’e€B(z,R)
ProOOF. With Lemma 10.1.2 and the triangle inequality, we estimate for every
reX
T7g(x) < 292020 g(a) + sup [Tp(g) ()] (10.1.32)

r<R
Using further Lemma 10.1.5, we estimate

Trg(x) < 20°42042 0 [ () 4 20°+20043 N g () + 22M (T.g) () . (10.1.33)

Taking the L? norm and using Proposition 2.0.6 with a = 4 and p, = 2 and p; = 1
, we obtain

[T7ls < 2772004 Mgl + 2210 (T, )l (10.1.34)
< 2024 gl, 4 2449, (g, (10.1.35)
Applying (10.0.3), gives
ITrgl < 2243l + 25743l (101.36)
This shows (10.1.30) and completes the proof of the lemma. O

In order to pass from the one-sided truncation in 7, and 7} to the two-sided
truncation in T,, we show in the following two lemmas that the integral in (1.0.16)
can be exchanged for an integral over the difference of two balls.
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LEMMA 10.1.7. Let f be a bounded measurable function with bounded support on
X. Letx € X and R > 0. Then, for all € > 0, there exists some 6 > 0 such that

<e (10.1.37)

/ K(z,y)f(y) du(y)
R<p(z,y)<R+6

and

<e. (10.1.38)

/ K (2,y) f(y) dpy)
R—é<p(z,y)<R

PRrROOF. We only prove the second inquality, the first one is analogous. Note
that the integrand is bounded in X \ B(z, %) Sofor 0 <6 < %,

/ K (2, y)f(y) duy)
R—0<p(z,y)<R

a3

<——— %~ sup|f(z)] u{y € X: R—0 <p(z,y) < R}).
p(B(z, %)) yex
By continuity from above of u, the right factor becomes arbitrarily small as 6 — 0.
Thus, for small enough ¢, the whole expression is < e. O

LEMMA 10.1.8. Let f be a bounded measurable function with bounded support on
X. Forallx € X,

K(x',y) f(y) du(y) (10.1.39)

T.f(z) = sup  sup
R, <R, 2’€B(z,R,)

‘/B(I/7R2)\B(z/¢R1)

PROOF. We show two inequalities. Let € > 0. Let R; < R, and 2z’ € B(zx, Ry).
Then for § > 0,

/ K(2',y)f(y) du(y) (10.1.40)

Ri<p(z’,y)<R,

< / K (', y)f () duly) (10.1.41)
Ri<p(z’,y)<R;+46

+ / K(a',9)f(y) du(y)|. (10.1.42)
Ry +0<p(z’,y)<R,

By Lemma 10.1.7, we can choose § such that (10.1.41) is bounded by e. Without
loss of generality, we can assume R; +J < R,. Then (10.1.42) is bounded by the
right hand side of (10.1.39) and we obtain

<€+ sup sup
R, <R, 2’€B(x,R,)

K(z',y)f(y) du(y)

/B(I/aRQ)\B<I/7R1>

The inequality still holds when taking the suprema over R, < R, and p(z,z") < R,
in (10.1.40). Since € > 0 was arbitrary, this proves the first inequality.
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The other direction is similar. Let € > 0. Let R, < R, and 2" € B(z, R;). Then

for 6 > 0,
/ K2, y)f(y) du(y) (10.1.43)
B(z’,Ry)NB(z’,Ry)
< |/ K(x',)(5) du(y) (10.1.41)
R1_5<p<1,/7y)<R1
+ / K(2',y) f(y) du(y)|- (10.1.45)
Ry—5<p(a’,y)<Ry

By Lemma 10.1.7, we can choose § such that (10.1.44) is bounded by e. Without
loss of generality, we can assume p(z,z’) < Ry — 6. Then (10.1.45) is bounded by
the left hand side of (10.1.39) and we obtain

< e+ sup sup
Ry <R, 2’€B(z,R,)

/ K(z',y) f(y) du(y)
Ry <p(z’,y)<R,y

The inequality still holds when taking the suprema over R; < R, and p(z,z’) < R,
in (10.1.40). Since € > 0 was arbitrary, this proves the second inequality. O

ProoOF oF LEMMA 10.0.2. Fix ¢ as in the Lemma. Applying Lemma 10.1.6
with a sequence of r tending to 0 and using Lebesgue monotone convergence shows

| Toglly < 20° 72446 g, (10.1.46)

where

Tog(x) :==sup sup . (10.1.47)

0<R z’€B(z,R)

/ K(2',y)g(y) du(y)
X~\B(z’,R)

We now write using Lemma 10.1.8 and the triangle inequality,

T.g(x) < sup sup

0<R;i<Ry z’€B(z,R;)

/ K(z',y)g(y) du(y)
X~B(z',R;)

+ sup sup
0<R <R, z’€B(z,R;)

/ K(2',y)g(y) du(y)
X~B(z',Ry)

Noting that the first integral does not depend on R, and estimating the second
summand by the larger supremum over all " € B(x, R,), at which time the integral
does not depend on R;, we estimate further

< sup sup
0<R; z’€B(z,R,)

/ K(2',y)g(y) du(y)
X~\B(z’,Ry)

+ sup sup
0<R, 2’€B(z,R;)

/ K(2',y)g(y) du(y)
X~B(z',R,)

Applying the triangle inequality on the left-hand side of (10.0.5) and applying
(10.1.46) twice proves (10.0.5). This completes the proof of Lemma 10.0.2. O
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10.2. Calderén-Zygmund Decomposition

The following lemma is Theorem 3.1(b) in [Ste93]. The proof uses Proposi-
tion 2.0.6.

LeEMMA 10.2.1 (Maximal theorem). Let f : X — C be bounded, measurable,
supported on a set of finite measure, and let o > 0. Then

plla € X M f(a) > ) < 2 [ 17wl duty) (10.2.1)

PROOF. By definition, for each x € X with M f(z) > «, there exists a ball B,
such that z € B, and

au(B,) < /B )] duy). (102.2)

Since {x € X : M f(x) > «a} is open and p is inner regular on open sets, it suffices

to show that
)< 2 /\f ) dp(y)

for every compact E C {JJ € X : Mf( f ) > a}. For such an E, by compactness,
we can select a finite subcollection B C {B, : © € E} that covers E. By (2.0.43)
applied to (10.2.2),

u(JB) <2 [ 1)l duty) (10.23)

E)<ul B < ia/!f(y)\du(y)

and hence

O

LEMMA 10.2.2 (Lebesgue differentiation). Let f be a bounded measurable function
supported on a set of finite measure. Then for  almost every x, we have

lim ——— / fly)dy = f(z),
n—oo /J/

where {B,,},,>1 is a sequence of balls with radii r,, > 0 such that x € B,, for each
n>1 and

lim r, =0.
n—oo

Proor. This follows from the Lebesgue differentiation theorem, which is already
formalized in Lean. (]

LeEMMA 10.2.3 (Disjoint family countable). In a doubling metric measure space
(X, p, 1, @), every disjoint family of balls B; = B(z;,1;), j € J, is countable.
PROOF. Choose an arbitrary = € X as reference point. For ¢,Q € Q,, let J,
denote the set of all j € J such that B; C B(z,Q) and r; > ¢. It suffices to show

that all the J, , are finite. Indeed, for all J€Jy 0

u(B(w,Q)) < p(Bla;,2Q)) = p(Blay, —=r;) <25 u(B)).
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Since the B; are disjoint,

a 10; 2Q a 10, 2Q
glu(Bla,@) <2005 37 u(B)) < 270 u(B(@,Q)  (10.2.4)
J€Jdq.0
and hence [J, | < galogy [271 O
Calderén-Zygmund decomposition is a tool to extend L? bounds to LP bounds
with p < 2 or to the so-called weak (1,1) type endpoint bound. It is classical and
can be found in [Ste93].
The following lemma corresponds to Lemma 3.2 in [Ste93] with additional proof
of the bounded intersection property taken from the proof of Proposition 7.1 .

LEMMA 10.2.4 (Ball covering). Given an open set O # X, there exists a countable
family of balls B; = B(x;,1;) such that

B;NBy =9 forj#j (10.2.5)
and for B} := B(z;,3r;),
UB;=0 (10.2.6)
and for B* := B(z;,Tr;), ]
BIrN(XNO)#£@  forall j (10.2.7)

and we have the bounded intersection property that each x € O is contained in at
most 25¢ of the B;.

PROOF. Define for x € O,

d(z) :=sup{d € R: B(z,0) C O}. (10.2.8)

Since O is open, and O # X, we have
0<é(x) < 0. (10.2.9)
Using Zorn’s Lemma, we select a maximal disjoint subfamily of { B(z, @) cx € O}.
We obtain a (by Lemma 10.2.3 countable) family of balls B; = B(z;, %),j eJ

such that (10.2.5). (10.2.7) and U]. B; C O are also immediate. For the other
inclusion, first observe that for z,y € X, if B(x, %) N B(y, %) #+ @, then

5(x) < pla,y) +d(y) < <5<6”3) + 5(6‘”)) 4 3(y) = 5<6”3) + 756@)
5(z) < 26(y). (10.2.10)
4(2)

Now let z € X. By maximality, there exists some j € J with B(z, ~¢*) N B; # @.
By (10.2.10),
5(%‘)

T % 6 J

d(2)
p(zaxj) < 6

and thus z € B;f.
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We now turn to the bounded intersection property. Assume that for some
jl? 7jN7

N
ze (B, (10.2.11)
k=1
Similarly as above, observe for 1 <k < N,
5 (5(xjk) 3(5(:sz)
(2) < plzyx), ) +6(x),) < 5 +6(x;, ) = 5 (10.2.12)
and
5z, ) < pla, 5(z) < 2@ |
(z5,) < pla;,, 2) +0(2) < —7= +4(2),
SO
5z, ) < 28(z). (10.2.13)
By (10.2.12) and (10.2.13), for all 1 < k < N, B(z,%%)) ¢ B(z, ,5r; ) and
B; C B(z, %(Z)). Using this and (10.2.5), we obtain
5(z N N
Nu(B(z. X)) < 3 By, r)) <203 u(By,) (10.2.14)
k=1 k=1
N
84(z o(z
= 2| B,,) < 2u(B(z, 22 < ooz, 1))
k=1
(10.2.15)
and conclude N < 26e, O

Most of the next lemma and its proof is taken from Theorem 4.2 in [Ste93].

LEMMA 10.2.5 (Calderon Zygmund decomposition). Let f be a bounded, mea-
surable function supported on a set of finite measure and let a > ﬁ [1fldu. Then
there exists a measurable function g, a countable family of balls B} (where we allow
B} = X in the special case that p(X) < 00) such that each x € X is contained in
at most 25% of the B}, and a countable family of measurable functions {bj}jej such
that for all z € X

@) =gl)+ ) _b;(x) (10.2.16)
and such that the following holds. For almost]every e X,
lg(z)] < 2%ar. (10.2.17)
We have
[lswlauts) < [ 150)1duto). (10.2.18)
For every j
suppb; C Bj. (10.2.19)

For every j

/ b;(z) du(x) = 0, (10.2.20)
-

J
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and
/B* |b;(x)] dp(z) < 2% au(B;). (10.2.21)
We have ' re
Souep < 2 [ Irwlaut (10.2.22
and
> [ bwldut) <2 [ 15wl duty). (10.2.23)
Jj “B;

PROOF. Let E :={x € X : M f(x) > a}. Then E, is open. Assume first that
E, # X. We apply Lemma 10.2.4 with O = FE, to obtain the family B;,j € J,.
Without loss of generality, we can assume J = N. Define

N (U‘Qi U U-BZ) : (10.2.24)

Then the B; C Q); C Bj, the Q; are pairwise disjoint and Uj Q; = E,. Define

A rEXN Eo, 10.2.25
9= e fy, £ A, 7 € Q. (10:225)
and, for each j,
1
by(2) = 1,(2) <f<x> @y | 1w du@)) . (10.2.20

Then (10.2.16), (10.2.19) and (10.2.20) are true by construction. For (10.2.17), we
first do the case z € X \ E_. By definition of M f,

1
i [ Vwlaut) <o (10221)

for every ball B C X with x € B. It follows by Lemma 10.2.2 that for almost every
r€XNE, |f(z)] <a Inthe case x € E,, there exists some j € J with z € Q)
and we have that

1 /
—— [ fWlduly) <o (10.2.28)
W(B7) .
because Bj* N (X N E,)) # @. We get

y)ldu(y) <

)/ |f(y)] du(y) < 2%%a.  (10.2.29)

To prove (10.2.18)7 we estimate

/!g(Z)IdM(z) S/X\E 2)| du(z)
= (1@

(W) dp(y) dp(z)
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Using the triangle inequality, we have that

1
/B; b;(y)| dy < /Qj |f(y)] du(y) + /Qj Q) /Qj |f(z)| dp(x) dply) (10.2.30)

= 2/ 1f(y)l dy. (10.2.31)
Q;
With (10.2.28), we estimate further
< 2/ [f(y)l dy < 2u(B;)a < 2> ap(Bj) (10.2.32)
B**

to obtain (10.2.21). Further, summing up (10.2.30) in j yields (10.2.23). At last, we
estimate with Lemma 10.2.1

4a
S By <20 Y By < 2ok, < 2 [lfw)ldnw). (1023

proving (10.2.22).
Assume now that £, = X. It follows from Lemma 10.2.1 that then p(X) < oco.

Define 1
5 [ wldn

byi=f—y.
Then f = g+b, and suppb; C B} := X and (10 2.16), (10.2.18), (10.2.19), (10.2.20)
all hold immediately. By assumption, a > =5 f |fl dp = g, so (10.2.17) holds. We
also have, using the definitions and the same assumptlon

[ @ldut) <2 [ 1] duty) < 205(x), (10230
which verifies both (10.2.23) and (10.2.21). Finally, by Lemma 10.2.1,

</|f ) duly)

which shows (10.2.22). O

and

We use Lemma 10.2.5 to prove Lemma 10.0.3. For the remainder of this section,
let f: X —>C,r>0and a >0 as in the lemma. We define the constant

¢ =970 120 (10.2.35)
and o :=ca. If o f |f| dp, then we directly have

a+19a
i({z € X T, f(@)] > a}) < u(X </f )| dis(y) /!f )| dis(y)

which proves (10.0.9) So assume from now on that o’ > m J1fldp.  Using

Lemma 10.2.5 for f and o', we obtain the decomposition

f=g+b:g+ij
J
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such that the properties (10.2.16)-(10.2.23) are satisfied (with o’ replacing «). We
rename B} to B; and let

B, = B(x;,r;). (10.2.36)

NER ]
Define
B;. = B(:rj, 2rj). (10.2.37)

(In the special case B; = X, we define B} := X.) Then B; is a ball with the same
center as B; but with

w(Bj) < 2°u(B;). (10.2.38)
Let
Q=B (10.2.39)
J

We deal with T,.g and T,.b separately in the following lemmas.

LEMMA 10.2.6 (Estimate good).

22a3+3a+2c
pfe € X L) > a/2) < [ 1) du(w)
PROOF. We estimate using monotonicity of the integral
4
p({z e X:[Tg(x)| >a/2}) < aQ/ITrg(y)IQdu(y)-

Using (10.0.8) followed by (10.2.17) and (10.2.18), we estimate the right hand side
above by

4. 92d° ) 92a%+3a+2, 2a®+3a+2,
<0 /\g(y)l du(y) < a/lQ(@/)ldyS Oé/\f(@/)ldu(y)
(10.2.40)
O

LEMMA 10.2.7. Let x € X N Q. Then
T.b(z)| < 3F(z) + /8,

where

=

=2t S ()

jeJ

PrRoOOF. We decompose the index set J into the following disjoint sets:
(@) ={j :r+r; < p@,z))},
Jo(x) :={j:r—r; <plx,x;) <r+r;},
J3(x) = {j : p(z,2;) <r—r;}.
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Then
Tb(z)| < ) |Tby()] (10.2.41)
jed 1 (z)
+ > |Tby(a)| (10.2.42)
Jj€T 2 ()
+ > ITby(a)l. (10.2.43)
j€d5(x)

For all j € J5(z), suppb; C B; C B(w,r), and thusTb( ) =0, so0 (10.2.43) = 0.
Next, for j € 7,(z), suppb C B; C X~ B(x,r) andwe have

o= [ K, / K (. )b (y) diy)
X\ B(z,r)
Using (10.2.20), the above is equal to
[ G~ Ko (5) duty).
B.

Since z € X \ (2, we have for each y € B, that
p(x,x;) > 2r; > 2p(x),y), (10.2.44)
so we can apply (1.0.15) to estimate

p(x;,y) 24’
(10.2.41) < Z)/Bj (p(x,x]-)> V(mjxj)\bj(y)\du(y)

Q-

Jje€d \(z
1
<2a32( & ) o [ mwlay (10.2.45)
n j p(ﬂ'),$] V(.’,U,xj) B]. ! o
and by (10.2.21),
o\" By
< 20% 420t ( J ) I = F(x). (10.2.46)
zj: p<$,l‘]) V(‘T’x])
Next, we estimate (10.2.42). For each j € J,(x), set
1
d; = /1 ~B(z,r yby>dy
j M(B]) 3 XB(,)()Q(
Then by (10.2.21)
|d;| < 22*Hea. (10.2.47)
For each j € J5(x), we have
B.

J

B B

J J



134 10. TWO-SIDED METRIC SPACE CARLESON

Thus, using the triangle inequality, the estimate above and (10.2.47), we obtain

IT,b,(2)] <

[ 1K) = Kaa) (b 0)] + 2 ca) dy+2 o [ |Gyl dy. (10:245)
B. B.

J

By (10.2.44), we can apply (1.0.15) and arguing as in (10.2.46), we get that

(10.2.42) < 2F(x) + 2% lea > / K (z,y)| du(y), (10.2.49)
j€T 5 () VB
with F as in (10.2.46). Define
= |J B,
j€d 2 (@)
We claim that ,
A C B(z,3r) \ B(x, g) (10.2.50)

Indeed, for each j € J4(z) and y € By,

1
plr,z;) <r+r;<r+ 5,0(;1:, x;) = p(z,r;) <2r

and hence
1
p(z.y) < plx,2;) + plaj,y) < 2r+71; < 2r + Sp(z,2;5) < 3r.
For the lower bound, we observe

1
plwz) 2T =1, 21— Splw,z;) = pla,) 2 or,

Wl N

and conclude
1 1
,O(ac,y) > p(xaxj) - p<yv xj) > p(x,:cj) -7y > p(x,acj) 2p(x?xj) > g?".

Using the bounded intersection property of the B;, (10.2.50) and (1.0.14), we
get

> / |K (z,y)| du(y <26“/|Ka:y]d,u Y) (10.2.51)
JET 3 (z

<o [ K (2,)] du(y) (10.2.52)

(2,37)~B(z,5)

20°
< 26a/ du(y 10.2.53
B(z,3r)\B(x, %) V(:C y) ( ) ( )
1
< 94°+6a / —du(y)  (10.2.54)
B(z,3r)NB( 11375 (B(.’I?, §>>

< gat+6a B, 31)) 3:")) (10.2.55)

u(B(z,3))

< 2a°+10a (10.2.56)
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Combining the estimates (10.2.46) for (10.2.41), (10.2.49) for (10.2.42), and
(10.2.56), we get
T,.b(z)| < 3F(x) + 207120+ cq,
By the definition (10.2.35) of ¢, this equals

3F(xz)+ a/8.
O
LEMMA 10.2.8. For F' as defined in Lemma 10.2.7, we have
3+9a+4
plla € XN Q: Fa) > afsh < [ 1#0)]dutw).
Proor. We estimate
p{r e X NQ: F(z) > a/8}) < i/ F(z)du(z) (10.2.57)
X\Q
1
8 / : ro\* uB)
<= 9a’+2a+1 .., ( J ) J d,u(ﬂ:)
o Jyeq 2 way) Ve
(10.2.58)
< 2a3+2a+4CZM(B,>/ ( Tj )a 1 d,U,(ZL’)
B j ! X\B; p(l’,l?]) V(1:7xj)
(10.2.59)

Using

V<x7xj> /L(B(.T,,O(.T,Zlfj))) > 27&#(B<x72p($7$j))) > 27GM(B<xj>p(mjax)>>v
we have for all j € J,

/X\B; (p(:xj)) a V(:nl, ) dp()
= /X\B;. (P(fl:jw])) a M(B(xj,;(xj7$)>> dp(z)

=S| (575 ey
- n n 'LL z
n=1YB(z;,2""1r;)\B(z;,2"r;) 2 Tj '“(B(:Uj’2 Tj>)

. n,U 2n+l ))
<2 Zz B(x 7))

=

where we used Lemma 10.1.1 in the last step. Plugging this into (10.2.59) and using
(10.2.22), we conclude that

3+9a+4
plla € XN @ Fa) > afsh < = [ 1#0)]dutw).
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LEMMA 10.2.9 (Estimate bad). We have

25a a®+9a+4
i € X [T > a/2h) < - —— [ 1)l duty).

PRrROOF. We estimate
p({z € X+ |T.b(z)| > a/2})

<p ) +p({ze XNQ:|Tbx)| > a/2}) . (10.2.60)
Using (10.2.38) and (10.2.22), we conclude that
5a
p() < Y (B <2 u(B) < 2 [ 1) dutw). (10.261)

It follows from Lemma 10.2.7 and the triangle inequality that

p{z e X NQ:|Tb(x)] > a/2}) <p{ze X NQ: F(x) >a/8}).  (10.2.62)
The claim now follows from (10.2.60), (10.2.62) and (10.2.8). O

PrROOF OF LEMMA 10.0.3. It follows by the triangle inequality and subadditiv-
ity of u that

p{z e X :[T.f(z) > a})
<Sp({z e X:[Tg(@)| > a/2}) +p({ze X |Tb(x)| > a/2}).

Using Lemma 10.2.6, Lemma 10.2.9 and the definition (10.2.35) of ¢, we get

22a3+3a+26_|_ 25 + 2a3+9a+4
< : / )] duly)

B a
20,3—9(1—2 + 2a3+17a+4 + 2a3+9a+4

/\f(y)\ du(y)

(07

2a3+19a
<2 [l duty).
This proves (10.0.9). O




CHAPTER 11

Proof of The Classical Carleson Theorem

The convergence of partial Fourier sums is proved in Section 11.1 in two steps.
In the first step, we establish convergence on a suitable dense subclass of functions.
We choose smooth functions as subclass, the convergence is stated in Lemma 11.1.2
and proved in Section 11.2. In the second step, one controls the relevant error of
approximating a general function by a function in the subclass. This is stated in
Lemma 11.1.3 and proved in Section 11.6. The proof relies on a bound on the real
Carleson maximal operator stated in Lemma 11.1.4 and proved in Section 11.7, which
involves showing that the real line fits into the setting of Chapter 2. This latter proof
refers to the two-sided variant of the Carleson Theorem 10.0.1. Two assumptions
in Theorem 1.0.2 require more work. The boundedness of the operator 7, defined
in (10.0.2) is established in 11.1.5. This lemma is proved in Section 11.3. The
cancellative property is verified by Lemma 11.1.6, which is proved in Section 11.4.
Several further auxiliary lemmas are stated and proved in Section 11.1, the proof of
one of these auxiliary lemmas, Lemma 11.1.10, is done in Section 11.5.

All subsections past Section 11.1 are mutually independent.

11.1. The classical Carleson theorem

Let a uniformly continuous 2m-periodic function f : R — C and € > 0 be given.
Let

2452(13
c i=——" 11.1.1
“ (g—1)° ( )
denote the constant from Theorem 10.0.1. Define
€
T — 11.1.2
< Tuc ( )

where )
C = (8)2 Ciot+m
[ e 4,2 :

Since f is continuous and periodic, f is uniformly continuous. Thus, there is a
0 < 0 < 7 such that for all z,2” € R with |z — 2’| < 0 we have

|f(z)— f(z")] < €. (11.1.3)

Define
fo = f*ds, (11.1.4)
where ¢5 is a nonnegative smooth bump function with supp(¢s) C (—d,9) and

fn% ¢s(x)dr = 1.

137
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LEMMA 11.1.1 (smooth approximation). The function f, is 2w-periodic. The
function f, is smooth (and therefore measurable). The function f, satisfies for all
z eR:

[f(@) = folz)| < €, (11.1.5)
PROOF. Most of this is part of the Lean library. O
We prove in Section 11.2:

LEMMA 11.1.2 (convergence for smooth). There exists some Ny, € N such that
for all N > Ny and x € [0,27] we have

1Snfolx) = folz)| < (11.1.6)

=] o

We prove in Section 11.6:

LEMMA 11.1.3 (control approximation effect). There is a set E C R with Lebesgue
measure |E| < e such that for all

z€[0,2n) N E (11.1.7)

we have

€
sup [Sy f(x) — Sy fo()] < 1 (11.1.8)
N=0

We are now ready to prove classical Carleson:

ProoF oF THEOREM 1.0.1. Let N, be as in Lemma 11.1.2. For every
x€[0,2m) N E, (11.1.9)
and every N > N, we have by the triangle inequality
[f(x) = Sy f()]

< |[f(@) = fo(@)[ + [fo(x) = Snfole)| + |Sn fo(x) = Sn f()]- (11.1.10)
Using Lemmas 11.1.1 to 11.1.3, we estimate (11.1.10) by

ge’+i+£ge. (11.1.11)

This shows (1.0.3) for the given E and N,. O

Let k£ : R — R be the function defined by x(0) = 0 and for 0 < |z| < 1

1— x|
K:(:E) - 1— eim

(11.1.12)

and for |z| > 1,
k(z) =0. (11.1.13)
Note that this function is continuous at every point z with |z| > 0.

The proof of Lemma 11.1.3 will use the following Lemma 11.1.4, which itself is
proven in Section 11.7 as an application of Theorem 1.0.2.



11.1. THE CLASSICAL CARLESON THEOREM 139

LEMMA 11.1.4 (real Carleson). Let F', G be Borel subsets of R with finite measure.
Let f be a bounded measurable function on R with |f| < 1p. Then

/Tf(a:) da| < C4,|F|2|G)=, (11.1.14)
G

where

T f(x) = supsup . (11.1.15)

nez r>0

/ f)r(z —y)e™ dy
r<|lrz—y|<1

One of the main assumptions of Theorem 10.0.1, concerning the operator 7,
defined in (10.0.2), is verified by the following lemma, which is proved in Section 11.3.

LeEMMA 11.1.5 (Hilbert strong 2 2). Let 0 < r < 1. Let f be a bounded,
measurable function on R with bounded support. Then

|H, fll2 < 2% £, (11.1.16)

where

H, f(z) =T, f(x) = / Ry (11.1.17)

The next lemma will be used to verify that the collection @ of modulation
functions in our application of Theorem 1.0.2 satisfies the condition (1.0.12). It is
proved in Section 11.4.

LEMMA 11.1.6 (van der Corput). Let oo < 3 be real numbers. Let g : R — C be
a measurable function and assume

18—« l9(y) — g(x)]

in(e.8) = Sup x)| + sup —F———— < 00. 11.1.18
HgHL p(a,B) a<a<f |g( )’ 2 a<z<y<p |y — l" ( )
Then for any o < g and n € Z we have
B .
| sty do < 2m15 = allgli (1 + Inll3 —al) - (11.1.19)

We close this section with six lemmas that are used across the following subsec-
tions.

LEMMA 11.1.7 (mean zero oscillation). Let n € Z with n #+ 0, then
27
/ e dr =0. (11.1.20)
0

Proor. We have

mn N n

27 1 27 1 1
/ einm dxr = |:761n:c:| — 7(62m’n _ 62771'0) — 7(1 _ 1) =0. O
0 0 t
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LEMMA 11.1.8 (Dirichlet kernel). We have for every 2m-periodic bounded mea-
surable f and every N >0

27
Syf(z / f)Ky(z—y)dy (11.1.21)
where K 5 is the 2m-periodic continuous function of R given by
N .
D eina (11.1.22)
n=—N
We have for e 4 1 that
eiNz/ e—iN:E'
Ky(x') = — — . 11.1.23
)= (11.1.23
PRrROOF. We have by definitions and interchanging sum and integral
N ~ .
SNf($) — neznz
n=—N
N 1 27
=Y 5[ sy
2N 2T o
1 27 N
= — n(@=y) dy . 11.1.24
5 | f() Z e y ( )
n=—N

This proves the first statement of the lemma. By a telescoping sum, we have for
every ' € R

(6%' ) Z ezncr: — N+ )iz’ _e_(N"'%)iz/_ (11125)

If eie’ # 1, the first factor on the left-hand side is not 0 and we may divide by this
factor to obtain

ci(N+3)z’ et (N+3)z’ eiNa’ e—ilNz’
Z e’bnm = i 1.7 1. 1., iz + iz’ (11126)
— e 3w 3@ _ g—5iT 1—e = 1 —ex
This proves the second part of the lemma. O

LEMMA 11.1.9 (lower secant bound). Let n > 0 and —27 +n < x < 2w — n with
|x| > n. Then

) 2
|1 —e™| > —n (11.1.27)
T
ProoOF. We have
1 — €] = /(1 — cos(x))? + sin’(z) > |sin(x) .

If 0 < 2 < 7, then we have from concavity of sin on [0,7] and sin(0) = 0 and
sin(3) =1

2 2
[sine)] > 2 > =
™ T

n-
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When 2 € & 4 [0, 3] for m € {—4,—-3,—2,—1,1,2,3} one can argue similarly. [
The following lemma will be proved in Section 11.5.

LEMMA 11.1.10 (spectral projection bound). Let f be a bounded 27-periodic
measurable function. Then, for all N >0

”SNfHLZ[—W,ﬂ'] < ”f”Lz[—ﬂ,ﬂ']‘ (11128)
LEMMA 11.1.11 (Hilbert kernel bound). For xz,y € R with x # y we have
iz —y)| <222z —y)) . (11.1.29)

PRrROOF. Fix z # y. If k(x—y) is zero, then (11.1.29) is evident. Assume x(z—y)
is not zero, then 0 < |z —y| < 1. We have

1 — |z —vyl

|k(z —y)| = 1w | (11.1.30)
We estimate with Lemma 11.1.9
1 2
— < , < . 11.1.31
K@ =) < T < ey (11.1.31)

This proves (11.1.29) in the given case and completes the proof of the lemma. [
LEMMA 11.1.12 (Hilbert kernel regularity). For x,y,y" € R with x # y,y" and
2y —y'| <z —yl, (11.1.32)
we have
1 jy—y|
|k(z —y) —klz —y)| <28 :
|z —yl [z —yl
ProOOF. Upon replacing y by y — 2 and 3" by ¥’ — x on the left-hand side of
(11.1.32), we can assume that © = 0. Then the assumption (11.1.32) implies that y

and y’ have the same sign. Since k(y) = K(—y) we can assume that they are both
positive. Then it follows from (11.1.32) that

(11.1.33)

Y ’
= <vy.
5 = Y
We distinguish four cases. If y,y” < 1, then we have
l1—y 1—y

l—e W 1—e

k(=y) = w(=y)| =

and by the fundamental theorem of calculus

/y —1+e ®4+i(1—t)e"
_ p—it)2
% (1 (& )

dt| .

Using y" > 4 and Lemma 11.1.9, we bound this by
ly—y|
ly[?

/ 3 4 2
<l|y—y'| sup W§3|y—y|(2§)2§26

e
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If y<1andy >1, then K(—y") = 0 and we have from the first case

1 —
6(=3) = (/)| = (=) ~ (-1 < 2 Ul < nl o
Similarly, if y > 1 and 3" < 1, then k(—y) = 0 and we have from the first case
4 _ 1 _ /7
(=) = K1) = el — n(-D)] < 2022 <ol 2

Using again 3’ > ¥, we bound this by

ly—v/| _ley—y’l

<26 =
ly/2 ly[?
Finally, if y,3" > 1 then
ly—y'|

|f(—y) —r(=y)| =0<2°

|y|?

11.2. Smooth functions.

LEMMA 11.2.1. Let f : R — C be 2mw-periodic and differentiable, and let n €
Z ~ {0}. Then
~ 1

=—f . 11.2.1
ProoOF. This is part of the Lean library. g
LEMMA 11.2.2. Let f: R — C such that
D ful < oo (11.2.2)
nez
Then
sup |f(xz)— Syf(z)|—0 (11.2.3)
z€[0,27]
as N — oo.
ProoOF. This is part of the Lean library. g

LEMMA 11.2.3. Let f : R — C be 2w-periodic and twice continuously differen-
tiable. Then

sup |f(z)— Syf(x)|—0 (11.2.4)

x€[0,27]
as N — oo.

ProOOF. By Lemma 11.2.2, it suffices to show that the Fourier coefficients fn are
summable. Applying Lemma 11.2.1 twice and using the fact that f” is continuous
and thus bounded on [0, 27] , we compute

~ ~ 1 — R 1
D Ml =1fl+ > ngf”nlsuou( sup If(fv>|>- > <o

nez nez~{0} €[0,2m] nez~{0}
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PROOF. Lemma 11.1.2 now follows directly from the previous Lemma 11.2.3. [

11.3. The truncated Hilbert transform

Let M,, be the modulation operator acting on measurable 27-periodic functions

defined by

M,g(x) = g(z)e™. (11.3.1)
Define the approximate Hilbert transform by
1 N-1
Lyg = Z) M_, NSninMying - (11.3.2)
e

LEMMA 11.3.1 (modulated averaged projection). We have for every bounded
measurable 2mw-periodic function g

||LNg”L2[—7r,7r] < ”g”Lz[—TrJr] . (]-]-33)
ProOF. We have

Mol vy = [ ea@Par= [ g de =gl . (134

We have by the triangle inequality, the square root of the identity in (11.3.4), and
Lemma 11.1.10
N-— 1

”LngHLQ[fﬂ' | ”7 —n— NSN+nMN+ngHL2[ 7]
n=0

1 N—-1 1 N-1
< N Z ”anfNSNjLnMNJrng”L2[77r,7'r] = N Z ”SNJrnMNJrng“Lz[fﬂ,Tr]
n=0 n=0

1 = 1 M=l
< N Z “MN+ng”L2 —m,m N Z “g”L2 —7,7] Hg”LQ[fmﬂ'] : (1135)
n=0
This proves (11.3.4) and completes the proof of the lemma. O

LEMMA 11.3.2 (periodic domain shift). Let f be a bounded 2m-periodic function.
We have for any 0 < x < 27 that

27 2m—x ™
/ f(y) dy:/ f) dy:/ fly—z)dy. (11.3.6)
0 2 o
PRrROOF. We have by periodicity and change of variables
27
/ fly dy—/ fly+2m)dy = f(y)dy (11.3.7)
- — 2m—x

We then have by breaking up the domain of integration and using (11.3.7)

/ "y = / "y ay+ / Fw)dy

2m—x 0 2m—x
— d dy = dy . 3.
/0 f(y) dy + /xf(y) y / f(y) dy (1138)
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This proves the first identity of the lemma. The second identity follows by substi-
tution of y by y — x. O

LEMMA 11.3.3 (Young convolution). Let f and g be two bounded non-negative
measurable 2mw-periodic functions on R. Then

™ T 2 %
( / ( / f(y>g(x—y)dy> dx) ST P (11.3.9)

ProoF. Using Fubini and Lemma 11.3.2, we observe

[:[:f(y)29(m—y)dyda:=[:f(y)2/_:g(a:—y)dxdy

— [ 12 | gtw)dedy =171 lilir nm (11.3.10)

Let h be the nonnegative square root of g, then h is bounded and 27-periodic with
h? = g. We estimate the square of the left-hand side of (11.3.9) with Cauchy-Schwarz
and then with (11.3.10) by

/:(/: F)h(z —y)h(z —y) dy)* de

g/_: (/_:f(y>29(w—y)dy) (Z:g(w—y)dy) dzx

= Hf”%quﬂ]ngil[fﬂ,ﬂ] :
Taking square roots, this proves the lemma. O

For 0 < r < 1, Define the kernel k, to be the 27-periodic function

Ik, (z)] := min (rl, 1+ |1_rex|2> , (11.3.11)

where the minimum is understood to be ! in case 1 = e'*.

LEMMA 11.3.4 (integrable bump convolution). Let g, f be bounded measurable
2m-periodic functions. Let 0 < r < w. Assume we have for all 0 < x < 27

9(z)| < k,.(x). (11.3.12)

Let )
h(z) =/ fWg(z —y)dy. (11.3.13)

Then -
17l L2 < 2°0F 2 - (11.3.14)

PROOF. From monotonicity of the integral and (11.3.12),

[T / k,(x)dz . (11.3.15)
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Using the symmetry k,.(z) = k,.(—z), the assumption, and Lemma 11.1.9, the last
display is equal to

|
b
S——
3
=
/_\
Sl
-
_l_
=
.
g
S
N———
ISH
8

"1 g 4
g2/ dx—i—?/ 1+Qd
0 r r

64 64
g2+2w+2<—r——r> <95, (11.3.16)
r m
Together with Lemma 11.3.3, this proves the lemma. U

LeEMMA 11.3.5 (Dirichlet approximation). Let 0 < r < 1. Let N be the smallest
integer larger than % There is a 2m-periodic continuous function L' on R that

satisfies for all —m < x < 7w and all 2w-periodic bounded measurable functions f on
R

Lyf(x 277/ fly —y)dy (11.3.17)

and
L (2) = Ly pcpyeny ()| < 2%k, (2) (11.3.18)

PrOOF. We have by definition and Lemma 11.1.8
1 ) )
Lygla) = > [ e Ky (o= )Ny, (11.319)

This is of the form (11.3.17) with the continuous function

Z Ky (x)e Nt (11.3.20)

With (11.1.22) of Lemma 11.1.8 we have |Ky(z)| < N for every z and thus
N—
Z (N 4+n) <2N < 22p~ (11.3.21)

Therefore, for |z| € [0,7) U (1, 7], we have
L (@) = Ly pepyieny (@) = L' )I < 2L (11.3.22)

This proves (11.3.18) for |z| € [0, ) since kT(ac) = r~! in this case.
For ¢’ % 1 and may use the expression (11.1.23) for K in Lemma 11.1.8 to

obtain
N—-1 1, N-+n)zx —i N+n)x
l Z § : () efi(NnLn)a:
N &= \1—¢e= 1—ei®

1 = 1 e*iZ(N‘Fn)ZL’
7N7;) (1—6” + 1—ei® )

1 1 e*iZN:E N-1

=ty e (11.3.23)
n=0
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and thus
1— 1{y:r<\y|<1}(x)(1 - |.’L")

L'(x) = Ly pcpyenyri(z) = L7 (x) + —=r , (11.3.24)
where e N1
1 e ,
V@)= g 2™
For z € [—m,r| U [r, ], we have using Lemma 11.1.9 that
L= Ly gy (@) (A — |2} |min(j2], 1)| _ 8min(z], 1)
1—e l—ei= | = ||
<2%.1< 2% (2). (11.3.25)
Next, we need to estimate L”(x). If the real part of e'* is negative, we have
1<|1—e®| <2. (11.3.26)
and hence
1 & T
L (@) < % Z m . (11.3.27)

If the real part of e is positive and in particular while still ! # +1, then we have
by telescoping
N—1
(1—e2i) Y emine =] — g~i2Ne, (11.3.28)
n=0

As e72%® £ 1, we may divide by 1 — e~ 2 and insert this into (11.3.23) to obtain
1 e—i2Nz 1— 6—i2NCL‘

L'(@) = v 11— (11.3.29)
Hence, with Lemma 11.1.9 and nonnegativity of the real part of e'®
2 1 1
L” < = , A
L7 ()] N |1 —e®| |1 — e 2iz|
2 1 1 4r r
= — ‘ — < <22 (14— 11.3.30
N‘l_ezx|2’1+em‘ - ’1_6132‘2 - ( +|1_ezm’2> ( )
Inequalities (11.3.21), (11.3.22), (11.3.24), (11.3.25), (11.3.27), and (11.3.30) prove
(11.3.18). This completes the proof of the lemma. O

We now prove Lemma 11.1.5.

PROOF OF LEMMA 11.1.5. We first show that if f is supported in [—3/2,3/2],
then

I H, o) < 20 f o) - (11.3.31)

Let f be the 27-periodic extension of f to R. Let IV be the smallest integer larger
than . Then, by Lemma 11.3.5 and the triangle inequality, for x € [—m, 7| we have

[ ke ay

|H, f(x)| < 27| Ly f(x)] + 2°
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Taking L? norm over the interval [—m, 7] and using its sub-additivity, we get

||Hrf”L2([—7T,7TD
™ e 2 %
< o)L Fll oy +2° ( / / k(e — ) () dy da:) .

Since k is supported in [—1,1], we have that H,f is supported in [—5/2,5/2] and

agrees there with H, f(z). Using Lemma 11.3.1 and Lemma 11.3.4, we conclude

1H, flrew) < 1H, flrznm < 270 flz2@ + 201 fl2) » (11.3.32)

which gives (11.3.31).

Suppose now that f is supported in [¢, ¢ + 3] for some ¢ € R. Then the function
g(z) = f(c+3+a) is supported in [—3/2,3/2]. By a change of variables in (11.1.17),
we have H,g(z) = H,.f(c+ 3/2 + x). Thus, by (11.3.31)

|H,glly = 1H, flls < 22 £l = lgll, - (11.3.33)
Let now f be arbitrary. Since x(z) = 0 for || > 1, we have for all x € [c+1,c+2]
H, f(z) = H.(f1 c5) ().
Thus
42
@R < 1))
ot

Applying the bound (11.3.33), this is

c+3
<2 [ |f)P d.

Summing over all ¢ € Z, we obtain

[1mf@P e <327 [ (@) do.

R R
This completes the proof. O
11.4. The proof of the van der Corput Lemma

PrROOF OF LEMMA 11.1.6. Let g be a Lipschitz continuous function as in the
lemma. Assume first that n = 0. Then

B
/ g(x)dz < |B—al sup |g(x)] <[B—allglLipa.s(l+InllB—al)™

a<z<p

Assume now n # 0. Without loss of generality, we may assume n > 0. We distinguish
two cases. If 3 —a < 7, we have by the triangle inequality

ﬂ .
/ g(z)e* dx

We turn to the case £ < 8 — a. We have

n

<|8—al sup |g(@)| <273 — allglLipa,s(1 + [nl|B— o).

z€[a,f]

in(z4+m/n) _ _ inx

e e
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Using this, we write

g . 1 /7 , 1 (P ,
/ g(a:)e“”dsz/ g(x)e”””d:r—Q/ g(x)e™=+m/m)y dg |

We split the the first integral at o+ 7 and the second one at f — 7, and make a
change of variables in the second part of the first integral to obtain

1

at+ ‘ 1 B ‘
— 5 / g(x)emx dr — 5 / g(x)em(wﬂr/n) dax
« B—

sk

B _
vy [ o) —gte =T e,

The sum of the first two terms is by the triangle inequality bounded by

T
— sup |g(z)|.
" zefa,p]

The third term is by the triangle inequality at most

B
1 s
— — ——)|d
5 /a“ l9(2) =gz — —)|do
< p—alm O lg@) =gl
2 N a<z<y<p ’HJ - y‘
Adding the two terms, we obtain

B .
/ g(x)e "™ dx

T
< EHgHLip(a,ﬁ) :

This completes the proof of the lemma, using that with 7 < 8 — «,

T 27|B —af -
E_mg%]ﬁ—a\(ﬂrnlﬁ—a!) t

11.5. Partial sums as orthogonal projections
This subsection proves Lemma 11.1.10

LEMMA 11.5.1 (partial sum projection). Let f be a bounded 27-periodic measur-
able function. Then, for all N >0

ProoF. Let N > 0 be given. With K as in Lemma 11.1.8,

Su(Sx @) = 5 [ SwSwKyla ) dy

:@71)2/0 /0 FY)En(y —y) Ey(z —y) dy'dy. (11.5.2)
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We have by Lemma 11.1.8

1 21 ,
o /O Kny(y—vy')Ky(z—y)dy

1 NN 27
= — in(y—y') gin’(z—y) 4
e e Yy
2 n=—N /ZN/O

1 N N 27
5 D >0 e [ etvay, (11.5.3)
anan’:fN 0

By Lemma 11.1.7, the summands for n # n’ vanish. We obtain for (11.5.3)

1 N ' L 27 )
= o > einlemy >/ dy=Ky(z—1vy). (11.5.4)
n=—N 0
Applying Fubini in (11.5.2) and using (11.5.4) gives
27
Su(Sxf)@) = 5 [ S0KG—y)dy =Syf@) (159
This proves the lemma. ([

LEMMA 11.5.2 (partial sum selfadjoint). We have for any 2m-periodic bounded
measurable g, f that

2m 2
| S@ge) = [ F@isygte) ds. (11.5.6)
0 0
ProOF. We have with K as in Lemma 11.1.8 for every z
N N
Ky(z)= ) e =Y e =Ky(-z). (11.5.7)
n=—N n=—N

Further, with Lemma 11.1.8 and Fubini

/%SNf 277/%/ TR (e = y)g(z) dyds

- 17T/0 [ﬂ FWEy(y —2)g(x) dzdy —/O f(@)Syg(x)dz . (11.5.8)

This proves the lemma. O

We turn to the proof of Lemma 11.1.10.
We have with Lemma 11.5.2, then Lemma 11.5.1 and the Lemma 11.5.2 again

/ Sy} (2)8n (@) da / F ()8 (O 1) (@) d
0 0

:/ f(m)SNf($)dx:/ Sy flx)f(x)dx. (11.5.9)
0 0
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We have by the distributive law

2m
/0 (f(z) = Snf(2))(f(x) = Sy f(2)) dz = (11.5.10)

/0 F@)T(@) — S f(@) (@) — F(2)Sn F (@) + S f(x)Bn F (@) de

Using the various identities expressed in (11.5.9), this becomes

=/ ﬂf(fﬂ)ﬂx)dx/ ﬂSNf(x)SNf(x)dx. (11.5.11)
0 0

As (11.5.10) has nonnegative integrand and is thus nonnegative, we conclude

/ﬂSNf(:n)SNf(:n)d:n</ ﬁf(:@%)dx. (11.5.12)
0 0

As both sides are positive, we may take the square root of this inequality. This
completes the proof of the lemma.
11.6. The error bound

LEMMA 11.6.1 (Dirichlet kernel - Hilbert kernel relation). For all N € Z and
x € [—m, 7w ~ {0},

‘KN(ac) — (e7™Noi(x) + e‘iNzn(:r))’ <.
PROOF. Let N € Z and = € [—m, 7] \ {0}. With Lemma 11.1.8, we obtain

72-Nxmin(\m|, 1) ez‘Nxmin(’$|> 1)
1— eiw 1— e—icr: :

Using Lemma 11.1.9 with n = min(|z|, 1), we bound

Ky(x) = (e7"Vor(z) + emNon(z)) =

—iNz — min(|z|,1) min(|jz[,1) 7 7
[Kivta) = (e on(o) + (o)) < Tl T < By B
O

LEMMA 11.6.2 (partial Fourier sum bound). Let g : R — C be a measurable
2m-periodic function such that for some § > 0 and every x € R,

lg(z)] < 6. (11.6.1)
Then for every z € [0,2n] and N > 0,

[Swo(e)| < o (T(e) + T(a)) + 7.

PRrROOF. Let z € [0,27] and N > 0. We have with Lemma 11.1.8

Syg(@)] = = / o) Ky (z — ) dy

2T
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We use 27-periodicity of g and K to shift the domain of integration to obtain

1 T+
=5 /g“r 9y Ky (z —y)dy| .
Using the triangle inequality, we split this as
x+7
< % / 9(y) (K y(x —y) — max(|z — y|, 0) Ky (z — y)) dy‘ (11.6.2)
o 1 T+
"o /x _ gyymax(jz —yl, 0Ky (z —y) dy‘ : (11.6.3)

Note that all integrals are well defined, since K is by (11.1.22) bounded by 2N + 1.
Using that

max(|z —yl,0)Ky(z —y) = e N Vk(z —y) + e Nevk(z —y),  (11.6.4)
Lemma 11.6.1 and (11.6.5), we bound (11.6.2) by

1 T+ ) :
5 9| | Ky (2 —y) — e Nz — y) + e N k(z —y)| dy < 76
Xr—T
By dominated convergence and since k(x —y) = 0 for |z —y| > 1, (11.6.3) equals
L.
ol ([ gy max(le — yl,0)K (e — )y
T r—0" r<|z—y|<l

We bound the limit by a supremum and rewrite using (11.6.4),

1
< —sup
T r>0

/ 9(y) (7 NV k(z —y) + e NEVk(z —y)) dy
r<|z—yl<l

Using the triangle inequality, we further bound this by

1 ‘
< —sup / g(y)e NVk(z —y) dy
2m >0 [Jr<|z—y|<1
1 I
+——sup g(y)e " Mr(r —y) dy| .
2T >0 r<lz—y|<1

By the definition (11.1.15) of 7', this is
1
< o (Tg(a) + Tg()).
O

LEMMA 11.6.3 (real Carleson operator measurable). Let f be a bounded measur-
able function on R. Then Tf as defined in (11.1.15) is measurable.

PROOF. Since a countable supremum of measurable functions is measurable, it

suffices to show that for every n € Z,

X — sup
r>0

/ f)r(z —y)e™ dy
r<|z—y|<1
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is measurable. So let n € Z. Note that for each z € R, the function

T =

/ f)r(z —y)e™ dy
r<|lz—y|<1

is continuous on (0, 00) since the integrand is locally bounded on the domain 0 <
|z —y| < 1 by the assumptions on f and Lemma 11.1.11. Thus, for each = € R,

sup
>0

= sup
reQ.o

/ fy)r(z —y)e™ dy / fy)u(z —y)e™ dy
r<|z—yl<l r<|z—yl<l

The right hand side is again a countable supremum so it remains to show that for
every r € Q.,

X =

/| | F(y)r(z —y)e™ dy _‘/1{T<|z.|<1}(y)f(y)ff(x—y)ei”ydy‘
r<|lr—y|<1

is measurable, which follows from the fact that the integrand is measurable in (z,y).
O

LEMMA 11.6.4 (partial Fourier sums of small). Let g : R — C be a measurable
2m-periodic function such that for some 6 > 0 and every x € R,

lg(z)] < 0. (11.6.5)

Then for every € > 0, there exists a measurable set E C [0,2n] with |E| < € such
that for every x € [0,27] N E and N > 0,

|Sng(@)| < €6, (11.6.6)
where )
8 2
== : 11.6.
C. <m) Chotr (11.6.7)

PROOF. Define
E:={x €[0,2n] : sup|Syg(x)| > C.}.
N>0

Then (11.6.6) clearly holds, and it remains to show that |E| < e. Using Lemma 11.6.2,
we obtain

1
Ec{zel0,2n] : Co< %(Tg<$) +Tg(z))+m0} C E,UE,,

where
E, :={z€]0,2n] : n(C,—m)d <Tg(x)}
E, :={x €10,2n] : n(C,—m)d <Tg(x)}.
By Lemma 11.6.3, E; and E, are measurable. Thus,
R(Co-molE < [ Tolayde=5 [ TG g1 () do.
El El
Applying Lemma 11.1.4 with F' = [—m, 37| and G = E’, it follows that this is

<d- C4,2|F|%‘E1’% < (47T>%C4,25' ‘E,ﬁ .
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2
(47T)%C4,2 €
By < (oo th2 ) f
w(C, —m) 2
Analogously, we get the same estimate for |F,|. This completes the proof using
|E| < |Ey| + |Ey]. O

Rearranging, we obtain

PrOOF OF LEMMA 11.1.3. Lemma 11.1.3 now follows directly from Lemma 11.6.4
with § := €. O
11.7. Carleson on the real line

We prove Lemma 11.1.4.
Consider the standard distance function

p(z,y) = |z —y| (11.7.1)
on the real line R.

LEMMA 11.7.1 (real line metric). The space (R, p) is a complete locally compact
metric space.

ProOF. This is part of the Lean library. O

LEMMA 11.7.2 (real line ball). For z € R and R > 0, the ball B(z, R) is the
interval (x — R,x + R)

PROOF. Let z’ € B(x, R). By definition of the ball, |’ —z| < R. It follows that
2 —x < Rand v — 2’ < R. It follows 2’ < x + R and ' > x — R. This implies
x' € (x — R,x + R). Conversely, let ' € (x — R,z + R). Then 2’ < x + R and
' >z — R. It follows that 2" —x < R and x — 2’ < R. It follows that |2’ —z| < R,
hence 2’ € B(z, R). This proves the lemma. O

We consider the Lebesgue measure p on R.

LEMMA 11.7.3 (real line measure). The measure p is a sigma-finite non-zero
Radon-Borel measure on R.

ProoF. This is part of the Lean library. (]

LEMMA 11.7.4 (real line ball measure). We have for every x € R and R > 0

w(B(z,R)) =2R. (11.7.2)

Proor. We have with Lemma 11.7.2
w(B(z,R)) = u((x — R,z + R)) = 2R. (11.7.3)
O

LEMMA 11.7.5 (real line doubling). We have for every x € R and R > 0
w(B(z,2R)) = 2u(B(z, R)) . (11.7.4)
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ProoOF. We have with Lemma 11.7.4
u(B(z,2R) = 4R = 2u(B(z, R)) . (11.7.5)
This proves the lemma. O

The preceding four lemmas show that (R, p, i, 4) is a doubling metric measure
space. Indeed, we even show that (R, p, u,1) is a doubling metric measure space,
but we may relax the estimate in Lemma 11.7.5 to conclude that (R, p,pu,4) is a
doubling metric measure space.

For each n € Z define ¥, : R — R by

I, (z) =nz. (11.7.6)

Let O be the collection {¥,,,n € Z}. Note that for every n € Z we have 9,,(0) = 0.
Define
Az, r)(Vns V) = 2R[n —m]|. (11.7.7)
LEMMA 11.7.6 (frequency metric). For every R > 0 and x € X, the function
dp(z,R) IS a metric on ©.

PRrOOF. This follows immediately from the fact that the standard metric on Z
is a metric. O

LEMMA 11.7.7 (oscillation control). For every R > 0 and x € X, and for all
n,m € Z, we have

sup  |ny—ny —my+my’| <2n—m|R. (11.7.8)
v,y €B(z,R)

PrOOF. The right hand side of (11.7.8) equals

sup  |(n—m)(y —x) — (n—m)(y’ —z)].
v,y €B(z,R)

The lemma then follows from the triangle inequality. |

LEMMA 11.7.8 (frequency monotone). For any xz,x’ € X and R, R’ > 0 with
B(xz,R) C B(z,R’), and for any n,m € Z

A, r)(Vns V) < dp mr) (90, 00) -
PRrROOF. This follows immediately from the definition (11.7.7) and R < R’. O

LEMMA 11.7.9 (frequency ball doubling). For any z,2’” € R and R > 0 with
x € B(z',2R) and any n,m € Z, we have

Ao ) Oy D) < 20 1y (O Oy - (11.7.9)

n*“m n»’m
Proor. With (11.7.7), both sides of (11.7.9) are equal to 4R|n—m/|. This proves
the lemma. 0
LEMMA 11.7.10 (frequency ball growth). For any x,2’ € R and R > 0 with
B(z,R) C B(z',2R) and any n,m € Z, we have
2dB(z,R)(19n’ ’lgm) < dB($’,2R) (19 Y ) . (11710)

n’m
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ProoFr. With (11.7.7), both sides of (11.7.9) are equal to 4R|n—m/|. This proves
the lemma. O

LEMMA 11.7.11 (integer ball cover). For every z € R and R > 0 and everyn € Z
and R" > 0, there exist my, my,mg € Z such that

B' C B,UB,U B, (11.7.11)
where
B ={9€0:dy,p®9,) <2R'} (11.7.12)
and for 7 =1,2,3
B;={0€©: dB(x’R)(ﬂ,ﬂmj) < R'}. (11.7.13)
PrROOF. Let m; be the largest integer smaller than or equal to n — %. Let

mq = n. Let m4 be the smallest integer larger than or equal to n + %.
Let 9, € B’, then with (11.7.7), we have

2R|n —n'| < 2R’ . (11.7.14)
Assume first n” < m,. With (11.7.14) we have
Rimy —n'| = R(my —n’) = R(my —n) + R(n—n")

<—— 4R =-". (11.7.15)

We conclude ¢, € B;.
Assume next m; <n’ < mg. Then 9, € B,.
Assume finally that mg < n’. With (11.7.14) we have

Rims —n'| = R(n" —mg) = R(n" —n) + R(n —ms)

R’ R’
=== 11.7.1
<R 5 5 (11.7.16)
We conclude 9,,, € B;. This completes the proof of the lemma. O

LEMMA 11.7.12 (real van der Corput). For any € R and R > 0 and any
function ¢ : X — C supported on B" = B(x, R) such that

lp(z) — oY)l
ol s = sup |p(@)| + R sup AZ Z LW 11.7.17
H HL p(B’) ocB | ( >| z,yeB xty p(l’,y) ( )

is finite and for any n,m € Z, we have

||90“Lip(B’)

— < 2mu(B’ . 11.7.1
| €ala) = d@)ete)inte)] < 2mu(B) o I (L)
PROOF. Set n” =n —m. Then we have to prove
z+R '
[ e vot)dy| < AmRlelhsy (1 + 2R1n]) . (11.7.19)
z—R

This follows from Lemma 11.1.6 with o« =z — R and 8 = = + R. O
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PROOF OF LEMMA 11.1.4. The preceding chain of lemmas establishes that ©
is a cancellative, compatible collection of functions on (R, p,u,4). Again, some of
the statements in these lemmas are stronger than what is needed for a = 4, but can
be relaxed to give the desired conclusion for a = 4.

With k as near (11.1.12), define the function K : R x R — C as in Theorem 1.0.2
by

K(z,y) = r(z—1y). (11.7.20)
The function K is continuous outside the diagonal x = y and vanishes on the diag-
onal. Hence it is measurable.

By Lemmas 11.1.11 and 11.1.12, it follows that K is a two-sided Calderén—
Zygmund kernel on (R, p, it,4). Lemma 11.1.5 verifies (10.0.3). Thus the assump-
tions of Theorem 10.0.1 are all satisfied. Applying the Theorem, Lemma 11.1.4
follows.

O
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