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ABSTRACT. This paper is the blueprint underlying the Lean formalization of the
proof of Carleson’s classical result [Car66] asserting almost everywhere conver-
gence of Fourier series of continuous functions. We break up the proof into two
steps, a reduction of the classical result to a new theorem that appears in the
sibling communication [BvDJT24] and a proof of this new theorem, which is also
detailed as blueprint in this paper. An early version of this blueprint was used to
initiate the Lean formalization. During the formalization, many contributors elab-
orated the blueprint with minor corrections, modifications and extensions. The
final version is presented here as a guide through the accompanying Lean code.
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1. INTRODUCTION

Trigonometric series represent functions as possibly infinite linear combinations of
pure frequencies. They gained particular prominence through the work of J. Fourier,
who used them in his analytical theory of heat [Fou22]|, see also [Foul3], thereby es-
tablishing them as a tool for solving partial differential equations. Fourier also made
the groundbreaking claim that a wide range of functions could be represented using
trigonometric series. This sparked the interest of many mathematicians, including
Dirichlet, who gave some rigorous conditions for convergence of Fourier series, as
trigonometric series are now called. Dirichlet also opened a branch of analytic num-
ber theory partially inspired by the ideas of Fourier. Nowadays, Fourier analysis
plays an important role in many areas of mathematics.

With Euler’s formula to represent pure frequencies in mind, a trigonometric poly-
nomial can be expressed as

N
Sy(z) = Z c, e . (1.0.1)
n=—N

The Fourier series is then defined as the limit f of such a sequence Sy as N tends
to co. Fourier’s vision to represent rather general functions raises two fundamental
questions. The first question is to identify the appropriate choice of coefficients c,,
to use to represent a given f. The second question addresses the convergence of Sy

to f.
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The first question has a fairly canonical and standard answer, provided by the
Fourier integral formula:

R 1 27 A
¢, = fn = / flz)e ™ dx, (1.0.2)
27 Jy
where the precise interpretation of the integral depends on the chosen theory of
integration. For a continuous function f, Riemann’s notion of the integral suffices.
If f is integrable in the Lebesgue sense, f € L'(0,27), the Lebesgue integral is
appropriate. More generally, if f is a distribution in the sense of Schwartz, supported
in [0, 27] the integral can be understood as an evaluation against the periodic test
function e~*"*. In each case, the more general definition reduces to the simpler one
within the respective more restrictive domain. Hence, the Fourier coefficients given
by (1.0.2) serve as a universal choice. This choice is unique in several respects, in
particular if one is to exactly reproduce a trigonometric polynomial f in the form
(1.0.1).

The second question of convergence bifurcates into the question of pointwise con-
vergence of the series (1.0.1) (with coefficients given by (1.0.2)) for a given x on
the one hand and convergence of the functions S to the function f in a suitable
function space with corresponding topology on the other hand. There are at least
as many function spaces for the question of convergence as there are different defini-
tions of the integral elaborated earlier. There are some very canonical answers to the
convergence question in function spaces, albeit not known at the time of Fourier and
Dirichlet. One example is convergence in the Hilbert space sense for f in L?(0,27),
as discovered in the first decade of the twentieth century as a consequence of the
rapid development of Lebesgue integration theory. Another canonical example is
convergence in the sense of distributions for general distributional f, as discovered
a few decades after Lebesgue integration. For some other natural spaces, such as
L(0,27), there is no guarantee of convergence in the norm of that space even if f
is in the space.

In contrast to these examples of function spaces with a very natural theory of
convergence of Fourier series in the topology of the function space, there are no
similarly elegant solutions to the characterization of pointwise convergence. In par-
ticular, the space of functions f such that the sequence Sy (z) converges for every
x does not have a good characterization in terms of f itself. Similarly, the space of
all functions f such that the sequence of coefficients fn is absolutely summable has
also no good characterization.

When the Fourier integral is defined in the Lebesgue sense and f € L1(0,2n),
then the function f itself is meaningful not everywhere but only pointwise almost
everywhere in the Lebesgue sense. The question of pointwise convergence to f for all
x then becomes meaningless, and instead one asks for almost everywhere convergence.
Such convergence was conjectured by N. Luzin [Luzl3] for the space L?(0,27), see
also the collected works [Luz53]. Kolmogorov’s example [Kol23] of an L! function
whose Fourier series diverges at almost every point seemed to provide some evidence
against Luzin’s conjecture. Indeed, in the 1960s, L. Carleson tried to construct a
counterexample to Luzin’s conjecture. In his own recollection, his efforts led him to
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better and better understand how such a potential counterexample should look like.
In the end, the counterexample had to satisfy so many properties that the properties
started to contradict each other, and Carleson realized that a counterexample could
not exist. Thus, he had proved Luzin’s conjecture [Car66]. In particular, he had
proven the more elementary statement

Theorem 1.0.1 (classical Carleson). Let f be a 2m-periodic complez-valued contin-
uwous function on R. Then for almost all x € R we have

Jim Sy f(z) = f(z), (1.0.3)

where Sy f is the N-th partial Fourier sum of f defined in (1.0.1) with coefficients
(1.0.2).

Here, almost every x means in the Lebesgue sense, i.e., for every € > 0 the set of
x where convergence fails can be covered by a sequence of intervals such that the
sum of the lengths of these intervals is less than e. While Carleson had proven the
more general Luzin conjecture for functions in L?[0, 27], even the more elementary
statement for continuous functions was not known before Carleson’s work. Moreover,
until now, the elementary statement has not seen any substantially easier proof than
those generalizing to L2, partially because there is no readily usable criterion on
the level of Fourier coefficients to distinguish between continuous functions and L?
functions.

Shortly after Carleson’s breakthrough, Hunt [Hun68] proved the analogous result
for LP functions with p > 1 and for functions in L' log(L)?. Billard [Bil67] adapted
Carleson’s arguments to prove almost everywhere convergence of Walsh-Fourier se-
ries for functions in L2.

In [Fef73], C. Fefferman gave an alternative proof of Carleson’s theorem via an a
priori bound for Carleson’s operator, the maximally modulated singular integral

Tf(x):= sgfp /: e NV f(x — y);dy (1.0.4)

In [LT00], a duality between the approaches by Carleson and Fefferman was pointed
out and a more symmetric and self-dual proof was presented.

Various strengthenings of Fefferman’s estimates for Carleson’s operator have ap-
peared since, such as bounds for a higher dimensional Carleson operator in the
isotropic [Sjo71], [PT03] and anisotropic [Roo19] setting. The supremum norm in
the variable N in (1.0.4) was strengthened to maximal multiplier norms in [DLT*08]
with applications to return times theorems in ergodic theory. It was strengthened to
variation norms V" with r > 2 in [OST*12] with applications to nonlinear analysis.

Stein and Wainger [SWO01] proposed to study variants of (1.0.4) replacing the
linear modulation phase Ny by polynomial phases in y and proved a result for poly-
nomials without a linear term. This was generalized by Lie to general polynomial
Carleson operators, first for a supremum over all quadratic polynomials [Lie09] and
then for a supremum over all polynomials in [Lie20]. The polynomial Carleson op-
erator was further generalized to higher dimensions and Hélder regular kernels in
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[Zor21]. The development of polynomial Carleson operators has led to further gener-
alisations, for example to almost everywhere convergence of Malmquist-Takenaka se-
ries [Mna22] and maximally modulated singular Radon transforms [Ram21], [Bec24].

Surveys to Carleson’s theorem can be found in [Lac04], [Dem15].

In this blueprint, we prove Theorem 1.0.1 as a corollary to a further generalization
of the polynomial Carleson operator towards doubling metric measure spaces, Theo-
rem 1.1.1 below, which is new and appears in the sibling communication [BvDJ"24].
Theorem 1.1.1 is an axiomatic approach to Carleson type theorems on doubling
metric measure spaces. This axiomatic approach is suitable for formalization and a
good route towards the classical theorem.

Early drafts of the sibling communication [BvDJ"24] existed in summer 2023.
Based on this, the first draft of the present blueprint was written in the first half
of 2024, containing a much more detailed proof, which involved increasing the size
by a factor of four, and adding the derivation of Carleson’s classical result. In
June 2024, the fourth author launched a public website to post the blueprint, us-
ing the open-source software leanblueprint developed by Patrick Massot, calling
for contributions to formalize the proof. The goal was to formalize the blueprint
in the Lean proof assistant [dMU21], building on top of its mathematical library
Mathlib [mat20]. The work was split up into about 180 tasks, to be claimed by indi-
vidual contributors. Most tasks were to formalize the proof of a single lemma from
the blueprint, and some were to develop basic theory or refactor existing code. The
contributors adapted the blueprint to fix some gaps found during the formalization
and gave feedback that led to discussions about the proof. This even resulted in
a few changes to the general setup and the main theorems. All of the gaps found
required only fairly localized changes to the blueprint, indicating that the initial
blueprint was already of high quality. The formalization was completed in July
2025. It is attached to this arXiv posting, and the latest version can be found on
Github.

Everyone that completed a substantial amount of tasks is included as a coauthor

of the blueprint. The authors acknowledge contributions in the form of small for-
malization additions, pointing out corrections to the blueprint, or supplying ideas
to the Lean efforts by the following people: Michel Alexis, Bolton Bailey, Julian
Berman, Joachim Breitner, Martin Dvordk, Georges Gonthier, Aaron Hill, Austin
Letson, Bhavik Mehta, Eric Paul, Clara Torres, Dennis Tsar, Andrew Yang, Ruben
van de Velde.
Acknowledgement. L.B., M.I.d.F.F., L.D., F.v.D., M.R., R.S., and C.T. were funded
by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) un-
der Germany’s Excellence Strategy — EXC-2047/1 — 390685813. L.B., R.S., and C.T.
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supported in part by NSF grant DMS-2154835 and a HIM fellowship for the Fall
2024 trimester program in Bonn.

1.1. Statement of the metric space Carleson theorems. Let

a>4 (1.1.1)


https://florisvandoorn.com/carleson/
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be a natural number that as it gets larger will allow for more general applications
of Theorem 1.1.1 but will worsen the constants in the estimates.

A doubling metric measure space (X, p, i1, a) is a complete and locally compact
metric space (X, p) equipped with a non-zero locally finite Borel measure p that
satisfies the doubling condition that for all z € X and all R > 0 we have

u(B(x,2R)) < 2°p(B(a, R)), (1.1.2)
where we have denoted by B(z, R) the open ball of radius R centered at x:
B(z,R) :={y € X : p(z,y) < R}. (1.1.3)

In a doubling metric measure space the closed balls are compact and p is positive
on all non-empty open sets.

A collection © of real valued continuous functions on the doubling metric measure
space (X, p, i1, a) is called compatible, if there is a point o € X where all the functions
are equal to 0, and if there exists for each ball B C X a metric dgz on O, such that
the following five properties (1.1.4), (1.1.5), (1.1.6), (1.1.7), and (1.1.8) are satisfied.
For every ball B C X

SM%W@ﬂ—ﬁ@)—W$%+Ww!§dﬂ&9% (1.1.4)
x,ye

For any two balls By = B(z,,R), By = B(z,,2R) in X with z; € B, and any
19,0 € ©,

dp,(V,0) <2%pg (9,0). (1.1.5)

For any two balls B, B, in X with B; C B, and any 9,0 € ©
dp, (9,0) < dg,(9,0) (1.1.6)
and for any two balls B; = B(zy, R), B, = B(z,,2*R) with B; C By, and 9,6 € ©,
2dg (0,0) < dp (9,0). (1.1.7)

For every ball B in X and every dg-ball B of radius 2R in ©, there is a collection
B of at most 2% many dg-balls of radius R covering B, that is,

Bcl| 3. (1.1.8)

Further, a compatible collection O is called cancellative, if for any ball B in X of
radius R, any Lipschitz function ¢ : X — C supported on B, and any 9,0 € © we
have

|46W@0—9®D¢@Muwﬂ§2%KBWMmmmﬂ+dﬂ&9Di, (1.1.9)

where | - [1;,(5) denotes the inhomogeneous Lipschitz norm on B:
p(z) = ()]
llLip(m) = supep(z)] + R sup :

Lip(B) xeB z,yeB,x#+y p(.%', y)

A one-sided Calderén—Zygmund kernel K on the doubling metric measure space
(X, p, p,a) is a measurable function

K:XxX—=C (1.1.10)
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such that for all z,vy’,y € X with x # y, we have

K (2,)] < VZZ > (1.1.11)
and if 2p(y,y’) < p(x,y), then
K ~ K] < (A200)" 2 (1.1.12)

where
V(z,y) == u(B(x, p(z,y))).

Define the maximally truncated non-tangential singular integral T, associated with
K by

T.f(z) == sup  sup / K’ y)f(y) du(y)| - (1.1.13)
Ry <R p(z,2")<Ry [JR,<p(z’,y)<R,
We define the generalized Carleson operator 1" by
Tfa)=swp sup | [ Ko fe(y) duty)| . (1.114)
YeO 0<R{ <R, R, <p(z,y)<R,

where e(r) = e’

Our first main result is the following restricted weak type estimate for 7" in the
range 1 < ¢ < 2, which by interpolation techniques recovers L4 estimates for the
open range 1 < g < 2.

Theorem 1.1.1 (metric space Carleson). For all integers a > 4 and real numbers
1 < q < 2 the following holds. Let (X, p,u,a) be a doubling metric measure space.
Let © be a cancellative compatible collection of functions and let K be a one-sided
Calderon—Zygmund kernel on (X, p, p, a). Assume that for every bounded measurable
function g on X supported on a set of finite measure we have

(13

where T, is defined in (1.1.13). Then for all Borel sets F' and G in X and all Borel
functions f: X — C with |f| < 1p, we have, with T defined in (1.1.14),

Q=

Tra < 2 Gy tu(r 1.1.16
[rran < Zpuer e (1110

In some applications, such as the Walsh-case of Carleson’s theorem, the kernel
K naturally depends also on the modulation functions . The fact that we don’t
assume Holder-continuity of the kernel K in the first argument allows us to also
capture this situation.

We now state another Theorem with a slightly weaker replacement of the assump-
tion (1.1.15). It implies the Walsh-case of Carleson’s theorem. For a Borel function
Q:X —0,and ¥ € © and x € X define

R (0, x) = sup{r > 0: dp(, (¥, Q(z)) < 1} (1.1.17)
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and define further

T35 = s s || K2/, 9)f(y) du(y)| (11.18)
Ri<Ry p(z,2")<Ry |/R <p(a’,y)<min{Ry,Rq(9,2’)}
Define further the linearized generalized Carleson operator T, by
Tof@) = s |[ K(2.9) f)e(Q(@) (@) du(y)| . (1.1.19)
O0<R; <R3 [/R,<p(z,y)<R,

where again e(r) = €.

Theorem 1.1.2 (linearised metric Carleson). For all integers a > 4 and real num-
bers 1 < q < 2 the following holds. Let (X,p,u,a) be a doubling metric measure
space. Let © be a cancellative compatible collection of functions. Let Q) : X — © be
a Borel function with finite range. Let K be a one-sided Calderén—Zygmund kernel
on (X, p, u,a). Assume that for every ¥ € © and every bounded measurable function
g on X supported on a set of finite measure we have

1789l < 291l (1.1.20)

where Tg is defined in (1.1.18). Then for all Borel sets F' and G in X and all Borel
functions f: X — C with | f| < 1p, we have, with T, defined in (1.1.19),

c 1

~(g—

[ Tatdu A ()
G

Remark 1.1.3. The value of the constant factor 2443%° in Theorems 1.1.1 and 1.1.2
is by no means sharp. One source of non-sharpness is our choice to write for read-
ability most constants in the form 27%* for some explicit constant n.

An a posteriori byproduct of the Lean formalization of this document is that
Theorems 1.1.1 and 1.1.2 remain true with 244¢” instead of 2443%”. This is obtained
by changing the parameter D introduced in (2.0.1) from 21000 ¢4 970%  checking
that exactly the same proof goes through, tracking the constants, and getting gdda’
in the end. This value is again by no means sharp. In the formalization we define
the parameter D as 2°*” and the constants in this blueprint are obtained by setting
¢ = 100.

443a3

Q=

(1.1.21)

2. PROOF OF METRIC SPACE CARLESON, OVERVIEW

This section organizes the proof of Theorem 1.1.1 into sections 3, 4, 5, 6, 7, 8, and
9. These sections are mutually independent except for referring to the statements
formulated in the present section. Section 3 proves the main Theorem 1.1.1, while
sections 4, 5, 6, 7, 8, and 9 each prove one proposition that is stated in the present
section. The present section also introduces all definitions used across these sections.

Section 2.1 proves some auxiliary lemmas that are used in more than one of the
sections 3-9.

Let a, q be given as in Theorem 1.1.1.

Define

D := 21004 (2.0.1)
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Kk 1= 27100 (2.0.2)
and

Z = 212a, (2.0.3)
Let ¥ : R — R be the unique compactly supported, piece-wise linear, continuous
function with corners precisely at -4, 5%, 1 and % which satisfies

4D’ 2D 4
> (D) =1 (2.0.4)
seZ

for all x > 0. This function vanishes outside | is constant one on [ and
is Lipschitz with constant 4.D.

Let a doubling metric measure space (X, p,u,a) be given. Let a cancellative
compatible collection © of functions on X be given. Let o € X be a point such that
¥(0) = 0 for all ¥ € O.

Let a Borel measurable function @) : X — © with finite range be given. Let a
one-sided Calderén—Zygmund kernel K on X be given so that for every ¢ € © the
operator Tg defined in (1.1.18) satisfies (1.1.20).

For s € Z, we define

1 l] 1 l}
4D 2D 2D 41

K (z,y) = K(2,9)(D~*p(z,y)) (2.0.5)
so that for each z,y € X with  # y we have

K(z,y) =Y K,(z,y).
seZ
In Section 3, we prove Theorem 1.1.1 and Theorem 1.1.2 from the finitary version,
Proposition 2.0.1 below. Recall that a function from a measure space to a finite set
is measurable if the pre-image of each of the elements in the range is measurable.

Proposition 2.0.1 (finitary Carleson). Let 0q,04: X — Z be measurable functions
with finite range and o, < 04. Let F', G be bounded Borel sets in X. Then there is a
Borel set G’ in X with 2u(G") < u(G) such that for all Borel functions f: X — C
with |f| < 1p.

oy(x)
[ [ Rnime@wm) | ae)
GNG [s=04(a)

2442113 11 1
< = 1>5H(G) ap(F)a . (2.0.6)

Let measurable functions oy < g4: X — Z with finite range be given. Let bounded
Borel sets F', G in X be given. Let S be the smallest integer such that the ranges of
o, and o, are contained in [—S, S] and F and G are contained in the ball B(o, 1 D).

In Section 4, we prove Proposition 2.0.1 using a bound for a dyadic model formu-
lated in Proposition 2.0.2 below.

A grid structure (2D, ¢, s) on X consists of a finite collection 2 of pairs (I, k) of
Borel sets in X and integers k € [—S, 5], the projection s: D — [—S, 5], (I,k) — k
to the second component which is assumed to be surjective and called scale function,
and a function ¢ : 2 — X called center function such that the five properties (2.0.7),
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(2.0.8), (2.0.9), (2.0.10), and (2.0.11) hold. We call the elements of 2 dyadic cubes.

By abuse of notation, we will usually write just I for the cube (I,k), and we will

write I C J to mean that for two cubes (I, k), (J,1) € D we have I C J and k <.
For each dyadic cube I and each —S < k < s(I) we have

Ic |J 7. (2.0.7)
JeD:s(J)=k
Any two non-disjoint dyadic cubes I, J with s(I) < s(J) satisfy
IcJ. (2.0.8)

There exists a [, € D with s(;) = S and ¢(I,) = o and for all cubes J € D, we
have
Jcl,. (2.0.9)

For any dyadic cube I,
1
c(I) € B(c(I), ZDS(U) Cc I C B(c(I),4D3W)y. (2.0.10)

For any dyadic cube I and any t with tD*!) > D=5,
p{z el « plx, X NI)<tDD}) < 2t5u(T). (2.0.11)

A tile structure (B, 7,2, 9, c,s) for a given grid structure (D, ¢, s) is a finite set
P of elements called tiles with five maps

J: B =D

Q: P — P(O)

9: P - Q(X)

c:P—-X

s: P -7
with J surjective and P(0©) denoting the power set of © such that the five properties
(2.0.13), (2.0.14), (2.0.15), (2.0.18), and (2.0.19) hold. For each dyadic cube I, the
restriction of the map €2 to the set

B) ={p:7T(p) =1} (2.0.12)

is injective and we have the disjoint covering property (we use the union symbol
with dot on top to denote a disjoint union)

Q(X) C Upewnﬂ(p). (2.0.13)
For any tiles p,q with 7(p) C J(q) and Q(p) N Q(q) # @ we have
Q(q) € Q(p). (2.0.14)
For each tile p,
9(p) € B,y(9(p),0.2) C Q(p) C B, (Q(p), 1), (2.0.15)
where
B,(0,R) :=={0€0O :d,(9,0) <R}, (2.0.16)
and

dp = dB(C(p),%DS(p)) . (2017)
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We have for each tile p

c(p) = c(J(p)), (2.0.18)
s(p) = 5(7(p))- (2.0.19)
Proposition 2.0.2 (discrete Carleson). Let (D,c,s) be a grid structure and
(P, 7,9,9,c,8)
a tile structure for this grid structure. Define for p € R
E(p) ={z € J(p): Qz) € Up),01(x) <s(p) < oy(x)} (2.0.20)

and

T, f(x) = 1E(p>(ﬂf)/Ks(m(ﬂf,y)f(y)e(Q(fv)(y) — Q(z)(z)) duly). (2.0.21)

Then there ezists a Borel set G with 2u(G") < p(G) such that for all Borel functions
f: X — C with |f| < 1p we have

>

peP

Wu(G)l’Eu(Fﬁ . (2.0.22)

The proof of Proposition 2.0.2 is done in Section 5 by a reduction to two further
propositions that we state below.

Fix a grid structure (D,¢c,s) and a tile structure (B, 7,Q, Q,c,s) for this grid
structure.

We define the relation

T, f(2)| dp) <

p<p (2.0.23)

on P x P meaning J(p) C J(p’) and Q(p’) C Q(p). We further define for A\, \" > 0
the relation

Ap S Ay’ (2.0.24)
on B x P meaning J(p) C J(p’) and
B, (Q(p"),\') C B,(Q(p), \). (2.0.25)
Define for a tile p and A > 0
Ey(p) :={reIp)NG:Qx) €Qp)}, (2.0.26)
Ey(0p) = {x € 9(9) NG : Q(a) € B,(0(p), )} (2.0.27)

Given a subset B’ of P, we define P(P’) to be the set of all p € P such that
there exist p’ € P’ with J(p) C J(p”). Define the densities

, _ 1(Ey (A, p))
dens; (P’) := sup sup A~ ® sup —_— 2.0.28)
' pep Az2 pep@)apsap I () (

ens V= su su H(FQB(C(p)ﬂ“))
dens, () p/eg/rzwr:m LBl (2.0.29)

An antichain is a subset 2 of 93 such that for any distinct p,q € 2 we do not have

p<gq
The following proposition is proved in Section 6.
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Proposition 2.0.3 (antichain operator). For any antichain 2l and for all f : X — C
with |f| <1p and all g: X — C with |g] < 14

/ )Y Ty f(= (2.0.30)

peA
2117(13 a1 11
| dens, (2)seT densy(A) 22| f2]gll, - (2.0.31)

Let n > 0. An n-forest is a pair (4,%) where 4 is a subset of 8 and T is a map
assigning to each u € 4l a nonempty set T(u) C P called tree such that the following
properties (2.0.32), (2.0.33), (2.0.34), (2.0.35), (2.0.36), and (2.0.37) hold.

For each u € 4 and each p € T(u) we have J(p) # J(u) and

dp <u. (2.0.32)
For each u € § and each p,p” € T(u) and p’ € P we have
p.p” €T(u),p<p <p” = p €T(u). (2.0.33)
We have
IS Tyl <27 (2.0.34)
ucil
We have for every u € U
dens; (T(u)) < 2%afi-n, (2.0.35)
We have for u,u’” € 4 with u # u” and p € T(u’) with J(p) C J(u) that
d,(9(p), Q(u)) > 27" +1) (2.0.36)
We have for every u € { and p € T(u) that
B(c(p),8D*®)) C J(u). (2.0.37)

The following proposition is proved in Section 7.

Proposition 2.0.4 (forest operator). For any n > 0 and any n-forest (U, T) we
have for all f,g: X — C with |f| <1 and |g| < 14

| [5@ ZZTf (@)

ue peT(u

< 2400%9 5 qonyg, (U T(u ) 171121912 -

—
,_.

uell

Theorem 1.1.1 is formulated at the level of generality for general kernels satisfying
the mere Holder regularity condition (1.1.12). On the other hand, the cancellative
condition (1.1.9) is a testing condition against more regular, namely Lipschitz func-
tions. To bridge the gap, we follow [Zor21] to observe a variant of (1.1.9) that we
formulate in the following proposition proved in Section 8.

Define

7= (2.0.38)

SHES
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Define for any open ball B of radius R in X the L°°-normalized 7-Hélder norm by

lp(z) — oY)l
ey =sup |p(x)|+ RT  sup —————. 2039
” ”C (B) wGB‘ ( >| z,y€B,x+y p(a;y)T ( )

Proposition 2.0.5 (Holder van der Corput). Let z € X and R > 0 and set B =
B(z,R). Let ¢ : X — C be supported on B and satisfy |¢|c-(p.2r) < 00. Let
9,0 € ©. Then

| / e(W(@) - 0(@))p(@)da] < 27 u(B)plor e amy (L + dp(0,0)) 525 . (2.0.40)

We further formulate a classical Vitali covering result and maximal function es-
timate that we need throughout several sections. This following proposition will
typically be applied to the absolute value of a complex valued function and be
proved in Section 9. By a ball B we mean a set B(z,r) with x € X and r > 0 as
defined in (1.1.3). For a finite collection B of balls in X and 1 < p < co define the
measurable function Mgz ,u on X by

(= | su Lp(7) U p '
My ) o= (s 220 [l ) (20.41)

Define further Mg := Mgy .

Proposition 2.0.6 (Hardy-Littlewood). Let B be a finite collection of balls in X.
If for some A > 0 and some measurable function u: X — [0,00) we have

/u(m) du(z) > M\u(B) (2.0.42)
B
for each B € B, then
(| ) B) < 2% / w(z) dp(z) . (2.0.43)
b'e
For every measurable function v and 1 < p; < py we have
|M, 0ll,, < 22022 o], . (2.0.44)
P2 — P

Moreover, given any measurable bounded function w: X — C there exists a measur-
able function Mw : X — [0,00) such that the following (2.0.45) and (2.0.46) hold.
For each ball B C X and each x € B

1 /
lw(y)| dp(y) < Mw(x) (2.0.45)
H(B) B
and for all 1 < p; < py <00
a1 . P
| M (wPr)ee], < 2% —2—wl,, . (2.0.46)
2 1

This completes the overview of the proof of Theorem 1.1.1.
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2.1. Auxiliary lemmas. We close this section by recording some auxiliary lemmas
about the objects defined in Section 2, which will be used in multiple sections to
follow.

First, we record an estimate for the metrical entropy numbers of balls in the space
© equipped with any of the metrics dp, following from the doubling property (1.1.8).

Lemma 2.1.1 (ball metric entropy). Let B C X be a ball. Let r >0, 9 € © and
k € N. Suppose that 2 C Bp/ (9,72%) satisfies that { By (z,7) | 2 € 2} is a collection
of pairwise disjoint sets. Then

12| < 2ka,

Proof. By applying property (1.1.8) k times, we obtain a collection £’ C © with
|2’ = 2k and

By (9,72%) c | BB/(z’,g).

ez’

Then each z € 2 is contained in one of the balls B(2’, ), but by the separation
assumption no such ball contains more than one element of Z. Thus |Z| < |2/| =
2ka, O

The next lemma concerns monotonicity of the metrics dp ) 1 pony With respect
to inclusion of cubes [ in a grid.

Lemma 2.1.2 (monotone cube metrics). Let (D, c,s) be a grid structure. Denote
for cubes I € D

I°:== B(c(I), iDsU)) .
Let I,J € D with I C J. Then for all 9,0 € © we have
dp.(9,0) < dj.(9,6),
and if I # J then we have
dp.(9,0) < 279ed ,.(9,0).

Proof. If s(I) > s(J) then (2.0.8) and the assumption I C J imply I = J. Then the
lemma holds by reflexivity.

If s(J) > s(I) + 1, then using the monotonicity property (1.1.6), (2.0.1) and
(1.1.7), we get

dr-(9,0) < dpe(r)apen) (9, 0) < 27100“613@(1),4175@)(197 0). (2.1.1)
Using (2.0.10), together with the inclusion I C J, we obtain
c(I)eIcJc B(c(J),4D*Y)
and consequently by the triangle inequality
B(c(I),4D*")) C B(c(J),8D%W)) .



FORMALIZATION OF CARLESON’S THEOREM 15
Using this together with the monotonicity property (1.1.6) and (1.1.5) in (2.1.1), we
obtain
dp-(9,0) < Q_IOOGdB(c(J),stUUWv 0)
< 27100a+5adB(c(J),%DSU))(19? 9)
- 2—95ad‘]o (797 9) .

This proves the second inequality claimed in the Lemma, from which the first follows
since a > 4 and hence 279 < 1, O

We also record the following basic estimates for the kernels K.

Lemma 2.1.3 (kernel summand). Let —S < s < Sandx,y,y’ € X. If K (z,y) # 0,
then we have

1 1
ZDS’I < p(z,y) < iDs. (2.1.2)
We have
2102(13
K < ———— 2.1.
Kool € e (213)
and
227 o)\ "
K —K N < 4 . 2.14
Ko) = Ko € s (P20 (214

Proof. By Definition (2.0.5), the function K is the product of K with a function
which is supported in the set of all x,y satisfying (2.1.2). This proves (2.1.2).
Using (1.1.11) and the lower bound in (2.1.2) we obtain

3

2(1
u(B(z, 3 D*1))

K (z,y)| < |K(z,y)| < (2.1.5)
Using D = 21000* 4nd the doubling property (1.1.2) 2 + 100a? times estimates the
last display by
92a+101a®
= W(B D) (2.1.6)
Using a > 4 proves (2.1.3).

To prove (2.1.4) when 2p(y,y’) > p(z,y), use the lower bound in (2.1.2) and
the inequality 2p(y,y’) > 1D*"!. Then (2.1.4) follows from the triangle inequality,
(2.1.3) and a > 4.

If 2p(y,y") < p(x,y), we rewrite |K (z,y) — K (z,y)| as

An upper bound for |K(z,y) — K(x,y")| is obtained similarly to the proof of (2.1.3)
using (1.1.12) and the lower bound in (2.1.2)

, 24" Py, y) :
K (z,y) — K(z,y')| < (B 1D (iDsl ) : (2.1.8)
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As above, this is estimated by
1 1
4D92a+101a® (p(y,z/)) a _ 92+2a+100a+101a? (p(y,y/)) a
= u(B@.D%) \ D W(Bz,D%)) \ Dr

We have the trivial bound |¢(D ®p(z,y))| < 1, and (2.1.6) provides a bound for
|K(z,y)|. Finally, we show that

(2.1.9)

Ds
by considering separately the cases p(y,y’)/D® > 1 and p(y,y’)/D® < 1. In the
former case, the inequality is trivial; in the latter case, it follows from the fact that
1 is Lipschitz with constant 4D.
Combining the above bounds and using a > 4 proves (2.1.4) when 2p(y,y")

<
p(z,y). O

3. PROOF OF METRIC SPACE CARLESON

6D~ ol ) — oD "ol < 4D (252 (2.1.10)

In this section we prove Theorem 1.1.1 and Theorem 1.1.2.

Let (X, p, pt, a) be a doubling metric measure space and © a cancellative, compat-
ible collection of functions on X. Let K be a one-sided Calderon-Zygmund kernel.

We begin by proving some continuity properties of the integrand in (1.1.14).

Lemma 3.0.1 (int continuous). Let f be a measurable function with |f| < 1. Then
the function

G: X x0x(0,00) x (0,00) = C
G0, Ry, By) = / K, 9) [ (9)e(d(y)) duly)

Ry <p(@,y)<R,
is continuous in ¥ for fivred x, Ry, Ry. It is right-continuous in R, for fived x,9, R,
and left-continuous in R, for fized x,9,R,. Finally, it is measurable in x and
bounded for fized ¥, R, R,.

Proof. Measurability in x follows from joint measurability of

K(2,9)1 50, p)~B(z,r,) (Y)

in z and y and (part of the proof of) Fubini’s theorem.

(Partial) continuity in R, and R, is also a standard lemma in measure theory. It
follows for example by splitting the integrand as F; — F_; +iF; —¢F_; for positive,
disjointly supported functions F'_ and applying the monotone convergence theorem
to each summand.

For continuity in 9 note that

|G(z,9, Ry, Ry) — G(z,¥', Ry, Ry)|

/ K(z,y)f(y)(e(d(y)) —e(d'(y))) du(y)
Ry <p(z,y)<R,

< / 1K (2, y) [l ()]le(d(y) =" (y) = 0(0) +9'(0)) — 1 dp(y).

Ry <p(z,y)<R,
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By 1-Lipschitz continuity of e'*, the property (1.1.4) of the metrics d, the kernel
upper bound (1.1.11) and |f| <1 this is

3

9a
S e V) (9,9').
2 Ri<p(z,y)<R, V(.f(}, y) B(z,p(0,z)+Ry)

If R, < p(z,y) < R, then there exists n with B(z, R,) C B(z,2"p(x,y)) and
2" < 2R, /R,. Hence, by the doubling property (1.1.2),

Vi(z,y) = w(B(z,p(z,y))) 2 27" u(B(z, Ry)) > (2Ry/Ry)~*pu(B(z, Ry)).
Hence
’ a3 2R2 “ ’
‘G({B, 79) Rla R2> - G(l‘, Y >R17 R2)‘ <2 <R71> dB(x,p(o,ac)+R2)(797 v )

Since the topology on © is the one induced by any of the metrics dg, continuity
follows.

Finally, for boundedness as a function of x note that we also have by a similar
computation using |e(d)| =1
2R, ) a

1G9, Ry, Ry)| < 2°°( T

We now prove Theorem 1.1.1 using Theorem 1.1.2.

Proof of Theorem 1.1.1. Let Borel sets I'; G in X be given. Let a Borel function
f: X — Cwith f <1 be given.
Let © C © be a countable dense set. By Lemma 3.0.1 we have

sup sup
YeO 0<R <R,

/ K(2,y) F(w)e(d()) du(y)
Ry <p(z,y)<R,

= sup sup
Ye®’ 0<R,<R,,R;€Q

/ K, 9) [ (9)e(9(y)) du(y)
Ry <p(z,y)<Ry

Consider an enumeration of ©” and let ©,, be the finite set consisting of the first
n + 1 functions in the enumeration. Then by the monotone convergence theorem

sl

/ K, 9) [ ()e(d()) du(y)
Ry <p(z,y)<R,

dp(z)

:/ sup sup
G 90’ 0<R,<R,,R;€Q

= lim sup sup
n=0 Jg ¥9€0,, 0<R,<R,,R,cQ

/ K(2,9) 1 (9)e(d(y)) duy)| du(z).
Ry <p(®,y)<Ry

For each n, let @, () be the measurable function specifying the maximizer in the
supremum in ¢ in the previous line. It is possible to construct such a measurable
function of z, because the function inside the supremum is measurable in x, being a
countable supremum of measurable functions, and because O,, is finite. (For example
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one may fix some order on the finite set ©,, and pick the smallest maximizer with
respect to that order. This is a measurable choice function.) Then the previous
display becomes

< lim sup
n=o0 Jo 0<R <R,

/ K () f(0)e(@u () () du(y)| du(z).
Ri<p(z,y)<R,

= lim [ T, fdp.
G

n—oo

It remains to verify the assumptions of Theorem 1.1.2, which when applied here
completes the proof.

The assumptions of Theorem 1.1.1 and Theorem 1.1.2 are the same, with the
exception of the assumption (1.1.20). The assumption (1.1.20) however is weaker
than the assumption (1.1.15) of Theorem 1.1.1. Indeed, setting for fixed z,v the
outer radius R, in (1.1.13) to min{Rj, Ry (¥, 2")}, where Rj is the outer radius in
(1.1.18), shows that (1.1.18) is smaller than or equal to (1.1.13). Thus we can apply
Theorem 1.1.2, which completes the proof. O

We continue with the proof of Theorem 1.1.2, via a series of reductions to simpler
lemmas.
Let a measurable function @) with finite range be given.

Proof of Theorem 1.1.2. Let Borel sets F, G in X with finite measure be given. Let
a Borel function f: X — C with f < 1, be given.
For each 0 < Ry, Ry, R, we define Ty p pf as in (3.0.2). By Lemma 3.0.1,
T'r, r, r/ is measurable and bounded, and we clearly have for each z € X
THf(x) = lim sup T nf(x).
QS0 = lim s Ty S (@)
For each 2 and all f, the functions supy . _p _p__on Tg, R, 2~ f(x) are measurable by
Lemma 3.0.1 and form an increasing sequence in n. By the monotone convergence
theorem, the claimed estimate (1.1.21) then follows from Lemma 3.0.2. O

Lemma 3.0.2 (R truncation).
Let F', G be Borel sets in X. Let f: X — C be a Borel function with |f| < 1p.
Then for all R € 2N we have

443a3 1 1
[16 sw (Tp el @ldae) € (@)t uE), (30
1/R<R,<R,<R (g—1)
where
T (2) = Lot (@) | K () f(0)e(@@)m) duly).  (30.2)

Ry <p(z,y)<R,

Proof. Let F,G, f as in the lemma be given. Let R € 2" be given. By replacing
G with G N B(o, R) if necessary, a replacement that does not change the conclusion
of the Lemma 3.0.2, it suffices to show (3.0.1) under the assumption that G is
contained in B(o, R) and thus bounded. We make this assumption. For every z € G
and R, < R, the domain of integration in (3.0.2) is contained in B(o,2R). By
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replacing F' with F' N B(o,2R) if necessary, and correspondingly restricting f to
B(o,2R), it suffices to show (3.0.1) under the assumption that F' is contained in
B(o,2R) and thus bounded. We make this assumption.

Using the definition (2.0.5) of K, and the partition of unity (2.0.4), we observe
that for fixed R; < R, we have

So+2
K($’y>1R1<p(x,y)<R2: Z Ks($’y)1R1<p(ac,y)<R2a (303)

s§=5;—2

where s, = [log, 2R, | 4+ 3 and s, = [log,, 4R,] — 2. To obtain the identity (3.0.3),
we have used that on the set where R, < p(z,y) < R, the kernels K, vanish unless
s is inside the interval of summation in (3.0.3). Similarly, we observe

Z K :L' y)1R1<p (z,y)<Ry — Z K :E y (304)

5=5, 5=5,

because on the support of K, with s; < s < s, we have necessarily Ry, < p(z,y) < R,.
We thus express (3.0.2) as the sum of

Tnf@= 3 / K (2,1 f(9)e(Q() (1)) du(y) (3.0.5)

and

> K, (e, 0)f0)e(@@) ) duly).  (3.06)

5=81—2,81—1,85+1,5,+2 VR 1 <p(z,y)<R,

We apply the triangle inequality and estimate (3.0.1) separately with T g g re-
placed by (3.0.5) and by (3.0.6). To handle the case (3.0.5), we employ Lemma 3.0.3.
Here, we utilize the fact that if < R, < R, < R, then s; and s, as in (3.0.5) are
in an interval [—S, S| for some sufficiently large S depending on R. To handle the
case (3.0.6), we use the triangle inequality and the properties (2.1.2), (2.1.3) of K
and |f| < 1p to obtain for arbitrary s the inequality

/ K, f(0)e(Q() () duy)
Ry <p(z,y)<R,

2102a 3
/ du(y) < 21929° M1, (x), (3.0.7)
B(z,Ds)

where M1y is as defined in Proposition 2.0.6. Now the left-hand side of (3.0.1),
with T g, g replaced by (3.0.6), can be estimated using Holder’s inequality and
Proposition 2.0.6 by
. 9102a’+4a+3
9102a°+2 / 1o(z)M1p(z)dp(z) < —=T

Summing the contributions from (3.0.5) and (3.0.6) completes the proof. (]
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Lemma 3.0.3 (S truncation). Let F', G be bounded Borel sets in X. Let f: X — C
be a Borel function with |f| < 1p. Then for all S € Z we have

442a3+2 ) L
/ o) s T, f@)ldu(e) < fgpen(@ T InE)E, (3.08)
where

Proof of Lemma 3.0.3. We reduce Lemma 3.0.3 to Lemma 3.0.4. For each z, let
o,(x) be the minimal element s” € [—S, S] such that

maXS ‘Ts’,sgf<x)‘ = max ’T f($>’ = Tl,w'

8/ <sy< —S<s,<8,<S 1792
Similarly, let o4(2) be the minimal element s” € [—S5, S] such that

|T02(w),s”f($)’ = Tl,x :
With these choices, and noting that with the definition of 75 , , from (3.0.11)

Tal(r),(rz(z)f<x) = T27g'17o'2f(x)7
we conclude that the left-hand side of (3.0.8) and (3.0.10) are equal. Therefore,
Lemma 3.0.3 follows from Lemma 3.0.4. g

Lemma 3.0.4 (linearized truncation). Let oq,045: X — Z be measurable functions
with finite range and o, < 045. Then we have

3
2442a +2 1

[ 160 T, )] dile) < TG ()", (3.0.10)

Q=

with
Tyo od@) = > /Ks(l‘, Y f(ye(Qx)(y)) duly) . (3.0.11)
o1 (z)<s<oy(z)

Proof of Lemma 3.0.4. Fix 0, 05 and () as in the lemma. Applying Proposition 2.0.1
recursively, we obtain a sequence of sets G, with G, = G and, for each n > 0,
Gn+1 - Gn7 M(Gn> < 2—n'u(G> and

[ 16,6, Bs 0,10 i)

9442a° L1 i
< WM(Gn) ap(F)a. (3.0.12)
Adding the first n of these inequalities, we obtain by bounding a geometric series
2442a3+2 ) 1
/1G\Gn (x) |T2,al,agf(95)| dp(z) < WN<G)1_5M(F)E- (3.0.13)

As the integrand is non-negative and non-decreasing in n, we obtain by the monotone
convergence theorem

/ 16(2) [T, o, /)] dpi(a) <

2442a3+2

WMGV*%(F) :

Q=

(3.0.14)
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This completes the proof of Lemma 3.0.4 and thus Theorem 1.1.1. O

4. PROOF OF FINITARY CARLESON

To prove Proposition 2.0.1, we already fixed in Section 2 measurable functions
01,04, @ and Borel sets F', G. We have also defined S to be the smallest integer such
that the ranges of o, and o4 are contained in [—S, S] and F and G are contained in
the ball B(o, :D%).

The proof of the next lemma is done in Section 4.1, following the construction of
dyadic cubes in [Chr90, §3].

Lemma 4.0.1 (grid existence). There exists a grid structure (D, c,s).

The next lemma, which we prove in Section 4.2, should be compared with the
construction in [Zor21, Lemma 2.12].

Lemma 4.0.2 (tile structure). For a given grid structure (D,c,s), there exists a
tile structure (B,7,9, Q,c,s).

Choose a grid structure (2, ¢, s) with Lemma 4.0.1 and a tile structure for this
grid structure (B, 7,Q, 9O, c,s) with Lemma 4.0.2. Applying Proposition 2.0.2, we
obtain a Borel set G’ in X with 2u(G") < p(G) such that for all Borel functions
f:+X — C with | f| < 1p we have (2.0.22).

Lemma 4.0.3 (tile sum operator). We have for all z € G N\ G’

‘72(95)
ST = Y / K, (2,9 f0)e(Q@)(y) — Q@)(@) duly).  (4.0.1)

peP s=o(x)

Proof. Fix € G \ G’. Sorting the tiles p on the left-hand-side of (4.0.1) by the
value s(p) € [—S5, 5], it suffices to prove for every —5 < s < S that

Y T f(a) = (4.0.2)

peEP:s(p)=s
if s ¢ [0,(x),05(x)] and

Z TSt / K 0) [0)e(Q@) () — Q)(@) du(y).  (4.0.3)

peP:s(

if s € [0y (), 02(30)]. If s ¢ [o¢(x), 0y(x)], then by definition of E(p) we have z ¢ E(p)
for any p with s(p) = s and thus T, f(z) = 0. This proves (4.0.2).

Now assume s € [0, (x),04(z)]. By (2.0.7), (2.0.9), (2.0.10), the fact that ¢(1,) = o
and G C B(o, 1 D%), there is at least one I € D with s(I) = s and z € I. By (2.0.8),
this I is unique. By (2.0.13), there is precisely one p € B(I) such that Q(z) € Q(p).
Hence there is precisely one p € P with s(p) = s such that = € E(p). For this p, the
value T, () by its definition in (2.0.21) equals the right-hand side of (4.0.3). This
proves the lemma. O

We use this to prove Proposition 2.0.1.
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Proof of Proposition 2.0.1. We now estimate with Lemma 4.0.3 and Proposition 2.0.2

oy(z)
/ > /Ks(fv,y)f(y)e(Q(x)(deu(y) dp(z) (4.0.4)
G\G’ )

s=oq(

ay(x)
~ [ 1Y [ K@niweu e - @) dut)|duw) (403
NG |sZoy(a)

44243 . .
— [ X Tt duta) < ) ) (4.0.6)
GG pep a
This proves (2.0.6) for the chosen set G’ and arbitrary f and thus completes the
proof of Proposition 2.0.1. O

4.1. Proof of Grid Existence Lemma. We begin with the construction of the
centers of the dyadic cubes.

Lemma 4.1.1 (counting balls). Let —S < k < S. Consider Y C X such that for
any y €Y, we have

y € B(o,4D% — DF), (4.1.1)
furthermore, for any y’ € Y with y # y’, we have
B(y,D*) N B(y', D¥) = @. (4.1.2)

Then the cardinality of Y is bounded by
’Y‘ < 23a+2005a3 ) (413)

Proof. Let k and Y be given. By applying the doubling property (1.1.2) inductively,
we have for each integer j > 0

1(B(y, 2/ D*)) < 2%7u(B(y, D¥)). (4.1.4)

Since X is the union of the balls B(y,2/D*) and p is not zero, at least one of the
balls B(y, 27 D¥) has positive measure, thus B(y, D¥) has positive measure.

Applying (4.1.4) for j' = In,(8D?%) = 3+25-100a? by (2.0.1), using —S < k < S,
y € B(0,4D%), and the triangle inequality, we have

B(o,4D%) c B(y,8D%) C B(y,2/ D*). (4.1.5)

Using the disjointedness of the balls in (4.1.2), (4.1.1), and the triangle inequality
for p, we obtain

Y|u(B(o,4D%)) < 27> " ju(B(y, D¥)) (4.1.6)
yeyY
< 2" pu(| ] Bly, D*)) < 27p(0,4D%) . (4.1.7)
yeyY

As p(0,4D%) is not zero, the lemma follows. O
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For each —S < k < S, let Y, be a set of maximal cardinality in X such that
Y =Y, satisfies the properties (4.1.1) and (4.1.2) and such that o € Y;. By the
upper bound of Lemma 4.1.1, such a set exists.

For each —S < k < S, choose an enumeration of the points in the finite set Y},
and thus a total order < on Y.

Lemma 4.1.2 (cover big ball). For each —S < k < S, the ball B(o,4D° — DF) is
contained in the union of the balls B(y,2D*) with y € Y}

Proof. Let x be any point of B(0,4D° — D¥). By maximality of |Y,|, the ball
B(z, D¥) intersects one of the balls B(y, D¥) with y € Y}. By the triangle inequality,
r € B(y,2DF). a

Define the set

We totally order the set € lexicographically by setting (y, k) < (v/, k") if k < k’ or
both k = k¥’ and y < y’. In what follows, we define recursively in the sense of this
order a function

(I;,1,,13) : € = P(X) x P(X) x P(X). (4.1.9)
Assume the sets I,(y’, k") have already been defined for j = 1,2,3 if ¥ < k and if
k=Fk and 3y’ <y.
If k = —S, define for j € {1,2} the set I;(y,k) to be B(y,jD~%). If =S < k,
define for j € {1,2} and y € Y}, the set I,(y, k) to be
Uty k=1) -y € Yy N Bly, jDY)}. (4.1.10)

Define for —S < k< Sandy €Y,

Ly, k) == I1(y, k) U [Lo(y, k) N [Xp UKL k) sy € Vioy <wd)]] (4111)
with
X =L k) v eV} (4.1.12)

Lemma 4.1.3 (basic grid structure). For each —S < k < S and 1 < j < 3 the
following holds.
If j # 2 and for some x € X and y,,yy € Y}, we have

x € Li(yy, k) N 1;(ya, k), (4.1.13)
then y; = ys.
If j + 1, then
B(o,4D% —2D%) c | | L;(y. k). (4.1.14)
yeYy
We have for each y € Yy,
1
B(y, =D¥) C I,(y, k) C B(y,4D"). (4.1.15)

2
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Proof. We prove these statements simultaneously by induction on the ordered set of
pairs (y,k). Let —S <k < S.

We first consider (4.1.13) for j = 1. If k = —S, disjointedness of the sets I (y, —5)
follows by definition of I; and Y. If k > —S, assume z is in I, (y,,, k) for m = 1,2.
Then, for m = 1,2, there is 2, € Y,_; N B(y,,, D¥) with = € I;(z,,,k — 1). Using
(4.1.13) inductively for j = 3, we conclude z; = z,. This implies that the balls
B(y,, D¥) and B(y,, D¥) intersect. By construction of Y, this implies y; = y,. This
proves (4.1.13) for j = 1.

We next consider (4.1.13) for j = 3. Assume z is in I5(y,,, k) for m = 1,2 and
Y € Y. If x is in X, then by definition (4.1.11), z € I,(y,,, k) for m = 1,2. As
we have already shown (4.1.13) for j = 1, we conclude y; = y,. This completes the
proof in case x € X, and we may assume z is not in X,. By definition (4.1.11), z is
not in I5(z, k) for any z with z < y; or z < y,. Hence, neither y; < y, nor y, < yy,
and by totality of the order of Y}, we have y; = y,. This completes the proof of
(4.1.13) for j = 3.

We show (4.1.14) for j = 2. In case k = —S, this follows from Lemma 4.1.2.
Assume k > —S. Let z be a point of B(0,4D° — 2DF). By induction, there is
y' €Y, ; such that x € I3(y’,k —1). Using the inductive statement (4.1.15), we
obtain z € B(y’,4D*'). As D > 4, by applying the triangle inequality with the
points, o, z, and y’, we obtain that y’ € B(o,4D% — D). By Lemma 4.1.2, /' is
in B(y,2D¥) for some y € Y,. It follows that 2 € I,(y, k). This proves (4.1.14) for
j=2.

We show (4.1.14) for j = 3. Let € B(0,4D% — 2DF). In case x € X, then by
definition of X, we have z € I,(y, k) for some y € Y, and thus x € I5(y, k). We may
thus assume = ¢ X,. As we have already seen (4.1.14) for j = 2, there is y € Y},
such that x € I,(y, k). We may assume this y is minimal with respect to the order
in Y;. Then x € I5(y, k). This proves (4.1.14) for j = 3.

Next, we show the first inclusion in (4.1.15). Let z € B(y,+D*). As I,(y, k) C
I5(y, k), it suffices to show = € I,(y, k). If k = —S, this follows immediately from
the assumption on x and the definition of I;. Assume k > —S. By the inductive
statement (4.1.14) and D > 4, there is a y’ € Y;_; such that € I3(y’,k—1). By
the inductive statement (4.1.15), we conclude z € B(y’,4D*"!). By the triangle
inequality with points z, y, ¥/, and D > 8, we have y' € B(y, D). It follows by
definition (4.1.10) that I3(y’,k — 1) C I (y, k), and thus = € I5(y, k). This proves
the first inclusion in (4.1.15).

We show the second inclusion in (4.1.15). Let = € I3(y, k). As I,(y, k) C I,(y, k)
directly from the definition (4.1.10), it follows by definition (4.1.11) that x € I,(y, k).
By definition (4.1.10), there is 3’ € Y;_; N B(y,2D*) with = € I;(y/,k — 1). By
induction, x € B(y’,4D*1). By the triangle inequality applied to the points z,y’,y
and D > 4, we conclude x € B(y,4D*). This shows the second inclusion in (4.1.15)
and completes the proof of the lemma. O

Lemma 4.1.4 (cover by cubes). Let =S <1<k < S andy€Y,. We have

Ly,k) c | Lw,0. (4.1.16)
Yy EY]
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Proof. Let —S <1 < k < S and y € V). If | = k, the inclusion (4.1.16) is true
from the definition of set union. We may then assume inductively that £ > [ and
the statement of the lemma is true if k is replaced by k — 1. Let « € I3(y, k). By
definition (4.1.11), x € I;(y, k) for some j € {1,2}. By (4.1.10), = € I3(w,k — 1) for
some w € Y),_;. We conclude (4.1.16) by induction. O

Lemma 4.1.5 (dyadic property). Let —S <1< k< S andy €Y}, andy’ €Y, with
13(3//, l) N I3(y7 k) 7& @. Then

I3(y',1) C I3(y, k). (4.1.17)

Proof. Let I, k,y,y" be as in the lemma. Pick x € I3(y’,1) N I5(y, k). Assume first
[ = k. By (4.1.13) of Lemma 4.1.3, we conclude 3y’ = y, and thus (4.1.17). Now
assume | < k. By induction, we may assume that the statement of the lemma is
proven for k£ — 1 in place of k.

By Lemma 4.1.4, there is a y” € Y,_; such that x € I3(y”,k — 1). By induction,
we have I3(y’,1) C I3(y”,k —1). It remains to prove

IS(yllvk_l) C IS(:y’k) (4118)

We make a case distinction and assume first z € X,. By Definition (4.1.11), we
have z € I,(y,k). By Definition (4.1.10), there is a v € Y,_; N B(y, D*) with
x € I3(v,k—1). By (4.1.13) of Lemma 4.1.3, we have v = y”. By Definition (4.1.10),
we then have I3(y”,k—1) C I;(y, k). Then (4.1.18) follows by Definition (4.1.11) in
the given case.

Assume now the case x ¢ X.. By (4.1.11), we have z € I,(y, k). Moreover, for any
u < yinY,, we have x ¢ I3(u, k). Let u < y. By transitivity of the order in Y}, we
conclude = ¢ I(u, k). By (4.1.10) and the disjointedness property of Lemma 4.1.3,
we have I3(y", k — 1) N Iy(u, k) = @. Similarly, I5(y”,k—1) N I;(u, k) = @. Hence
Is(y", k — 1) N I3(u, k) = @. As u < y was arbitrary, we conclude with (4.1.11)
the claim in the given case. This completes the proof of (4.1.18), and thus also
(4.1.17). O

For —-S <k <k< Sandy €Y,,yecY, write (v, K|y, k) if I5(y', k") C I5(y, k)

and

inf ‘.x) < 6DF 4.1.19
xexy}sw’mp(y ) ( )

Lemma 4.1.6 (transitive boundary). Assume —S <k” <k’ <k < S andy” € Y},
y €Yy, yeY,. Assume there is v € X such that

S IS(y”7k”) mIS(:y/?k/) mI3<y7 k) (4120)
If (y" K"y, k), the also (y",k"|y", k") and (y', K |y, k)
Proof. As © € I;(y", k") N I3(y', k') and k” < k', we have by Lemma 4.1.5 that
I;(y", k") C I;(y', k). Similarly, I5(y', k") C I3(y, k). Pick 2 € X \ I3(y, k) such
that

py”,a’) < 6D*", (4.1.21)

which exists as (y”, k" |y, k). Asa’ € XNI5(y', k") as well, we conclude (y”, k" |y’, k’).
By the triangle inequality, we have

py'sz") < ply',z) + p(z,y”) + p(y”, 2') (4.1.22)
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Using the choice of x and (4.1.15) as well as (4.1.21), we estimate this by
< 4D 44D 4+ 6D < 6D, (4.1.23)
where we have used D > 5 and k” < k’. We conclude (y',k’|y, k). O

Lemma 4.1.7 (small boundary). Let K = 24" For each —S + K < k < S and
y € Y, we have

1
plLy (o k— K)) < 3
2€Y;,_ki(z,k—Kly,k)

Proof. Let K be as in the lemma. Let —S+ K <k < S and y €Y.
Pick k" so that k — K < k" < k. For each y” € Y, with (v",k — K|y, k), by
Lemma 4.1.4 and Lemma 4.1.5, there is a unique y’ € Y}, such that
I3(y" k= K) C I(y', k') C I3(y, k) . (4.1.25)
Using Lemma 4.1.6, (v, k'|y, k).
We conclude using the disjointedness property of Lemma 4.1.3 that
pI( k—K) < Y u(y, k). (4.1.26)
y”:(y” k—Kly,k) v (v K |y, k)
Adding over k — K < k’ < k, and using

uIy ' k) < 2By, ;DY)

from the doubling property (1.1.2) and (4.1.15) gives

K Y Ly k-K)) (4.1.27)
v (" = Kly.k)

u(I3(y, k) - (4.1.24)

<oe S| Y B, D) (4.1.28)

E—K<k'<k Ly :(v',K |y,k)

Each ball B(y’, %Dk/) occurring in (4.1.28) is contained in I3(y’, k) by (4.1.15) and
in turn contained in I4(y, k) by (4.1.25). Assume for the moment all these balls are
pairwise disjoint. Then by additivity of the measure,

K Y k- K) < 29I,y k) (4.1.29)
y":(y” k—Kly,k)
which by K = 24¢*! implies (4.1.24).
It thus remains to prove that the balls occurring in (4.1.28) are pairwise disjoint.
Let (u,l) and (u’,1") be two parameter pairs occurring in the sum of (4.1.28) and
let B(u,$D') and B(u/, %Dl/) be the corresponding balls. If | = I, then the balls

are equal or disjoint by (4.1.15) and (4.1.13) of Lemma 4.1.3. Assume then without
loss of generality that I’ < [. Towards a contradiction, assume that

1 1,
B(u, ZDl) N B/, ZDZ )+ D (4.1.30)

As (u',1'|y, k), there is a point = in X \ I;(y, k) with p(z,u’) < 6D". Using D > 25,
we conclude from the triangle inequality and (4.1.30) that x € B(u, %Dl). However,
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B(u,1D") C I3(u,l), and Iy(u,l) C I5(y, k), a contradiction to x ¢ I5(y,k). This
proves the lemma. O

Lemma 4.1.8 (smaller boundary). Let K = 241 and let n > 0 be an integer.
Then for each —S +nK < k < S we have

) (Il k—nEK)) < 27" u(Iy(y, k). (4.1.31)

Y €Yy n k(v k—nK|yk)

Proof. We prove this by induction on n. If n = 0, both sides of (4.1.31) are equal
to u(ls(y, k)) by (4.1.13). If n = 1, this follows from Lemma 4.1.7.
Assume n > 1 and (4.1.31) has been proven for n — 1. We write (4.1.31)

p(Is(y” k —nK)) (4.1.32)
V' €Yy nii(y” k—nKlyk)

= > > uI3(y" b —nK)) (4.1.33)
Y eY,_ k(Y k—Kly.k) Ly" €Yy k(v k—nKly' k—K)
Applying the induction hypothesis, this is bounded by
= > 21Ty k — K) (4.1.34)
Y €Yy gy k—Kly,k)

Applying (4.1.24) gives (4.1.31), and proves the lemma. O

Lemma 4.1.9 (boundary measure). For each —S < k< S andy € Y, and0 <t <1
with tDF > D=5 we have

w{z € Ly k) ¢ pla, X N Ly, k) < tD¥)) < 20°u(y(y,k) . (4.1.35)

Proof. Let x € I;(y, k) with p(x, X \ Li(y,k)) < tDF. Let K = 2%*! as in
Lemma 4.1.8. Let n be the largest integer such that DnE < %, so that tD* < Dk—nK

and
1

D > —— 4.1.

L (4.1.36)
Let k' = k — nK, by the assumption tD* > D%, we have k' > —S. By (4.1.16),
there exists y* € Y, with = € I3(y’, k’). By the squeezing property (4.1.15) and the
assumption on x, we have

p(y, X N I3(y, k) < plz,y) + plz, X N I(y, k) < 4D¥ + tDF.
By the assumption on n and the definition of &/, this is
< 4DF 4 DF-nE < 6DM
Together with (4.1.17) thus (y’, k¥'|y, k). We have shown that
{z € I3(y, k) = pla, X N I3y, k) < tD*F}
C U I;(y' k—nK).
YV EY k(Y k—nKly,k)

Using monotonicity and additivity of the measure and Lemma 4.1.8, we obtain

/L({J? € IB(y7 k) : p(an ~ IS(yv k)) < tDk}) < 2_nﬂ(13(y7 k)) .
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By (4.1.36) and the definition (2.0.1) of D, this is bounded by
2t1/(100a2K),u<I3(y3 k)) ’

which completes the proof by the definition (2.0.2) of . O
Let D be the set of all I5(y, k) with k € [-S,S] and y € Y}.. Define

s(I3(y, k) =k (4.1.37)

c(I3(y, k) i=y. (4.1.38)

We define D to be the set of all I € D such that I C I5(0,95).

Proof of Lemma 4.0.1. We first show that (D, ¢, s) satisfies properties (2.0.7), (2.0.8),
(2.0.10) and (2.0.11). Property (2.0.10) follows from (4.1.15), while (2.0.11) follows
from Lemma 4.1.9. .

Let € B(o, D%). We show properties (2.0.7) and (2.0.8) for (D, ¢, s) and .

We first show (2.0.7) for (23, ¢, s) by contradiction. Then there is an I violating the
conclusion of (2.0.7). Pick such I = I5(y, ) such that [ is minimal. By assumption,
we have —S < k < [; in particular —S < [. By definition, I5(y,[) is contained in
I, (y,1) U I4(y,1), which is contained in the union of I5(y’,l — 1) with y" € Y;_;. By
minimality of I, each such I5(y’,l — 1) is contained in the union of all I5(z, k) with
z € Y,. This proves (2.0.7).

We now show (2.0.8) for (ﬁ, ¢, s). Assume to get a contradiction that there are
non-disjoint 7, J € D with s(I) < s(J) and I ¢ J. We may assume the existence
of such I and J with minimal s(J) — s(I). Let k = s(I). Assume first s(J) = k.
Let I = I3(y;, k) and J = I3(yy, k) with y;,y, € Y. If y; = yy, then I = J, a
contradiction to I ¢ J. If y; # y,, then INJ = @ by (4.1.13), a contradiction to the
non-disjointedness of I,.J. Assume now s(J) > k. Choose y € I N J. By property
(2.0.7), there is K € D with s(K) = s(J) —1 and y € K. By construction of J,
and pairwise disjointedness of all I5(w, s(J) —1) that we have already seen, we have
K C J. By minimality of s(J), we have I C K. This proves I C J and thus (2.0.8).

Now note that properties (2.0.8), (2.0.10) and (2.0.11) immediately carry over to
(D, ¢, s) by restriction. (2.0.9) is true for (D, ¢, s) by definition, and (2.0.7) follows
from (2.0.7) and (2.0.8) for (@,c,s). O

4.2. Proof of Tile Structure Lemma. Choose a grid structure (2,c,s) with
Lemma 4.0.1 Let I € D. Suppose that

ZCQX) (4.2.1)
is such that for any ¥, 0 € £ with ¥ # 6 we have
B;.(9,0.3) N B;.(0,0.3) N Q(X) =2. (4.2.2)

Since Q(X) is finite, there exists a set Z satisfying both (4.2.1) and (4.2.2) of maximal
cardinality among all such sets. We pick for each I € D such a set Z(1).

Lemma 4.2.1 (frequency ball cover). For each I € D, we have

QX)c J Br(z0.7). (4.2.3)
zeZ(I)



FORMALIZATION OF CARLESON’S THEOREM 29

Proof. Let 6 € U75€Q<X> B;.(9,1). By maximality of Z(I), there must be a point

z € Z(I) such that B;.(2,0.3) N B.(6,0.3) # @. Else, Z(I) U {0} would be a set

of larger cardinality than Z([) satisfying (4.2.1) and (4.2.2). Fix such z, and fix a

point z; € Bj.(%,0.3) N B;.(6,0.3). By the triangle inequality, we deduce that
d]o(z, 0) g d[u(z, Zl) + dIu(H, Zl) < 03 + 03 = 06,

and hence § € B.(z,0.7). O

We define
PB={(,2) : ITeD,zezZ(I)},
J((I,z))=1 and  Q((I,z)) = =
We further set
s(p) = s(7(p)), c(p) = c(I(p))-
Then (2.0.18), (2.0.19) hold by definition.
It remains to construct the map 2, and verify properties (2.0.13), (2.0.14) and

(2.0.15). We first construct an auxiliary map ;. For each I € D, we pick an
enumeration of the finite set Z([I)

Z(I) =A{z,..., 20}
We define 2 : B — P(O) as below. Set
0 ((1,2)) = Br(2,0.)~ [ Bp(203)

ze2(I)N{z}
and then define iteratively
k—1
0 ((1,2,) = Br(2,07)~ | Br(z03)~ |0, 2)). (4.2.4)
2€2(D)~ {2} i=1

Lemma 4.2.2 (disjoint frequency cubes). For each I € D, and py,p, € B(I), if

Q1(p1) N2 (po) # 2,

Proof. By the definition of the map J, we have

PU) ={,2) : z€ (1)} .
By (4.2.4), the set 4(([, z;)) is disjoint from each Q,((1, z;)) with ¢ < k. Thus the

sets 4 (p), p € P(I) are pairwise disjoint. O
Lemma 4.2.3 (frequency cube cover). For each I € D, it holds that
U Br(z07)c [ Q). (4.2.5)
z€2(I) pEP(I)

For every p € B, it holds that
B,(9(p),0.3) C Qy(p) C B,(2(p),0.7). (4.2.6)
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Proof. For (4.2.6) let p = (I, z). The second inclusion in (4.2.6) then follows from
(4.2.4) and the equality B,(2Q(p),0.7) = B;.(2,0.7), which is true by definition. For
the first inclusion in (4.2.6) let ¥ € B,(2(p),0.3). Let k be such that z = z; in the
enumeration we chose above. It follows immediately from (4.2.4) and (4.2.2) that
9 ¢ Q,((1,z2;)) for all i < k. Thus, again from (4.2.4), we have 9 € Q,((I, z))-

To show (4.2.5) let ¥ € UzeZ(I) B;.(2,0.7). If there exists z € Z(I) with 9 €
B;.(2,0.3), then

z€ W ((1,2)) C U Q(p)
pER(I)

by the first inclusion in (4.2.6).

Now suppose that there exists no z € Z(I) with ¥ € B;.(2,0.3). Let k be minimal
such that ¥ € Bj.(z;,0.7). Since Q4((I,z;)) C Bj(z,;,0.7) for each i by (4.2.4), we
have that ¥ ¢ Q,((1, z;)) for all i < k. Hence ¥ € Q,((1, z,)), again by (4.2.4). O

Now we are ready to define the function Q. We define for all p € B(,)

Qp) = Qy(p). (4.2.7)

For all other cubes I € D, I # I, there exists, by (2.0.8) and (2.0.9), J € D with
I Cc Jand I # J. On such I we define Q by recursion. We can pick an inclusion
minimal J € 2 among the finitely many cubes such that I C J and I # J. This
J is unique: Suppose that J’ is another inclusion minimal cube with I C J’ and
I # J’. Without loss of generality, we have that s(J) < s(J’). By (2.0.8), it follows
that J C J’. Since J’ is minimal with respect to inclusion, it follows that J = J’.
Then we define

Op = ) Q) UB(Q),0.2). (128)
2€2Z(J)NEY; (p)
We now verify that (3,7, €, O, c,s) forms a tile structure.
Proof of Lemma 4.0.2. First, we prove (2.0.15). If I = I, then (2.0.15) holds for
all p € B(I) by (4.2.7) and (4.2.6). Now suppose that I is not maximal in D with
respect to set inclusion. Then we may assume by induction that for all J € D with
I C J and all p’ € B(J), (2.0.15) holds. Let J be the unique minimal cube in D
with I C J.
Suppose that ¥ € Q(p). If ¥ € B,(2(p),0.2), then since
B,(Q(p),0.2) € B,(9(p), 1),
we conclude that ¥ € B, (Q(p),0.7). If not, by (4.2.8), there exists z € 2(J) N Q4 (p)
with 9 € Q(J, z). Using the triangle inequality and (4.2.6), we obtain
dp-(Q(p), V) < dp(Qp), 2) + dp(2,9) < 0.7+ dp.(2,9).
By Lemma 2.1.2 and the induction hypothesis, this is estimated by
<0.7+27%% . (2,9) <0.7+27%2. 1< 1.

This shows the second inclusion in (2.0.15). The first inclusion is immediate from
(4.2.8).
Next, we show (2.0.13). Let I € D.
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If I = I, then disjointedness of the sets Q(p) for p € P(I) follows from the
definition (4.2.7) and Lemma 4.2.2. To obtain the inclusion in (2.0.13) one combines
the inclusions (4.2.3) and (4.2.5) of Lemma 4.2.3 with (4.2.7).

Now we turn to the case where there exists J € D with I C J and I # J. In
this case we use induction: It suffices to show (2.0.13) under the assumption that
it holds for all cubes J € D with I C J. As shown before definition (4.2.8), we
may choose the unique inclusion minimal such J. To show disjointedness of the sets
Q(p),p € P(I) we pick two tiles p,p” € P(I) and ¥ € Q(p) N Q(p’). Then we are by
(4.2.8) in one of the following four cases.

1. There exist z € Z(J) N Q(p) such that ¥ € Q(J,z), and there exists 2’ €
Z(J) N Qy(p’) such that ¥ € Q(J,2"). By the induction hypothesis, that (2.0.13)
holds for J, we must have z = z’. By Lemma 4.2.2, we must then have p = p’.

2. There exists z € Z(J) N Q4 (p) such that J € Q(J,2), and ¥ € B,/ (2(p'),0.2).
Using the triangle inequality, Lemma 2.1.2 and (2.0.15), we obtain

dy (Q(p'), 2) < dy(Q(p'), 9) + dy (2,0) < 0.2427%4 .1 < 0.3.

Thus z € Q(p”) by (4.2.6). By Lemma 4.2.2, it follows that p = p’.

3. There exists 2’ € Z(J) N Qy(p’) such that ¥ € Q(J,2'), and ¥ € B,(2(p),0.2).
This case is the same as case 2., after swapping p and p’.

4. We have ¥ € B,(9(p),0.2) N B, (Q(p"),0.2). In this case it follows that
p = p’ since the sets B,(<2(p),0.2) are pairwise disjoint by the inclusion (4.2.6)
and Lemma 4.2.2.

To show the inclusion in (2.0.13), let ¥ € Q(X). By the induction hypothesis,
there exists p € P(J) such that ¥ € Q(p). By definition of the set 3, we have
p = (J,z) for some z € Z(J). Thus, by (4.2.3), there exists 2z’ € Z(I) with z €
B.(2,0.7). Then by Lemma (4.2.3) there exists p’ € PB(I) with z € Z(J) N Q,(p’).
Consequently, by (4.2.8), ¥ € Q(p”). This completes the proof of (2.0.13).

Finally, we show (2.0.14). Let p,q € P with J(p) C J(q) and Q(p) NQ(q) # @. If
we have s(p) > s(q), then it follows from (2.0.8) that I = J, thus p,q € B(I). By
(2.0.13) we have then either Q(p) NQ(q) = @ or Q(p) = Q(q). By the assumption in
(2.0.14) we have Q(p) N Q(q) # @, so we must have Q(p) = Q(q) and in particular
0(q) < 2(p).

So it remains to show (2.0.14) under the additional assumption that s(q) > s(p).
In this case, we argue by induction on s(q) — s(p). By (2.0.7), there exists a cube
J € D with s(J) =s(q) —1 and JNJ(p) # @. We pick one such J. By (2.0.8), we
have J(p) C J C J(q).

Thus, by (4.2.3), there exists 2/ € 2Z(J) with O(q) € B.(2/,0.7). Then by
Lemma 4.2.3 there exists q° € PB(J) with 9(q) € ©,(q"). By (4.2.8), it follows
that Q(q) € Q(q"). Note that then J(p) C J(q") and Q(p) N Q(q") # @ and
s(q") —s(p) = s(q) —s(p) — 1. Thus, we have by the induction hypothesis that
Q(q") C Q(p). This completes the proof. O

5. PROOF OF DISCRETE CARLESON

Let a grid structure (2, ¢, s) and a tile structure (3, 7, 2, Q) for this grid structure
be given. In Section 5.1, we decompose the set P of tiles into subsets. Each subset
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will be controlled by one of three methods. The guiding principle of the decomposi-
tion is to be able to apply the forest estimate of Proposition 2.0.4 to the final subsets
defined in (5.1.23). This application is done in Section 5.4. The miscellaneous sub-
sets along the construction of the forests will either be thrown into exceptional sets,
which are defined and controlled in Section 5.2, or will be controlled by the antichain
estimate of Proposition 2.0.3, which is done in Section 5.5. Section 5.3 contains some
auxiliary lemmas needed for the proofs in Subsections 5.4-5.5.

5.1. Organisation of the tiles. In the following definitions, k,n, and j will be
nonnegative integers. Define C(G, k) to be the set of I € D such that there exists a
J €D with I C J and

p(GNJ) >27F1u(J), (5.1.1)
but there does not exist a J € D with I C J and
uw(GNJT)>27Fu(). (5.1.2)
Let
FE)={peP : Ip) €CG.k)} (5.1.3)
Define 9t (k,n) to be the set of p € P (k) such that
w(Ey(p)) > 27" (I (p)) (5.1.4)
and there does not exist p’ € P(k) with p” # p and p < p’ such that
u(EL(p") > 27" (T (p')). (5.1.5)
Define for a collection P’ C P (k)
Ny W p(Ey (A, p)
dens, (B’) := ps/lel(g/ ng) A pem(:;}g%)\p <N(27<<P))) : (5.1.6)
Sorting by density, we define
C(k,n) == {p € P(k) : 2*27" < dens ({p}) < 2422 "*+1}, (5.1.7)
Following Fefferman [Fef73], we define for p € €(k, n)
B(p) :={m e M(k,n) : 100p < m} (5.1.8)
and
¢ (kyn,j) :={peclkn) : 272 <|B(p)| <27}, (5.1.9)
and
Lolk,n) :={pec(k,n) : |B(p)| <1}. (5.1.10)

Together with the following removal of minimal layers, the splitting into €, (k,n, j)
will lead to a separation of trees. Define recursively for 0 <1< Z(n+1)

£,(kyn, 1) (5.1.11)
to be the set of minimal elements with respect to < in
¢ (k) Sk g l). (5.1.12)
o<l’<l
Define
&y (k,n,j) = (k)N | L(kn g 0). (5.1.13)

0<l'<Z(n+1)
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The remaining tile organization will be relative to prospective tree tops, which
we define now. Define
i (k,m, ) (5.1.14)
to be the set of all u € €, (k, n,j) such that for all p € €, (k,n,j) with J(u) strictly
contained in J(p) we have B, (2(u),100) N B,(<(p), 100) = 2.
We first remove the pairs that are outside the immediate reach of any of the
prospective tree tops. Define
£,(k,n, j) (5.1.15)
to be the set of all p € €,(k,n,j) such that there does not exist u € i, (k,n, j) with
J(p) # J(u) and 2p < u. Define

@3(145,71,]') = Q:Q(k,naj> \SZ(kvnaj)' (5116)
We next remove the maximal layers. Define recursively for 0 <1< Z(n + 1)

SS(k’naj) l) (5117)

to be the set of all maximal elements with respect to < in
Q:3<k7naj) A U 23(k7n7j7l/)' (5118)

o<i’«l
Define
Cy(kyn,j) ==k, )~ | Lk, 4,0). (5.1.19)
0<I<Z(n+1)

Finally, we remove the boundary pairs relative to the prospective tree tops. Define

£(u) (5.1.20)
to be the set of all I € D with I C J(u) and s(I) =s(u) — Z(n+1)—1 and
B(c(I),8D°D) ¢ T(u). (5.1.21)
Define
L4(k,n,j) (5.1.22)

to be the set of all p € €,(k,n,j) such that there exists u € 4, (k,n,j) with J(p) C
J £(u), and define

€5 (k,n, ) = €4k, j) N L4(kim, j) (5.1.23)

We define three exceptional sets. The first exceptional set GG; takes into account
the ratio of the measures of F" and G. Define P ; to be the set of all p € P with

205 H(E)
dens, ({p}) > 2 G (5.1.24)
Define
Gi= ] J0). (5.1.25)
PePBr o
For an integer A > 0, define A(\, k,n) to be the set of all x € X such that
> Ly (z) > A2nt (5.1.26)

peM(k,n)
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and define
Gy= ] | A@n+6,kn). (5.1.27)

k>0 k<n

Define

G=UJU U U 7). (5.1.28)

k>0 n>k 0<j<2n+3 peg (k,n,j)

Define G’ = G; UG5 UGj4. The following bound of the measure of G’ will be proven
in Section 5.2.

Lemma 5.1.1 (exceptional set). We have
w(G) <27u(@) . (5.1.29)

In Section 5.4, we identify each set €;(k,n,j) outside G’ as forest and use Propo-
sition 2.0.4 to prove the following lemma.

Lemma 5.1.2 (forest union). Let

= U &knj (5.1.30)

k>0 n>k 0<j<2n+3

For all f: X — C with |f| <1 we have
dﬂ < 4#“(;)1_q

/G\G/ B

In Section 5.5, we decompose the complement of the set of tiles in Lemma 5.1.2
and apply the antichain estimate of Proposition 2.0.3 to prove the following lemma.

441a3 N

S w(F)s . (5.1.31)

v
peEP,

Lemma 5.1.3 (forest complement). Let
Py =P P, . (5.1.32)
For all f: X — C with |f| <1 we have
1—1 1
dp < ——=pu(G) " ap(F)a . (5.1.33)

/G\G’ Z Tpf (¢g—1)

peP,
Proof of Proposition 2.0.2. Proposition 2.0.2 follows by applying the triangle in-
equality to (2.0.22) according to the splitting in Lemma 5.1.2 and Lemma 5.1.3 and
using both Lemmas as well as the bound on the set G’ given by Lemma 5.1.1. [

120a3

5.2. Proof of the Exceptional Sets Lemma. We prove separate bounds for G,
G4, and G5 in Lemmas 5.2.1, 5.2.6, and 5.2.10. Adding up these bounds proves
Lemma 5.1.1.

The bound for G, follows from the Vitali covering lemma, Proposition 2.0.6.

Lemma 5.2.1 (first exception). We have
w(Gy) < 275(G). (5.2.1)
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Proof. Let

~—

K = 22a+5 M(F .
WG

For each p € P o pick a r(p) > 4DP) with

u(F N B(c(p),r(p))) = Ku(B(c(p), r(p))) -

This ball exists by definition of B  and dens,. By applying Proposition 2.0.6 to
the collection of balls

~—

B ={Bc(p),r(p)) : p € Prel
and the function v = 1, we obtain
w(lJB) < 220K u(F).
We conclude with (2.0.10) and 7(p) > 4D
w(Gy) = p gj I(p) < p(JB) <22 K pu(F) =27°u(G).
PEP .G
(]

We turn to the bound of GG,, which relies on the Dyadic Covering Lemma 5.2.2
and the John-Nirenberg Lemma 5.2.5 below.

Lemma 5.2.2 (dense cover). For each k > 0, the union of all dyadic cubes in
C(G, k) has measure at most 2571 (G .

Proof. The union of dyadic cubes in C(G, k) is contained the union of elements of the
set M (k) of all dyadic cubes J with u(G'NJ) > 27%714(J). The union of elements
in the set M (k) is contained in the union of elements in the set M*(k) of maximal
elements in M (k) with respect to set inclusion. Hence

p(JeG.m) <pUmm) < > ul)) (5.2.2)
JeM*(k)
Using the definition of M (k) and then the pairwise disjointedness of elements in
M*(k), we estimate (5.2.2) by
<oKL N (T NG) < 2P u(G). (5.2.3)
JeM(k)

This proves the lemma. O
Lemma 5.2.3 (pairwise disjoint). If p,p’ € M(k,n) and

E\(p)NEL(0) # 2, (5.2.4)
then p =p’.

Proof. Let p,p’ be as in the lemma. By definition of E;, we have E,(p) C J(p) and
analogously for p’, we conclude from (5.2.4) that J(p) N J(p’) # @. Let without
loss of generality J(p) be maximal in {7 (p),J(p")}, then J(p”) C J(p). By (5.2.4),
we conclude by definition of E; that Q(p) N Q(p’) # @. By (2.0.14) we conclude
Q(p) € Q(p’). Tt follows that p’ < p. By maximality (5.1.5) of p’, we have p’ = p.
This proves the lemma. ([
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Lemma 5.2.4 (dyadic union). For each x € A(\, k,n), there is a dyadic cube I that
contains x and is a subset of A\, k,n).

Proof. Fix k,n, A,z as in the lemma such that x € A(\ k,n). Let M be the set of
dyadic cubes J(p) with p in M (k,n) and = € J(p). By definition of A(\, k,n), the
cardinality of M is at least 1+ \2""!. Let I be a cube of smallest scale in M. Then
I is contained in all cubes of M. It follows that I C A(\, k,n). O

Lemma 5.2.5 (John Nirenberg). For all integers k,n, A\ > 0, we have
AR, k) < 292 (G). (5.2.5)

Proof. Fix k,n as in the lemma and suppress notation to write A(X) for A\, k,n).
We prove the lemma by induction on A. For A = 0, we use that A(\) by definition
of M(k,n) is contained in the union of elements in €(G,k). Lemma 5.2.2 then
completes the base of the induction.

Now assume that the statement of Lemma 5.2.5 is proven for some integer A > 0.
The set A(A + 1) is contained in the set A(X). Let M be the set of dyadic cubes
which are a subset of A(\). By Lemma 5.2.4, the union of M is A(X). Let M* be
the set of maximal dyadic cubes in M.

Let z € A(A+ 1) and L € M* such that x € L. Then by the dyadic property
(2.0.8)

S 1y, > Ly () + > Ly ().  (5.2.6)
peM(k,n) peM(k,n):J(p)CL peM(k,n):LCI(p)
We now show
1y (@) > antl (5.2.7)
peM(k,n):J(p)CL
The left-hand side of (5.2.6) is strictly greater than (A + 1)27"1. If L is the top
cube the second sum @, on the right-hand side of (5.2.6) is zero and (5.2.7) follows
immediately. Otherwise consider the inclusion-minimal cube L with L - L all tiles
p over which @), is summed over satisfy L c p, so (), is constant for all z € L.
By maximality of L, Q, is at most A2"*! somewhere on L thus on all of L and
consequently also at x. Rearranging the inequality yields (5.2.7).
By Lemma 5.2.3, we have

1(Ey(p)) < (L) (5.2.8)
peM(k,n):7(p)CL
Multiplying by 2™ and applying (5.1.4), we obtain
S ) < 2. (5,29
peM(k,n):J(p)CL
We then have with (5.2.7) and (5.2.9)

2 (AN +1)N L) = / oty (5.2.10)
AA+1)NL

< / > Lypydp < 2"p(L) . (5.2.11)
peM(k,n):J(p)CL
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Hence
AN+ 1)) =2 3 wAN+ )N L) < Y wD) = p(AN).  (5.2.12)
Le* Lehr+
Using the induction hypothesis, this proves (5.2.5) for A+ 1 and completes the proof
of the lemma. O

Lemma 5.2.6 (second exception). We have

w(Gy) <272u(G) . (5.2.13)
Proof. We use Lemma 5.2.5 and sum twice a geometric series to obtain
DD u(ARn+6,k,n)) <Y Y 2k52m (@) (5.2.14)
0<k k<n 0<k k<n
<> 2R EuG) <272(G) (5.2.15)
0<k
This proves the lemma. O

We turn to the set G.
Lemma 5.2.7 (top tiles). We have

> u(I(m)) < 27TRL(G). (5.2.16)
meM(k,n)

Proof. We write the left-hand side of (5.2.16)
|2

/ o (@) dp(z) < 2n+lzﬂ (\ k,n) (5.2.17)
meM(k,n)
Using Lemma 5.2.5 and then summing a geometric series, we estimate this by
|97
< 2n LY ok (@) < 2n ok (G) . (5.2.18)
This proves the lemma. U

Lemma 5.2.8 (tree count). Let k,n,j > 0. We have for every x € X

S Ayl <2729 > 1,0 (x) (5.2.19)
uesl; (k,n,j) meM(k,n)

Proof. Let x € X. For each u € i, (k,n,j) with x € J(u), as u € €,(k,n, j), there
are at least 27 elements m € M(k,n) with 100u < m and in particular z € J(m).
Hence

Ly (z) <27 > Ly () - (5.2.20)

meM(k,n):100usm

Conversely, for each m € M(k, n) with z € T(m), let h(m) be the set of u € U, (k, n, j)
with z € 7(u) and 100u < m. Summing (5.2.20) over u and counting the pairs (u, m)
with 100u < m differently gives

Yoo L@ <27 Y > Ly (@ (5.2.21)

uetly (k,n,j) meM(k,n) uetl(m)
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We estimate the number of elements in 4{(m). Let u € {(m). Then by definition of
U(m)

d,(Q(u), Q(m)) < 100. (5.2.22)
If u” is a further element in {(m) with u # u’, then
Q(m) € B,(2(u),100) N B,/ (Q(u"),100) . (5.2.23)

By the last display and definition of i, (k,n, j), none of J(u), J(u’) is strictly con-
tained in the other. As both contain z, we have J(u) = J(u’). We then have
d,=dy.

By (2.0.15), the balls B, (9(u),0.2) and B, (Q(u"),0.2) are contained respectively
in Q(u) and Q(u’) and thus are disjoint by (2.0.13). By (5.2.22) and the triangle
inequality, both balls are contained in B, (Q(m), 100.2).

By (1.1.8) applied nine times, there is a collection of at most 2°¢ balls of radius
0.2 with respect to the metric d,, which cover the ball B,(Q(m),100.2). Let B’ be
a ball in this cover. As the center of B’ can be in at most one of the disjoint balls
B,(Q(u),0.2) and B,(Q(u"),0.2), the ball B’ can contain at most one of the points
Q(u), O(u).

Hence the image of {(m) under Q has at most 29 elements; since O is injective on
$(m), the same is true of {(m). Inserting this into (5.2.21) proves the lemma. [

Lemma 5.2.9 (boundary exception). Let £(u) be as defined in (5.1.20). We have
for each u € 4, (k,n, 1),

p( | I) < DVREOHD (T (). (5.2.24)
IeL(u)

Proof. Let u € Y, (k,n,l). Let I € £(u). Then we have s(I) =s(u) —Z(n+1)—1
and I C J(u) and B(c(I),8D*D)) ¢ J(u). By (2.0.10), the set I is contained in
B(c(I),4D*D). By the triangle inequality, the set I is contained in

X(u):={zecI(u) : plx,X N JI(u)) < 12DW-Zr+)-11 (5.2.25)
By the small boundary property (2.0.11), noting that
12 Ds(wW—Z(n+1)-1 _ 19 s() > DS 7

we have
p(X () < 2+ (12D~ 20017 (),
Using k < 1 and D > 12, this proves the lemma. O
Lemma 5.2.10 (third exception). We have
w(Gy) <274u(G) . (5.2.26)
Proof. As each p € £,(k,n,j) is contained in UL(u) for some u € U, (k,n, ), we have
W U sens S w U D (5.2.27)
peLy(k,n,j) uesly (k,n,j)  IeL(u)

Using Lemma 5.2.9 and then Lemma 5.2.8, we estimate this further by

< ) DRI (w)) (5.2.28)
u€u1<k7nvj)
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< 2100a2+9a+17j Z D*HZ(nJrl)lu(j(m)) ) (5229)
meM(k,n)
Using Lemma 5.2.7, we estimate this by
< 2100a2+9a+1—jD—nZ(n+1)2n+k+3M(G> ] (5.2.30)
Now we estimate G5 defined in (5.1.28) by

pG <y > > w U I (5.2.31)

k>0 n>k 0<j<2n+3  pel,(k,n,j)
< Z Z Z 2100a2+9a+3+n+k’7jD*KLZ(n+1)'LL<G) (5232)
k>0 n>k 0<j<2n-+3

Summing geometric series, using that D% > 8 by (2.0.1), (2.0.2) and (2.0.3), we
estimate this by

< 9100a®+9a+d+n+k —kZ(n+1) , ((F 5.2.33
< ;0 ; wG) (5.2.33)
_ Z 910002 +9a+4+2k )—rZ(k+1) Z 2n—k D=rZn=k) (@) (5.2.34)
k>0 n=k
< Z 91000%+9a-+5+2k Dy—rZ(k+1) () (5.2.35)
k>0
< 21000749046 )~k Z () (5.2.36)

Using D = 2'9¢" and ¢ > 4 and xZ > 2 by (2.0.1) and (2.0.2) proves the lemma. [J

Proof of Lemma 5.1.1. Adding up the bounds in Lemmas 5.2.1, 5.2.6, and 5.2.10
proves Lemma 5.1.1. O

5.3. Auxiliary lemmas. Before proving Lemma 5.1.2 and Lemma 5.1.3, we collect
some useful properties of <.

Lemma 5.3.1 (wiggle order 1). If np < mp” and n” > n and m > m’ then
7,L/p < m/p/‘
Proof. This follows immediately from the definition (2.0.24) of < and the two inclu-
sions B, (9(p),n) C B,(9(p),n’) and B,/ (Q(p"),m") C B, (2(p’),m). O
Lemma 5.3.2 (wiggle order 2).
Let n,m>1 and k> 0. If p,p’ € B with T(p) # I (p’) and
np < kp’ (5.3.1)

then

(n+27%m)p < myp’ . (5.3.2)

Proof. The assumption (5.3.1) together with the definition (2.0.24) of < implies that
J(p) € I(p’). Let ¥ € B,/ (Q(p’),m). Then we have by the triangle inequality

dy(Q(p), V) < d,(Q(p), Q(p")) +d,(Q(p"), V)

The first summand is bounded by n since

O(p") € By (Q(p"), k) C By(Q(p), n),
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using (2.0.24). For the second summand we use Lemma 2.1.2 to show that the sum
is estimated by
n+ 279, (9(p"),9) <n+2"Pm.

Thus B,/ (Q(p"),m) C B,(Q(p),n 4+ 27%%m). Combined with J(p) C J(p’), this

yields (5.3.2). O
Lemma 5.3.3 (wiggle order 3). The following implications hold for all q,q" € PB:

q<q and A>11 = A S\, (5.3.3)

109 < q" and J(q) # J(q") = 100q < 100q", (5.3.4)

29 <q and J(q) # I7(q") = 4q < 500q" . (5.3.5)

Proof. (5.3.4) and (5.3.5) are easy consequences of Lemma 5.3.1, Lemma 5.3.2 and
the fact that @ > 4. For (5.3.3), if 7(q) = J(q") then we get ¢ = q" by (2.0.13) and
(2.0.23). If J(q) # J(q’), then from (2.0.23), (2.0.24) and (2.0.15) it follows that
q < 0.2q’, and (5.3.3) follows from an easy calculation using Lemma 5.3.2. O

We call a collection 2 of tiles convex if
p<p <p”andp,p’ €A = p eA. (5.3.6)
Lemma 5.3.4 (P convex). For each k, the collection B (k) is convez.

Proof. Suppose that p < p’ < p” and p,p” € P(k). By (5.1.3) we have J(p), I (p”) €
C(G, k), so there exists by (5.1.1) some J € D with

Jp)cIp’)cJ

and pu(G N J) > 27%1,(J). Thus (5.1.1) holds for J(p’). On the other hand, by
(5.1.2), there exists no J € D with J(p) C J and u(G N J) > 27%u(J). Since
J(p) € J(p’), this implies that (5.1.2) holds for J(p"). Hence J(p") € C(G, k), and
therefore by (5.1.3) p” € P(k). O

Lemma 5.3.5 (C convex). For each k,n, the collection €(k,n) is convex.

Proof. Let p < p’ < p” with p,p” € €(k,n). Then, in particular, p,p” € P(k), so,
by Lemma 5.3.4, p’ € P (k). Next, we show that if q < q' € PB(k) then dens) ({q}) >
dens, ({q'}). If p € P(k) and A > 2 with A\q’ < Ap, then it follows from q < ¢,
(5.3.3) of Lemma 5.3.3 and transitivity of < that A\q < Ap. Thus the supremum in
the definition (5.1.6) of dens({q}) is over a superset of the set the supremum in
the definition of dens, ({q’}) is taken over, which shows dens, ({q}) > dens,({q'}).
From p’ <p”, p” € €(k,n) and (5.1.7) it then follows that

240271 < dens),({p”}) < dens, ({p’}).
Similarly, it follows from p < p’, p € €(k,n) and (5.1.7) that
dens;,({p'}) < dens({p}) < 2%°27"".
Thus p” € €(k,n). O

Lemma 5.3.6 (C1 convex). For each k,n,j, the collection €, (k,n,j) is convez.
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Proof. Let p < p’ < p” with p,p” € €, (k,n,j). By Lemma 5.3.5 and the inclusion
¢, (k,n,j) C €(k,n), which holds by definition (5.1.9), we have p’ € €(k,n). By
(5.3.3) and transitivity of < we have that ¢ < q’ and 100q” < m imply 100q < m.
So, by (5.1.8), B(p”) C B(p’) C B(p). Consequently, by (5.1.9)

27 < B(p") < B(p)| < |B(p)] <277,
thus p” € €, (k,n,j). O
Lemma 5.3.7 (C2 convex). For each k,n,j, the collection €4(k,n,j) is convez.
Proof. Let p <p’ <p” with p,p” € €y(k,n,j). By (5.1.13), we have
€y (k,n,j) C € (k,n, j) -

Combined with Lemma 5.3.6, it follows that p” € &, (k,n, j). If p = p’ the statement
is trivially true, otherwise suppose that p’ ¢ €4(k,n,j). By (5.1.13), this implies
that there exists 0 <1’ < Z(n+1) with p” € £,(k,n, j,I"). By the definition (5.1.11)
of £,(k,n,j,l"), this implies that p’ is minimal with respect to < in €, (k,n,j) ~
Ul<l, £,(k,n,j,1). Since p <p” and p € & (k,n,j), p =p’, a contradiction. O

Lemma 5.3.8 (C3 convex). For each k,n,j, the collection €5(k,n,j) is convex.

Proof. Let p < p’ < p” with p,p” € &(k,n,j). By (5.1.16) and Lemma 5.3.7 it
follows that p” € €4(k,n,j). By (5.1.16) and (5.1.15), there exists u € &, (k,n, j)
with 2p” < uand J(p”) C J(u). From p” < p”, (5.3.3) and transitivity of < we then
have 2p” <uand J(p") C J(u), so p’ € €4(k, n,j). O

Lemma 5.3.9 (C4 convex). For each k,n,j, the collection €,(k,n,j) is convez.

Proof. The proof is entirely analogous to Lemma 5.3.7, substituting ¢, for &,, ¢,
for €, and p’ <p” for p <p’. O

Lemma 5.3.10 (C5 convex). For each k,n,j, the collection €5(k,n, j) is convez.

Proof. Let p < p’ <p” with p,p” € €(k,n,j). Then p,p” € €,(k,n,j) by (5.1.23),
and thus by Lemma 5.3.9 p’ € € (k,n,j). It suffices to show that if p” € £,(k,n, j)

then p € £,(k,n,j) by contraposition; this is true by (5.1.22) and p < p’. O
Lemma 5.3.11 (dens compare). We have for every k > 0 and B’ C P (k)
dens, (P) < dens; (P’). (5.3.7)

Proof. Tt suffices to show that for all p’ € B’ and A > 2 and p € P(P’) with Ap” < Ap

we have
pEOR) _ B0 .
H(j@)) p” ePB(k):Ap’ SAp” N(j(p//»
Let such p’, A\, p be given. It suffices to show that p € B(k), that is, it satisfies
(5.1.1) and (5.1.2).
We show (5.1.1). As p € P(P’), there exists p” € P’ with J(p’) C J(p”). By

assumption on P’ we have p” € P(k) and there exists J € D with J(p”) C J and
w(GNJ) > 27 1u(). (5.3.9)
Then also J(p”) C J, which proves (5.1.1) for p.
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We show (5.1.2). Assume to get a contradiction that there exists J € 2D with
J(p) C J and

w(GNJ)>27Fu(J). (5.3.10)
As \p” < Ap, we have J(p’) C J(p), and therefore J(p’) C J. This contradicts
p’ € P’ CP(k). This proves (5.1.2) for p. O

Lemma 5.3.12 (C densl). For each set 2 C €(k,n), we have
dens, () < 24a2-nFL,

Proof. We have by Lemma 5.3.11 that dens; () < dens; (). Since A C €(k,n)
it follows from monotonicity of suprema and the definition (5.1.6) that dens), () <
densy (€(k,n)). By (5.1.6) and (5.1.7), we have

dens (€(k,n)) = sup dens,({p}) < 242"+,
pe€(k,n)

5.4. Proof of the Forest Union Lemma. Fix k,n,j > 0. Define
66(k7 n, ])

to be the set of all tiles p € €5(k,n,j) such that 7(p) ¢ G’. The following chain
of lemmas establishes that the set €4(k,n,j) can be written as a union of a small

number of n-forests.
For u € U, (k,n, j), define

Tiw) ={pe&(kn,j) : I(p) # I(u), 2p Su}. (5.4.1)
Define
Us(kyn,j) i ={u el (k,n,j) : T, (u)NC(k,n,j) + 2}. (5.4.2)
Define a relation ~ on i, (k, n, j) by setting u ~ u’ for u,u” € 8, (k,n,j) if u =u’
or there exists p in T, (u) with 10p S u’.

Lemma 5.4.1 (relation geometry). If u ~u’, then J(u) = J(u") and
B,(0(w), 100) N By (), 100) 4 &

Proof. Let u,u’ € Uy(k,n,j) with u ~ u’. If u = v’ then the conclusion of the
Lemma clearly holds. Else, there exists p € &€, (k,n,j) such that J(p) # J(u) and
2p < uand 10p < u'. Using Lemma 5.3.1 and (5.3.4) of Lemma 5.3.3, we deduce
that

100p < 100w,  100p < 100w’ . (5.4.3)
Now suppose that B,(Q(u),100) N B,/ (Q(u"),100) = @. Then we have B(u) N
B(u') = @, by the definition (5.1.8) of B and the definition (2.0.24) of <, but also
B(u) C B(p) and B(u') C B(p), by (5.1.8), (2.0.24) and (5.4.3). Hence,

[B(p)] > [B(w)| + B > 2 + 2 =277,
which contradicts p € €, (k,n,j). Therefore we must have

B,(2(1),100) N B, (Q(w'),100) + @ .
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It follows from 2p < uand 10p < u’ that 7(p) C J(u) and J(p) C J(u"). By (2.0.8),
it follows that J(u) and J(u”) are nested. Combining this with the conclusion of the
last paragraph and definition (5.1.14) of i, (k, n, j), we obtain that 7(u) = J(u"). O

Lemma 5.4.2 (equivalence relation). For each k,n,j, the relation ~ on i, (k,n, j)
is an equivalence relation.
Proof. Reflexivity holds by definition. For transitivity, suppose that
w,u’ u” e (k,n,j)
and u ~ u’, u’ ~u”. By Lemma 5.4.1, it follows that J(u) = J(u") = J(u”), that
there exists
¥ € B,(9(u),100) N B,/ (2(u’), 100)
and that there exists
0 e Bu/ (Q(u/), 100) N Bu” (,Q(u”), 100) .
If u =1, then u ~ u” holds by assumption. Else, there exists by the definition of
~ some p € T;(u) with 10p < u’. Then we have 2p < u and p # u by definition
of T,(u), so 4p < 500u by (5.3.5). For ¢ € B,»(Q(u”),1) it follows by the triangle
inequality that
dy(Q(u), q) < dy(Qu), V) + d, (9, Q(u'))
+d, (Q),0) +d, (0, Q(u")) + d, (C(u"),q) -
Using (2.0.17) and the fact that J(u) = J(u") = J(u”) this equals
dy(Q(u),9) + dy (9, Q1))
+d,(Q),0) +d(0,9u")) + dw(Qu”),q)
< 100 + 100 + 100 + 100 + 1 < 500.

Since 4p < 500u, it follows that d,(Q(p),q) < 4 < 10. We have shown that
B,/ (Q(u”),1) C B,(2(p), 10), combining this with 7(u”) = 7(u) gives u ~ u”.

For symmetry suppose that u ~ u’. By Lemma (5.4.1), it follows that J(u) =
J(u”) and that there exists ¥ € B,(Q(u),100) N B, (Q(u’),100). Again, for u = u’
symmetry is obvious, so suppose that u # u’. There exists p € ¥, (u’), which then
satisfies 2p < u” and J(p) # J(u’). By Lemma 5.3.1 and (5.3.5), it follows that

10p < 4p < 5000 . (5.4.4)

If ¢ € B,(9(u),1) then we have from the triangle inequality and the fact that
T(u) =T (u):

dy(Qu),q) < d(Q), ) +dy (¥, Qu)) + dy (Qu), q)
= dy (Q(W'), V) + d, (9, Q(u)) + d,,(Q(u), q)
< 100 4100 + 1 < 500.
Combining this with (5.4.4) and (2.0.24), we get
B,(Q(w),1) € B,(9(y), 10).

Since 2p < u’, we have J(p) C J(u') = J(u). Thus, 10p < u which completes the
proof of u’ ~ u. O
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Choose a set Us(k,n,j) of representatives for the equivalence classes of ~ in
Uy (k,m, j). Define for each u € ilg(k n,j)

U T () N&(k,n,j). (5.4.5)

u~u/

Lemma 5.4.3 (C6 forest). We have

€6<ka nv]) - U T2(’*‘) : (5‘4'6)

uesty (k,n,j)
Proof. Let p € €4(k,n,j). By (5.1.19) and (5.1.23), we have p € &4(k,n,j). By
(5.1.15) and (5.1.16), there exists u € 4, (k,n, j) with 2p < u and J(p) # J(u), that
is, with p € F;(u). Then T,(u) is clearly nonempty, so u € Uy(k ,n j). By the
definition of i3 (k, n, j), there exists u” € Us(k,n, j) with u ~ u’. By (5.4.5), we have
peTyu). O

Lemma 5.4.4 (forest geometry). For each u € Us(k,n,j), the set T,(u) satisfies
(2.0.32).

Proof. Let p € Ty(u). By (5.4.5), there exists u” ~ u with p € T, (u”). Then we have
2p < u and J(p) # J(u’), so by (5.3.5) 4p < 500u’. Further, by Lemma 5.4.1, we
have that J(u") = J(u) and there exists ¢ € B,/ (Q(u"),100) N B,(Q(u),100). Let
6 € B,(9(u),1). Using the triangle inequality and the fact that 7(u’) = J(u), we
obtain

dy (Q(),0) < dy (Q(W), ) + dy (Q(u), ) + dy (Q(u), 0)
= dy (Q(W), 9) + d, (Q(u), ) + d,, (Q(u), 0)
< 100 4100 + 1 < 500.
Combining this with 4p < 500u’, we obtain
B,(Q(u),1) C B, (Q(u),500) C B,(Q(p),4) .
Together with J(p) C J(u’) = J(u), this gives 4p < u, which is (2.0.32). O

Lemma 5.4.5 (forest convex). For each u € Us(k,n,j), the set To(u) satisfies the
convexity condition (2.0.33).

Proof. Let p,p” € Ty(u) and p” € P with p < p’ < p”. By (5.4.5) we have p,p” €
Cs(k,n,j) C €5(k,n,j). By Lemma 5.3.10, we have p’ € €;(k,n,j). Since p €
Cs(k,n,j) we have J(p) ¢ G’, so J(p’) ¢ G’ and therefore also p’ € C4(k,n, j).

By (5.4.5) there exists u’ € i, (k, n,j) with p” € T;(u’) and hence 2p” < u” and
J(p") # J(u'). Together this implies J(p”) C J(u’). With the inclusion J(p") C
J(p”) from p” < p”, it follows that J(p’) C J(u’) and hence J(p’) # J(u’). By
(5.3.3) and transitivity of < we further have 2p” <u’, so p” € T, (u"). It follows that
p’ € Ty(u), which shows (2.0.33). U

Lemma 5.4.6 (forest separation). For each u,u’ € U5(k,n,j) with u # u’ and each
p € Ty(u) with I(p) C J(u") we have

d,(9(p), O(u')) > 22(n+1). (5.4.7)
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Proof. By the definition (5.1.13) of €,(k, n, j), there exists a tile p” € &€, (k,n, j) with
p’ <pands(p’) <s(p) — Z(n+1). By Lemma 2.1.2 we have

dy(Q(p), Q') = 29541 d,, (Q(p), O(w'))

By (5.3.3) we have 2p” < 2p, so by transitivity of < there exists v ~ u with 2p” <o
and J(p’) # J(v). Since u,u’ are not equivalent under ~, we have v ~ u’, thus
10p” £ . This implies that there exists ¢ € B,/ (Q(u'), 1) ~ B,/ (Q(p’), 10).

From p” <p, J(p’) C I(p) C J(u’) and Lemma 2.1.2 it then follows that

dy (Q(p), Q1))

> —dy (Q(p), (p")) + dyy (Q(p'), ¢) — dyyr (¢, Q1))

> —dy (Q(p), A(p")) + dypy (Q(p'), ¢) — dyr (g, Q1))

>—-14+10—1=28.
The lemma follows by combining the two displays with the fact that 95a > 1. U
Lemma 5.4.7 (forest inner). For each u € H5(k,n, j) and each p € To(u) we have

B(c(p),8D5%)) C J(u). (5.4.8)

Proof. Let p € Ty(u). Then p € €,(k, n, j), hence there exists a chain

PSPz < <P

of distinct tiles in €4(n, k, j). We pick such a chain and set q = p,. Then we have
from distinctness of the tiles in the chain that s(p) < s(q)—Z(n+1). By (5.1.16) there
exists u” € U, (k,n, 5) with 29 < u” and s(q) < s(u”). Then we have in particular by
Lemma 5.3.1 that 10p < u”. Let u” ~ u be such that p € ¥, (u’). By the definition of
~, it follows that u’ ~ u”. By transitivity of ~, we have u ~ u”. By Lemma 5.4.1, we
have s(u”) = s(u), hence s(q) < s(u) and s(p) <s(q)—Z(n+1) <s(u)—Z(n+1)—1.

Thus, there exists some cube I € D with s(I) =s(u)—Z(n+1)—1and I C J(u)
and J(p) C I. Since p € &5(k,n, j), we have that I ¢ £(u), so B(c(I),8D*!)) C T (u).
By the triangle inequality, (2.0.1) and a > 4, the same then holds for the subcube

J(p) C 1. O
Lemma 5.4.8 (forest stacking). It holds for k < n that
> 1y < (dn+12)2 (5.4.9)
ueils(k,n,j)

Proof. Suppose that a point x is contained in more than (4n + 12)2" cubes J(u)
with u € Us(k,n,j). Since Us(k,n,j) C € (k,n,j) for each such u, there exists
m € M(k,n) such that 100u < m. We fix such an m(u) := m for each u, and
claim that the map u — m(u) is injective. Indeed, assume for u # u’ there is
m € M(k,n) such that 100u < m and 100u” < m. By (2.0.8), either J(u) C J(u’) or
J(u") € J(u). By (5.1.14), B, (Q(u),100) N B,/ (Q(u"),100) = @. This contradicts
2(m) being contained in both sets by (2.0.15). Thus z is contained in more than
(4n + 12)2™ cubes J(m), m € M(k,n). Consequently, we have by (5.1.26) that
x € A2n + 6,k,n) C G,. Let J(u) be an inclusion minimal cube among the
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J(w ), v € Us(k,n,j) with x € J(u). By the dyadic property (2.0.8), we have
J(u) C J(u') for all cubes J(u") containing x. Thus

Ju)C{y = > Ly >1+(4n+12)2"} C G, .
ueils(k,n,j)
Thus %, (u) N €4(k,n,j) = @. This contradicts u € iy (k, n, 7). O

We now turn to the proof of Lemma 5.1.2.

Proof of Lemma 5.1.2. We first fix k,n,j. By (2.0.21) and (2.0.20), we have that
15T, f(z) =T, f(z) and hence 14 T, f(z) = 0 for all p € &;(k, n,j) \ &k, n, j).
Thus it suffices to estimate the contribution of the sets €4(k,n,j). By Lemma 5.4.8,
we can decompose Us(k,n,j) as a disjoint union of at most 4n + 12 collections
Uy (kym, g, 1), 1 <1 <4n+ 12, each satisfying

> Ly <2
ueuél(k’nvjvl)

By Lemmas 5.4.4, 5.4.5, 5.4.6, 5.4.7 and 5.3.12, the pairs
(ﬂ4(k‘, n,J l)a TQ |Ll4(k,n,j,l))

are n-forests for each k,n, j, [, and by Lemma 5.4.3, we have

4n+12

¢(k,m,9) U U To(u).

=1 ue‘uél(k ’I’l,],l)

Since J(p) ¢ G, for all p € &4(k, n, j), we have &s(k,n,j) NP p o = @ and hence

F
denso( | ) Tow) < 22a+5“(G>.
u€114(k,n7j,l) 'LL< )
Using the triangle inequality according to the splitting by k,n,j and [ in (5.1.31)
and applying Proposition 2.0.4 to each term, we obtain the estimate

wo(1—L)n reoqrs M) 11
552+ 8)n + 12240 0l Loy

k>0 n>k

for the left hand side of (5.1.31). Since |f| < 1, we have |f], < u(F)'/?, and we
have |15l < pu(G)Y2. We get a bound

2400 (P e p(G) 922075 3" N (20 + 3) (4n + 12)27 )
k>0 n>k
Interchanging the order of summation, the last factor equals

2205 3" (20 + 3)(4n + 12)(n + 1)27 7"

n>0

Up to an explicit constant, the sum is bounded by Zn327%1”, which is at most
some constant times 1/(¢ — 1)* by comparing to an integral. Since a > 4, this is
overall bounded by 24’ /(g — 1)%, which completes the proof of the lemma. O
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5.5. Proof of the Forest Complement Lemma. Define B to be the set of
all p € P such that u(J(p) N (G~NG')) >0

Lemma 5.5.1 (antichain decomposition). We have that

R RRUCNE? (5.5.1)
= U ULk nPouo (5.5.2)

k>0n>k

J U U U Ly(k,m, 3) N Baer (5.5.3)

k>0n>k 0<j<2n+3

U U U U U £y (k,n, 3, 1) N Poer (5.5.4)

k>0 n>k 0<j<2n+3 0<I<Z(n+1)

vuUy U U Lkn i) nPoog - (5.5.5)

k>0 n>k 0<j<2n+3 0<I<Z(n+1)

Proof. Let p € P, NP . Clearly, for every cube J = J(p) with p € P there
exists some k > 0 such that (5.1.1) holds, and for no cube J € D and no k < 0 does
(5.1.2) hold. Thus p € P(k) for some k > 0.

Next, since Ey(A,p’) C J(p’) N G for every A > 2 and every tile p’ € P(k) with
Ap < Ap’, it follows from (5.1.2) that u(Ey(\,p’)) < 27%u(J(p’)) for every such p’,
so dens;,({p}) < 27%. Combining this with a > 0, it follows from (5.1.7) that there
exists n > k with p € €(k,n).

Since p € Pos, we have in particular J(p) ¢ A(2n + 6,k,n), so there exist
at most 1+ (4n + 12)2" < 2277 tiles m € M(k,n) with p < m. Tt follows that
p € £y(k,n) orp e & (k,n,j) for some 1 < j < 2n+ 3. In the former case we are
done, in the latter case the equality to be shown follows from the definitions of the
collections €; and £,. g

Lemma 5.5.2 (LO antichain). We have that
U SO(ka n, l) )
0<i<n

where each £y(k,n,l) is an antichain.

Proof. 1t suffices to show that £,(k,n) contains no chain of length n + 1. Suppose
that we had such a chain p, < p; < -+ < p,, with p, # p;, fori =0,...,n —1. By
(5.1.7), we have that dens;({p,}) > 2. Thus, by (5.1.6), there exists p’ € PB(k)
and A > 2 with A\p,, < A\p” and

H(Ey (A, p")) "
— > \42%427T 5.5.6
W) 550
Let O be the set of all p” € B(k) such that we have 7(p”) = J(p’) and B, (2(p”), )N
Q(p”) # @. We now show that
|O] < 2%0)e. (5.5.7)

The balls B,/ (2(p”),0.2), p” € O are disjoint by (2.0.15), and by the triangle in-
equality contalned in B,/ (9(p’), A +1.2). By assumption (1.1.8) on O, this ball can



48 BECKER ET AL.

be covered with
2a[log2()\+1.2)+log2(5)] < 2a(log2()\)+4) — 9da)a

many d,-balls of radius 0.2. Here we have used that for A > 2
[log, (A +1.2) 4+1og,(5)] < 14 log,(1.6X) +log,(5) = 4 +log,()).

By the triangle inequality, each such ball contains at most one Q(p”), and each Q(p”)
is contained in one of the balls. Thus we get (5.5.7).
By (2.0.26) and (2.0.27) we have E,(\,p’) C Up”eD E,(p”), thus

n(E(p"))
glajag—n < .
2 )
Hence there exists a tile p” € O with

p(EL(p") 227" u(I(p")) -

By the definition (5.1.5) of M (k,n), there exists a tile m € M(k,n) with p* < m.
From (5.5.6), the inclusion E5(\,p") C J(p’) and a > 1 we obtain

on > dana > N

From the triangle inequality, Lemma 2.1.2 and a > 1, we now obtain for all ¥ €
B, (Q(m), 1) that

d,, (Q(po). V)
<d, (Q(po), (m»+d%<@mAXWD+%JQ@%Q@U>
)+

+d, (Q(p”), 2(m)) +d, (Q(m),)
<1+29mﬂd(0@m Q(p")) +dy (2(p), 2(p"))
+dy (Q(p”), Q(m)) + dy, (2(m), )

<1429\ +(A+1)+1+1)<100.
Thus, by (2.0.23), 100p, < m, a contradiction to p, & €(k,n). O
Lemma 5.5.3 (L2 antichain). Each of the sets £,(k,n, j) is an antichain.

Proof. Suppose that there are py,p; € £,(k,n,j) with p, # p; and p, < p;. By
Lemma 5.3.1 and Lemma 5.3.2, it follows that 2p, < 200p,. Since £4(k,n,j) is
finite, there exists a maximal [ > 1 such that there exists a chain 2p, < 200p; <
-+ < 200p;, with all p; in & (k,n,j) and p; # p,;,q for i = 0,...,1 — 1. If we have
p, € Yy(k,n,j), then it follows from 2p, < 200p, < p; and (5 1.15) that p, ¢
£5(k,n,j), a contradiction. Thus, by the definition (5.1.14) of i, (k, n, j), there exists
Prcs € €4(5,0,) with J(p) € I(pcr) and 0 € B, (9(90).100) 1 By (O(pr ), 100,
Using the triangle inequality and Lemma 2.1.2, one deduces that 200p; < 200p;, .
This contradicts maximality of [. O

Lemma 5.5.4 (L1 L3 antichain). Each of the sets £,(k,n,j,1) and £4(k,n,j,1) is
an antichain.
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Proof. By its definition (5.1.11), each set £,(k,n,j,l) is a set of minimal elements
in some set of tiles with respect to <. If there were distinct p,q € £,(k,n, j,1) with
p < q, then g would not be minimal. Hence such p,q do not exist. Similarly, by
(5.1.17), each set £4(k,n,j,1) is a set of maximal elements in some set of tiles with
respect to <. If there were distinct p, q € £4(k,n, j,1) with p < g, then p would not
be maximal. O

We now turn to the proof of Lemma 5.1.3.

Proof of Lemma 5.1.53. If p ¢ P, then u(J(p) N (G~ G’)) =0. By (2.0.21) and
(2.0.26), it follows that 15, /T, f(x) = 0 for almost every z. We thus have, almost
everywhere,

1o Z T,f(z) = 1g ¢ Z T, f(z).
peP, PER NP

Let £(k,n) denote any of the terms £,(k,n, j,1) NP4 on the right hand side of
(5.5.1), where the indices j,! may be void. Then £(k,n) is an antichain, by Lemmas
5.5.2,5.5.3, 5.5.4. Further, we have

dens, (£(k,n)) < 2%afl-n

by Lemma 5.3.12, and we have

. 2a+ M(F>
dens,(£(k,n)) < 2 5@’

since
L(k,n) N Pra CBowe NPBr.e = 2.

Applying now the triangle inequality according to the decomposition coming from
Lemma 5.5.1, and then applying Proposition 2.0.3 to each term, we obtain the
estimate

<D (n+@n+4)+22n+4)(1+ Z(n+ 1))

k>0 n>k

5 3 L (F) 11
« 9117a (¢q—1) 1(24a+1 ") 8at (22“+5W>‘1 2 flltgag 2 -

Q)

Because |f| < 15, we have || f|l, < p(F)'/?, and we have |15 o |2 < u(G)Y2. Using
this and (2.0.3), we bound

< 2180 (g — 1) u(F)ip(G) 7 Y0 Y maE
k>0 n>k

The last sum equals, by changing the order of summation,

3

S o < 2
n%(n saf < ——— |
n>0 (q_ 1)4

This completes the proof. O
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6. PROOF OF THE ANTICHAIN OPERATOR PROPOSITION

Let an antichain 21 and functions f, g as in Proposition 2.0.3 be given. We prove
(2.0.30) in Section 6.1 as the geometric mean of two inequalities, each involving one
of the two densities. One of these two inequalities will need a careful estimate formu-
lated in Lemma 6.1.5 of the TT* correlation between two tile operators. Lemma 6.1.5
will be proven in Section 6.2.

The summation of the contributions of these individual correlations will require a
geometric Lemma 6.1.6 counting the relevant tile pairs. Lemma 6.1.6 will be proven
in Subsection 6.3.

6.1. The density arguments. We begin with the following crucial disjointedness
property of the sets E(p) with p € 2.

Lemma 6.1.1 (tile disjointness). Let p,p’ € A. If there exists an x € X with
x € E(p)NE®Y), thenp=yp".

Proof. Let p,p” and x be given. Assume without loss of generality that s(p) < s(p’).
As we have z € E(p) C J(p) and x € E(p’) C J(p’) by Definition (2.0.20), we
conclude for ¢ = 1,2 that Q(z) € Q(p) and Q(z) € Q(p’). By (2.0.14) we have
Q(p") € Q(p). By Definition (2.0.23), we conclude p < p’. As 2 is an antichain, we
conclude p = p’. This proves the lemma. O

Let B be the collection of balls
B(c(p),8D3¥) (6.1.1)
with p € 2 and recall the definition of My from Definition 2.0.41.

Lemma 6.1.2 (maximal bound antichain). Let x € X. Then

ST, £ )] < 2192 Mg f (). (6.1.2)
peA
Proof. Fix z € X. By Lemma 6.1.1, there is at most one p € 2 such that T, f(z) is
not zero. If there is no such p, the estimate (6.1.2) follows.
Assume there is such a p. By definition of T}, we have = € E(p) C J(p) and by
the squeezing property (2.0.10)

p(x,c(p)) < 4D%®) (6.1.3)
Let y € X with K, (z,y) # 0. By Definition (2.0.5) of K, we have
1 1
fﬂwﬂgm@wgtik (6.1.4)
The triangle inequality with (6.1.3) and (6.1.4) implies
plc(p),y) < 8DP), (6.1.5)
Using the kernel bound (1.1.11) and the lower bound in (2.1.2) we obtain
2¢°
Ky (@,9)] < (6.1.6)

u(B(x, 1050 1))
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Using D = 2190¢° and the doubling property (1.1.2) 5 + 100a? times estimates the
last display by
25a+101a3
<
= u(B(z,8D5))

which, thanks to the closeness of the points x and c¢(p) shown in (6.1.3), is in turn
bounded by

(6.1.7)

26a+101a3

< .

~ u(Blc(p), 8D0)))
Using that |e()| is bounded by 1 for every ¥ € ©, we estimate with the triangle
inequality and the above information

(6.1.8)

96a+101a®
‘%fmﬂguu%dM£wamlwﬂmmmmﬂﬂ”“w (6.1.9)
This together with a > 4 proves the Lemma. O

Set

G 12+qq' (6.1.10)

Since 1 < ¢ <2, wehave 1 < g < q<2.

Lemma 6.1.3 (dens2 antichain). We have that
‘//g<x>j;;1gf«x>du<x> < 2105 (g — 1)~ dens, ()72 follgl . (6.1.11)
pe

Proof. We have f = 1, f. Using Holder’s inequality, we obtain for each € B" and
each B' € Busing 1 < ¢ <2

()l du(y) (6.1.12)

[SIeY

1
w(B’) Jp
(i [ rwaw) T @1

< (M(2,> [9 ()52 dﬂ(?J))

< (Ms(1f1572)(@))”

Taking the maximum over all B’ containing x, we obtain

Q=
(eI

1
q

dens, ()72 . (6.1.14)

M| f| < My, sq || densy(2)772. (6.1.15)
b q,
We have with Proposition 2.0.6
[P, 25, £], < 2235 - 227 = 2751 (6.1.16)

Using 1 < ¢ < 2 estimates the last display by
229°2(g = 1) fl2 - (6.1.17)
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We obtain with Cauchy-Schwarz and then Lemma 6.1.2

/ (@)Y Ty f(= (6.1.18)

peA
< lglo|| > Tpr (6.1.19)
pedA 2
< 21929 g, | M £ (6.1.20)
With (6.1.15) and (6.1.17) we can estimate the last display by
< 21020%42042(G — 1)1 gl | £, dems, () 72 (6.1.21)

Usinga >4 and (§— 1)t = (¢+1)/(¢g—1) < 3(¢q—1)"! proves the lemma. O
Lemma 6.1.4 (densl antichain). Set p := 4a*. We have

g

peA

1
< 217 dens, (20) % | f 9]l - (6.1.22)

Proof. We write for the expression inside the absolute values on the left-hand side
of (6.1.22)

// )1 ) (2) Ky (2, 9)e(Q(x) (y) — Q(x) (2)) f(y) dp(y) dp(z)  (6.1.23)

peA

/ () du(y) (6.1.24)
ped

with the adjoint operator
0= [ K@@ + Q@) dulz). (6129
E(p)

We have by expanding the square

/‘ Trg(y) u(y)I/ (ZTSQ(?J)) (Z T;‘/g(y)) du(y)  (6.1.26)
ped /

peA p’ed

<Y / T390y duly)| (6.1.27)

peA p’eA
We split the sum into the terms with s(p’) < s(p) and s(p) < s(p’). Using the
symmetry of each summand, we may switch p and p’ in the second sum. Using
further positivity of each summand to replace the condition s(p”) < s(p) by s(p’) <
s(p) in the second sum, we estimate (6.1.27) by

gQZ Z ‘/ T3 g(y) dply )‘ (6.1.28)

Define for p € B
B(p) := B(c(p), 14D3¥)) (6.1.29)
and define
™A(p) == {p" € A:s(p’) <s(p) AT (p") C B(p)}. (6.1.30)
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Note that by the squeezing property (2.0.10) and the doubling property (1.1.2) ap-
plied 6 times we have

u(B(p)) < 2%u(7(p)). (6.1.31)
Using Lemma 6.1.5 and (6.1.31), we estimate (6.1.28) by
< 2232a3+6a+1 Z/ ’g‘ (6132)
pet

with h(p) defined as
/ Z (1 -+ dy (Q(), Q(p)) Y41y lg)) (') dpaly’) . (6.1.33)
p’eA(p

Note that p > 4 since a > 4. Let p’ be the dual exponent of p, satisfying
1/p+1/p" =1. We estimate h(p) as defined in (6.1.33) with Holder using |g| < 14
and E(p’) C B(p) by

”g]-B(p)”p’ 2, ,3
—ZFr 1+d, (Q(p), Q(p")) Y/ Ra"+a%1 1| . 6.1.34
W) | 2 1+ G2, 26)) sl (6:1.34)
Then we apply Lemma 6.1.6 to estimate this by
l91 5yl 1 2
< 250 —_ £ =2 dens, (A)? u(B(p))» . (6.1.35)
B

Let B’ be the collection of all balls B(p) with p € 2. Then for each p € 2 and
x € B(p) we have by definition (2.0.41) of My

g1 gl < w(B(p))? My g() . (6.1.36)
Hence we can estimate (6.1.35) by
< 259(My  g(x)) dens, (A)7 . (6.1.37)

With this estimate of h(p), using E(p) C B(p) by construction of B(p), we estimate
(6.1.32) by

§2232a3+11a+1dens / 9| (y) Mg, g(y) dy . (6.1.38)
peU

Using Lemma 6.1.1, the last display is observed to be

< 9232a°+11a+1 Jeng. (A el ),l,/yg|( )(Mz;’,p/9>(y) dy. (6.1.39)

Applying Cauchy-Schwarz and using Proposition 2.0.6 and 1 < p’ < % estimates the
last display by

WBi1la 1
< 22927+ Hatt dens, ()2 gl | Mo 1 9l (6.1.40)

< 9232a°+12a+43 deng, (A7 | g2 . (6.1.41)

Now Lemma 6.1.4 follows by applying Cauchy-Schwarz on the left-hand side and
using a > 4. U

The following basic TT* estimate will be proved in Section 6.2.
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Lemma 6.1.5 (tile correlation). Let p,p” € P with s(p’) < s(p). Then

‘ / T:9Thg (6.1.42)
14d.,(9(p ,Q —1/(2a%+a?)
1(7(p)) E(p)  JE@p)
Moreover, the term (6.1.42) vanishes unless
J(p") C Blc(p), 14D5W¥)) (6.1.44)

The following lemma will be proved in Section 6.3.

Lemma 6.1.6 (antichain tile count). Set p := 4a*. For every 9 € © and every
antichain A we have

H ST (1+dy, (Q(p), ﬁ>>*1/<2a2+a3>1E(p)1GHp (6.1.45)
peA

1
< 254 dens, (A)7 1 (Upea d,)” - (6.1.46)
From these lemmas it is easy to prove Proposition 2.0.3.

Proof of Proposition 2.0.3. We have

(;_;> (2— ) :(11_; (6.1.47)

Multiplying the (2 — ¢)-th power of (6.1.11) and the (¢—1)-th power of (6.1.22) and
estimating gives after simplification of some factors

| 3@ 3 1) duta) (6.1.48)
pet
< 21179 (g — 1)~  dens, (%) % densy ()1 2| /][9] - (6.1.49)
With the definition of p, this implies Proposition 2.0.3. O

6.2. Proof of the Tile Correlation Lemma. The next lemma prepares an appli-
cation of Proposition 2.0.5.

Lemma 6.2.1 (correlation kernel bound). Let —S < s; < s, < S and let z,, 25 € X.
Define

o(y) == K, (21,y) K, (25, 9) - (6.2.1)

If ¢(y) # 0, then
y € B(z,, D). (6.2.2)

Moreover, we have with T = 1/a

2231a3

Pler(B(z o1)) < '
leller (B, 200 1(B(zy, D)) u(B(zy, D%2))

(6.2.3)
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Proof. If ¢(y) is not zero, then K, (x,y) is not zero and thus (2.1.2) gives (6.2.2).
We next have for y with (2.1.3)

2204a3
PO By, DBl D) (624
and for y” # y additionally with (2.1.4)

le(y) —o(y')] (6.2.5)
<K, (w1, y) — K, (21, 9")|1 K, (22, 9)] (6.2.6)
—HKsl (wlay/)HKsz(x%y) - KS2(x27y/))’ (627)

9229a° p(y,y') 1/a oy, y) 1/a
= W(Bla,, D)u(Blay, D) (( D ) " ( D ) ) (6.28)

22500 plyy)\ "

= 1By, D )u(Blay, D7) ( Do ) | (6.29)

Adding the estimates (6.2.4) and (6.2.9) gives (6.2.3). This proves the lemma. [

The following auxiliary statement about the support of T;g will be used repeat-
edly.

Lemma 6.2.2 (tile range support). For each p € B, and each y € X, we have that
Tyg(y) #0 (6.2.10)

implies
y € B(c(p),5D5W)). (6.2.11)
Proof. Fix p and y with (6.2.10). Then there exists = € E(p) with

K (2, 9)e(=Q(x)(y) + Q(z)(x))g(x) # 0. (6.2.12)
As E(p) C J(p) and by the squeezing property (2.0.10), we have
p(x,c(p)) < 4D*®) . (6.2.13)
As Ky, (z,y) # 0, we have by (2.1.2) that
plx,y) < %DS@). (6.2.14)
Now (6.2.11) follows by the triangle inequality. O

The next lemma is a geometric estimate for two tiles.

Lemma 6.2.3. Let py,py € P with Blc(py),5D°P1)) N B(c(p,),5D5%2)) £ @ and
s(py) <s(py). For each x, € E(p,) and x4 € E(py) we have

1+d, (Q(py1), Q(py)) < 251+ dpy, poiry (Q(T1), Q(5))) - (6.2.15)
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Proof. Let i € {1,2}. By Definition (2.0.20) of E, we have Q(z;) € Q(p;) With
(2.0.15) we then conclude

dy, (Q(x;), A(p;)) < 1. (6.2.16)

We have by the triangle inequality and (2.0.10) that J(p,) C B(c(py), 14D3F2)),
Thus, using again (2.0.10) and the doubling property (1.1.5)

d, (Q(z2), Q(py)) < 2°°d,,, (Q(), Q(ps)) < 2°°. (6.2.17)
By the triangle inequality, we obtain from (6.2.16) and (6.2.17)
1+d, (Q(py), Q(py)) < 2+2% +d,, (Qz1), Q(23)). (6.2.18)
As z; € J(p;) by Definition (2.0.20) of E, we have by the squeezing property (2.0.10)
d(zy,c(py)) < 4D3F) (6.2.19)
and thus by (2.0.10) again and the triangle inequality
J(p,) C B(zy,8D5P1)). (6.2.20)

We thus estimate the right-hand side of (6.2.18) with monotonicity (1.1.6) of the
metrics dg by

<2429 +dp, spoeny (Q(21), Q(a2)) - (6.2.21)

This is further estimated by applying the doubling property (1.1.5) three times by
<2420+ 23adB1(z17DS(P1))<Q<xl)a Q(z3)) - (6.2.22)

Now (6.2.15) follows with a > 4. O

We now prove Lemma 6.1.5.

Proof of Lemma 6.1.5. We begin with (6.1.42). By Lemma 6.2.2, the left-hand side
of (6.1.42) vanishes if B(c(p’),5D%%)) N B(c(p), 5D°®)) = @. Thus we can assume
for the remainder of the proof that

B(c(p'),5D°*)) N Ble(p), 5D°) # 2. (6.2.23)
We expand the left-hand side of (6.1.42) as

/ /E< Fap @01:0)e= Q)W) + Qan)@))g(@) dula) (6.2.24)
S

x Ks(p)(xza Y)e(Q(z2)(y) — Qx2)(22))g(2) dpu(wy) du(y)| - (6.2.25)
E(p)
By Fubini and the triangle inequality and the fact |e(Q(z;)(x;))| = 1 for i = 1,2, we

can estimate (6.2.24) and (6.2.25) from above by

/ / (24, ) dp(zy)dp(zs) - (6.2.26)

with

Ioy,2) = | [ €(-QU) W) + Q) (1) r, oy Wilw) glon)glary)| (6227
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We estimate for fixed z; € E(p’) and z, € E(p) the inner integral of (6.2.26)
with Proposition 2.0.5. The function ¢ := ¢, . satisfies the assumptions of
Proposition 2.0.5 with z = z; and R = D*®' by Lemma 6.2.1. We obtain with
B = B<$1’Ds(p/))’

I(zy,25) < 25°0(B')|@llor(pr) (1 + dpr (Q(ay), Q) 24D g () g ()]

Q) Q) VL (6228
< M(B(g;2,Ds(p))> B 1/ 2 . L.

Using (6.2.23), Lemma 6.2.3 and a > 1 estimates (6.2.28) by
9231a®+8a+1

<

= w(B(zy, D))

As x4 € J(p) by Definition (2.0.20) of E, we have by (2.0.10)

(1+dy (Q(p"), Q(p)) 2D g 1 )g )] (6.2.29)

p(xy,c(p)) < 4D3W) (6.2.30)
and thus by (2.0.10) again and the triangle inequality
I(p) C B(xy,8D5P)) (6.2.31)
Using three iterations of the doubling property (1.1.2) give
W3 (p)) < 25 u(Blay, D). (6.2.32)

With a > 4 and (6.2.29) we conclude (6.1.42).
Now assume the left-hand side of (6.1.42) is not zero. There is a y € X with

T 9(y)Tyg(y) #0 (6.2.33)
By the triangle inequality and Lemma 6.2.2, we conclude
ple(p),c(p”)) < ple(p),y) + ple(p’),y) < BDP) 4 5D500 < 10D . (6.2.34)
By the squeezing property (2.0.10) and the triangle inequality, we conclude
J(p’) C Blc(p), 14D3®)). (6.2.35)
This completes the proof of Lemma 6.1.5. U
6.3. Proof of the Antichain Tile Count Lemma.
Lemma 6.3.1 (tile reach). Let ¥ € © and N > 0 be an integer. Let p,p’ € B with
d,(Q(p),)) <2V (6.3.1)
dy (Q(p"),0)) <2V (6.3.2)
Assume J(p) C J(p) and s(p) < s(p’). Then
o2N+2p < oN+2y/ (6.3.3)
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Proof. By Lemma 2.1.2, we have
d,(Q(p"),9) < dy (Q(p"),9) < 2V
Together with (6.3.1) and the triangle inequality, we obtain
dy (Q(p"), Q(p)) < 27+
Now assume
S Bp/(Q(p’),2N+2).
By the doubling property (1.1.5), applied five times, we have
dB(c(p’),SDS(V’))<Q(p/)7 ') < 25a+N+2
We have by the squeezing property (2.0.10)
c(p) € Bc(p'),4D°P)) .
Hence by the triangle inequality
B(c(p), 4D°"7) € Bc(p'),8D"F") .
Together with (6.3.7) and monotonicity (1.1.6) of d
dp(e(p),apse (L(p7), V) < 20atN+2,
Using the doubling property (1.1.7) 5a + 2 times gives
dB((;(p)722*5"'2*2@D5(P/)>(Q(p/)7 0) < 2N,
Using s(p) < s(p’) and D = 21909* and g > 4 gives
d,(Q(p"),9") < 2N
With the triangle inequality and (6.3.5),
d,(Q(p),9) < 2N+2
This shows

Bp’ (Q(p/)> 2N+2) C Bp <Q<p>7 2N+2) :

This implies (6.3.3) and completes the proof of the lemma.
For 9 € ©® and N > 0 define

Ay = {p €2V <1+d,(Qp), ) <2VH'}.
Lemma 6.3.2 (stack density). Let 9 € ©, N >0 and L € D. Then
ST () NG) < 20849 dens, (A)u(L)

peAy NI (p)=L
Proof. Let 9, N, L be given and set
A ={peAyy:I(p)=L}.

(6.3.4)

(6.3.5)

(6.3.6)

(6.3.7)

(6.3.8)

(6.3.9)

(6.3.10)

(6.3.11)

(6.3.12)

(6.3.13)

(6.3.14)

(6.3.15)

(6.3.16)

(6.3.17)

Let p € 2. We have by Definition (2.0.28) using A = 2 and the squeezing property

(2.0.15)

W(E(p) N G) < p(By(2,p)) < 2° dens, (A )u(L).

(6.3.18)
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By the covering property (1.1.8), applied N + 4 times, there is a collection ©” of at
most 2%N+4) elements such that

B,(9.28) c | J B,(¥,02). (6.3.19)
¥ e’

As each Q(p”) with p” € 2’ is contained in the left-hand-side of (6.3.19) by definition
(because J(p") = J(p)), it is in at least one B, (¢",0.2) with ¥’ € ©".

For two different p’, p” € A’, we have by (2.0.13) that Q(p") and Q(p”) are disjoint
and thus by the squeezing property (2.0.15) we have for every ¢’ € ©’

9 ¢ B,(2(p'),0.2) N B, (Q(p”),0.2). (6.3.20)

Hence at most one of Q(p’) and Q(p”) is in B, (¥,0.2). It follows that there are at
most 2°N*+4) elements in 2. Adding (6.3.18) over 2’ proves (6.3.16). O

Lemma 6.3.3 (local antichain density). Let ¥ € © and N be an integer. Let p,y be
a tile with ¥ € B, (Q(py),2" ). Then we have

ST WER) NGNIpy) < plEy(2Np,)) (6.3.21)
peAy nis(py)<s(p)

Proof. Let p be any tile in 2,  with s(py) < s(p). By definition of E, the tile
contributes zero to the sum on the left-hand side of (6.3.21) unless J(p)NJ(py) # @,
which we may assume. With s(py) < s(p) and the dyadic property (2.0.8) we
conclude J(py) C J(p). We conclude from p € A, y that

0 € B,(Q(p),2V*1). (6.3.22)
With Lemma 6.3.1 and the assumption on p,, we conclude
2N *+3p, < 2N F3p . (6.3.23)
By Definition (2.0.27) of E,, we conclude
E(p)NGNI(py) C Ey(2NVF3 py). (6.3.24)

Using disjointedness of the various E(p) with p € 2 by Lemma 6.1.1, we obtain
(6.3.21). This proves the lemma. O

Lemma 6.3.4 (global antichain density). Let 9 € Q(X) and let N > 0 be an integer.
Then we have

> w(Ep)NG) < 210197 Ne deng) ()t (Upe T, - (6.3.25)

peRly N

Proof. Fix 9 and N. Let 21" be the set of p € 2,y  such that J(p) NG is not empty
and s(p) > —S. Let 2_g be the set of p € 2, y such that J(p) N G is not empty
and s(p) = —S Then we have

Y. wEENG) =Y wEFENG+ Y wEPNG

peAy N ped’ peRl_g
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We start by estimating the contribution of 2A_g. Let £_g be the collection of
dyadic cubes J(p) with p € A_g. They all have scale —S, by definition of £_g, and
hence they are pairwise disjoint by the dyadic property (2.0.8). We write

Y wE@NG) =) Y. wEENG),

peRA_g Lel gpeRd_g,I9(p)=L
and using Lemma 6.3.2, we estimate

< 20(N+5) dens, (A) Z p(L) < 29N+5) dens, (A)p (Upealy) - (6.3.26)
Lel g
We turn to 2", Let £ be the collection of dyadic cubes I € D such that I < J(p)
for some p € A" and such that J(p) ¢ I for all p € A’. By (2.0.7), for each p € A’
and each x € J(p) N G, there is I € D with s(I) = —S and x € I. By (2.0.8), we
have I C J(p). Since for all p’ € A" we have s(p’) > —S5, we have I € £. Hence

Jp)c| TeD:s()==S,IcIp}cl]<. (6.3.27)
As each I € £ satisfies I C J(p) for some p in 2", we conclude
<= 1J 7. (6.3.28)
pel’

Let £* be the set of maximal elements in £ with respect to set inclusion. By (2.0.8),
the elements in £* are pairwise disjoint and we have

<=1 7). (6.3.29)
ped’

Using the partition (6.3.29) into elements of £ in (6.3.30), it suffices to show for
each L € £~

> w(E(p) NG N L) < 210N dens, (%) (L) . (6.3.30)

ped/
Fix L € £*. By definition of £*, there exists an element p’ € 2’ such that L C J(p’).
Pick such an element p” in 2 with minimal s(p”). As J(p’) ¢ L by definition of L, we
have with (2.0.8) that s(L) < s(p’). In particular s(L) < S, thus L # I, and hence
by (2.0.9) there exists a cube J € D with L C J. By (2.0.7), there is an L' € D
with s(L") = s(L)+ 1 and L < L. By (2.0.8), we have L C L’.

We split the left-hand side of (6.3.30) as

> wEPE)NGNL) (6.3.31)
pEA’:T (p)=L’
+ ) wEMENGNL), (6.3.32)
peA’:J(p)#£L’
We first estimate (6.3.31) with Lemma 6.3.2 by
< Y wEENGNL)<29N dens, (A)u(L). (6.3.33)

peA’:J(p)=L’
We turn to (6.3.32). Consider the element p” € A as above with L C J(p’) and
s(L) <s(p’). As L C L' and s(L’) = s(L)+1, we conclude with the dyadic property
that L’ C J(p’). By maximality of L, we have L’ ¢ £. This together with the
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existence of the given p’ € 2 with L’ C J(p") shows by definition of £ that there
exists p” € A" with J(p”) C L.
If J(p”) = L', then we set py = p” and note that as p” € Ay

¥ € B(Q(p”),2N+1). (6.3.34)

If 7(p”) # L', then it follows that s(p”) < s(L’). By the covering property
(2.0.13), there exists a unique p, with

I(pg) =L
such that ¥ € Q(py). We take this as the definition of p, in this case. Note that
¥ € B(Q(py),1) (6.3.35)
so by Lemma 6.3.1, we conclude
2N H3p” < oNH3p o (6.3.36)

This clearly also holds in the case J(p”) = L', since then p” = p,. Furthermore, in
both cases it also holds that

0 € B, (Qpy), 2V*1). (6.3.37)
As p” € A, we have by Definition (2.0.28) of dens; that
W(Ey (2N 13 py)) < 2Nat3a dens, (A)u(L'). (6.3.38)

Now let p be any tile in the summation set in (6.3.32), that is, p € 2" and J(p) # L'.
Then J(p) N L # @. It follows by the dyadic property (2.0.8) and the definition of
L that L C J(p) and L # J(p). By the dyadic property (2.0.8), we have s(L) < s(p)
and thus s(L") < s(p). By the dyadic property (2.0.8) again, we have L’ C J(p). As
L" # J(p), we conclude s(L) < s(p). By Lemma 6.3.3, we can thus estimate (6.3.32)
by

W(E(R) NG L) < p(F, (2N, p,). (6.3.39)

peA’:J(p)#L’

With the decomposition in (6.3.31) and (6.3.32) and the estimates (6.3.33), (6.3.21),
(6.3.38) we obtain the estimate

> wEP) NGNL) < (20N+5) 4 aNat39) dens, (A) (L) . (6.3.40)
peA/

Using s(L') = s(L) + 1 and D = 209" and the squeezing property (2.0.10) and
the doubling property (1.1.2) 100a? + 4 times , we obtain

p(L') < 2100° a1y (6.3.41)

Inserting in (6.3.40), adding the estimate (6.3.26) and using a > 4 gives (6.3.30).
This completes the proof of the lemma. O

We turn to the proof of Lemma 6.1.6.
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Proof of Lemma 6.1.6. Using that 2l is the disjoint union of the 2, n with N > 0,
we estimate the left-hand side (6.1.45) with the triangle inequality by

_ a2 a3
<SS 2 Vet 1, (6.3.42)

N>0|lpey N
' P

We consider each individual term in this sum and estimate its p-th power. Using
that for each x € X by Lemma 6.1.1 there is at most one p € 2 with € E(p), we
have

P
D N/t 1 (6.3.43)
pefy N p
2 p
- / ( Y 2N/ +a3>1E<p)mG<x)) du(z) (6.3.44)
pey N
= / > N/ (@) du() (6.3.45)
peAy N
= 27PN/@a*e®) N (E(p) N G) (6.3.46)
peRly N
Using Lemma 6.3.4, we estimate the last display by
< 97 PN/(2a%+a%)+101a%4Na deng, ()1 (Upen 7 (p)) (6.3.47)

Using that a > 4 and since p = 4a*, we have
pN/(2a* + a®) > 4a*N/(3a®) > Na+ N .
Hence we have for (6.3.47) the upper bound
< 2101°N deng, (W)t (Upead (P)) -
Taking the p-th root and summing over N > 0 gives for (6.3.42) the upper bound

< (Z 2—N/p> 21014°/7 dens, (A) 7 1 (Upead (1))

N=0

=

Sk

= (1—27V/r) " 210065 dens, (2A) 7 1 (e (p))
Using that p = 4a* and a > 4, this proves the lemma. O

7. PROOF OF THE FOREST OPERATOR PROPOSITION

7.1. The pointwise tree estimate. Fix a forest ({,¥). The main result of this
subsection is Lemma 7.1.3, we begin this section with some definitions necessary to
state the lemma.

For u € 4 and z € X, we define

o(u,z) = {s(p) : p € T(u),z € E(p)} .
This is a subset of Z N [—S, 5], so has a minimum and a maximum. We set

o(u,x) ;= maxo(T(u),z)
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o(u,z) ;= mino(T(u),z).

Lemma 7.1.1 (convex scales). For each u € i, we have
ou,z)=2ZN[a(u,z),o(u,z).
Proof. Let s € Z with o(u,z) < s <& (u,x). By definition of o, there exists p € T(u)
with s(p) = o(u,z) and = € E(p), and there exists p” € T(u) with s(p”) = 7(u, z)
and x € E(p”) C J(p”). By property (2.0.7) of the dyadic grid, there exists a cube
I € D of scale s with = € I. By property (2.0.13), there exists a tile p” € P (I) with
Q(z) € Q(p’). By the dyadic property (2.0.8) we have J(p) C J(p’) C J(p”), and
by (2.0.14), we have Q(p”) C Q(p") C Q(p). Thus p < p” < p”, which gives with the
convexity property (2.0.33) of T(u) that p’ € T(u), so s € o(u,x). O

For a nonempty collection of tiles & C P we define
J0(6)
to be the collection of all dyadic cubes J € D such that s(J) = —S or
I(p) & B(e(J), 100D /1)

for all p € &. We define J(S) to be the collection of inclusion maximal cubes in

Jo(6).
We further define

£o(6)
to be the collection of dyadic cubes L € D such that s(L) = —S, or there exists

p € S with L C J(p) and there exists no p € S with J(p) C L. We define £(S) to
be the collection of inclusion maximal cubes in £,(S).

Lemma 7.1.2 (dyadic partitions). For each & C ‘B, we have

Jr= |y 7 (7.1.1)

IeD Jed (&)

and ]
Jr= |J L. (7.1.2)
IeD LeL(6)

Proof. Since J(G) is the set of inclusion maximal cubes in 7,(S&), cubes in J(S)
are pairwise disjoint by (2.0.8). The same applies to £(S).

Ifz € U, ,, I, then there exists by (2.0.7) a cube I € D with z € I and s(I) = —5.
Then I € J,(S). There exists an inclusion maximal cube in 7,(&) containing I.
This cube contains  and is contained in J(&). This shows one inclusion in (7.1.1),
the other one follows from J(&) C D.

The proof of the two inclusions in (7.1.2) is similar. O

For a finite collection of pairwise disjoint cubes €, define the projection operator

Pof(z) =3 1J<x>u(1j) / £(y) duty).

Jet
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Given a scale —S < s < § and a point = € UIG@ s(I)=s I, there exists a unique cube

in D of scale s containing = by (2.0.7). We denote it by I, (z). Define for ¥ € O the
nontangential maximal operator

T f(x) == sup sup sup (7.1.3)

—S<s,<8S x’elsl(ac) §1<8,<S
D*271<R,(9,2")

> [ K s ant)|.

5=51

Define for each u € 4 the auxiliary operator

Sl,uf(m)

(s(J)=s(I))/a
=Y ue Y s [l (L

IeD Jed(Z(u)) J
JCB(c(I),16D*D)
s(J)<s(I)

Define also the collection of balls
B={B(c(I),2°D*+t) : T€e D, 0<s<S+5,0<t<25+3}.

The following pointwise estimate for operators associated to sets T (u) is the main
result of this subsection.

Lemma 7.1.3 (pointwise tree estimate). Letu € 4l and L € £(%(u)). Let x,z’ € L.
Then for all bounded functions f with bounded support

Y Tyle(—9(w)) f]()

peT(u)
a3 ’ Qu ’
<2199 ( Mg 3 4 Sy ) Py | f1(27) + TN )Pg(s(u»f(iﬂ s (7.1.5)
Proof. By (2.0.21), if T, [e(—=2(u)) f](x) # 0, then z € E(p). Combining this with

le(Q(u)(x))| = 1, we obtain
| > Tle(=0(w))fl(2)|

peT(u)

3 / e(—0(w)(y) + Q()(y) + O(u)(x) — Q(x)()) ¥

s€o(u,x)

K (z,y)f(y) du(y)

Using the triangle inequality, we bound this by the sum of three terms:

<

> /(6(—Q(u)(y) +Qx)(y) + C(u)(z) — Q(z)(x)) — 1)x

sco(u,x)

K(z,y)f(y)du(y)| (7.1.6)
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Z /K z,y) Pyxuy) f(y) du(y) (7.1.7)
/K 2,9)(f(y) = Pyisf () duly)|- (7.1.8)
seauw)

The proof is completed using the bounds for these three terms proven respectively
in Lemma 7.1.4, Lemma 7.1.5 and Lemma 7.1.6. O

Lemma 7.1.4 (first tree pointwise). For allu € i, all L € £(%T(u)), all x,2" € L
and all bounded f with bounded support, we have

(7.1.6) < 10 - 2194° My | Py | £1(2) -

Proof. Let s € o(u,z). If z,y € X are such that K (x,y) # 0, then, by (2.1.2), we
have p(z,y) < 1/2D®. By 1-Lipschitz continuity of the function ¢  exp(it) = e(t)
and the property (1.1.4) of the metrics dg, it follows that

le(=Q(u)(y) + Q(x)(y) + Q(u)(z) — Q(z)(x)) — 1
< dB(a:,l/ZDS)(Q(u)7 Q(x)).

Let p, € T(u) be a tile with s(p,) = s and = € E(p,), and let p’ be a tile with
s(p’) =7 (u,z) and z € E(p’). Using the monotonicity property (1.1.6), the doubling
property (1.1.5) repeatedly, the definition of d, and Lemma 2.1.2, we can bound the
previous display by

dpeaps)(Q(1), Q(z)) < 2%d, (Q(u),Q(x)) < 2**2577W¥dy, (Q(u), Q(x)).

) (z
Since Q(u) € B,/ (2(p’),4) by (2.0.32) and Q(z) € Q(p’) C B, (Q(p’) 1) by (2.0.15),
this is estimated by
<5. 24&25—E(u,z) )

Using (2.1.3), it follows that

(7.1.6) < 5-2103¢% } " gs—olwa) / fy)lduly).
(2,0.5D%)

s€o(x)

By (7.1.1), the collection J is a partition of UIeD I, so this is estimated by

5. 92103a® Z 230(11@)#(3(;1)8)) Z /|f(@/>|dﬂ(y)

s€o(z) JeJ (% (u)) J
JNB(2,0.5D%)#0

This expression does not change if we replace |f| by Pyzq)lf|-

Let J € J(%¥(u)) with B(z,0.5D%) N J # @. By the triangle inequality and since
x € E(p,) C Blc(p,),4D?), it follows that B(c(p,),4.5D°)NJ # @. If s(J) > s
and s(J) > —9, then it follows from the triangle inequality, (2.0.10) and (2.0.1)
that J(p,) C B(c(J),100D*))*1) | contradicting J € J(T(u)). Thus s(J) < s — 1
or s(J) = —=S. If s(J) = =S5 and s(J) > s —1, then s = —S. Thus we always
have s(J) < s. It then follows from the triangle inequality and (2.0.10) that J C

)

Be(p),16D%).
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Thus we can continue our chain of estimates with

_ 1
521037 Y 7 geelen) / Py | f@)] day) -
J(T
s€o(x) w(B(2, D) Jp(c(p,),160%) e

We have B(c(p,),16D°)) C B(z,32D?%), by (2.0.10) and the triangle inequality, since

x € J(p,). Combining this with the doubling property (1.1.2), we obtain
u(Ble(p,), 16D%)) < 25%u(B(z, D*)) .

Since a > 4, it follows that (7.1.6) is bounded by

& 1
5 . 9103a® 9s—o(u,z) / P |f ()| dpely) .
seaz(z) #(B(c(p,),16D%)) Jpieip.) 1600) J(T(w)

Since L € £(%(u)) and 2 € LN J(p,), we have s(L) < s(p,). It follows by (2.0.8)
that L C J(p,), in particular ” € J(p,) C B(c(p,),16D°). Thus

< 5. 210407 Z 25770 Moy ) Py | F(2)

seo(x)

<10- 2104&3M3,1Pg<3(u))|f|(l‘/) :
This completes the estimate for term (7.1.6). O

Lemma 7.1.5 (second tree pointwise). For allu € U, all L € £(T(u)), allz,z’ € L
and all bounded f with bounded support, we have

> K Pz S ) < T P o)

seo(u,x

Proof. Let s; = o(u,z). By definition, there exists a tile p € T(u) with s(p) = s;
and z € E(p). Then x € J(p) N L. By (2.0.8) and the definition of £(T(u)), it
follows that L C J(p), in particular 2" € J(p), so = € I, (z'). Next, let s, =o(u, )
and let p’ € T(u) with s(p’) = s, and x € E(p”). Since p’ € T(u), we have 4p” < u.
Since Q(x) € Q(p”), it follows that

dy(Qu), Q(z)) <5.
Applying the doubling property (1.1.5) five times, we obtain
dpe(p),8pe2)(Q1), Q(z)) < 5-2°%.
By the triangle inequality, we have B(x, D%2) C B(c(p),8D*2), so by (1.1.6)
dp(a,pe2)(Q(u), Q(z)) <5-2°¢.
Finally, by applying (1.1.7) 100a times, we obtain
dp(y pos1)(Q(u), Q(z)) <5279 < 1.

Consequently, D*2~! < R, (Q(u),z). The lemma now follows from the definition of
T O
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Lemma 7.1.6 (third tree pointwise). For allu € i, all L € £(T(u)), all z,z" € L
and all bounded f with bounded support, we have

/ K (2,9) (f(5) — Py f()) du(y)

sEoux

2128a S PH )‘f‘ )
Proof. We have for J € 7(T(u)):

/ K (2,9)(1 — Py f(y) duy)

- / Mj / K (2,y) — K (2,2) dp(z) £(y) dpu(y) (7.1.9)

By (2.1.4) and (2.0.10), we have for y,z € J

2127a3 8Ds(J)

Ko) ~ Ko < s (V)
Suppose that s € o(u,z). If K (x,y) # 0 for some y € J € J(T(u)) then, by
(2.1.2), y € B(z,05D°)NJ # @. Let p € T(u) with s(p) = s and = € E(p).
Then B(c(p,),4.5D°) N J # @ by the triangle inequality. If s(J) > s and s(J) >
—S, then it follows from the triangle inequality, (2.0.10) and (2.0.1) that J(p) C
B(c(J), 100D+ 1) contradicting J € J(T(u)). Thus s(J) < s—1 or s(J) = —S.
If s(J) = =S and s(J) > s — 1, then s = —S. So in both cases, s(J) < s. It then
follows from the triangle inequality and (2.0.10) that J C B(x,16D%).

Thus, we can estimate (7.1.8) by

a3 a 1 (x) S S
AR S e 2y, P

1/a

pex M JEJ(T(w))
JCB(z,16 DSP))
s(J)<s(p)
1) (@)
_ 9l127a®+3/a Z Z (p) Z D(s(J)—s /‘f‘
s(I
IeD pe¥ ,u(B(m,D ( >)) Jed (T (u))
I(p)=I JcB(z,16 D))
s(J)<s(I)

By (2.0.13) and (2.0.20), the sets E(p) for tiles p with J(p) = I are pairwise disjoint.
It follows from the definition of £(%(u)) that z € J(p) if and only if 2" € J(p), thus
we can estimate the sum over 1p,) () by 1,(z’). If x € E(p) then in particular
x € J(p), so by (2.0.10) B(c(I), 16D5( )y € B(z,32D*")). By the doubling property
(1.1.2)

u(B(e(1),16D°1)) < 25 u(B(w, D))

Since a > 4 we can continue our estimate with

1,(2")
12807 I DIs()s(1)/a / 7]
2 (B(c(1),16D41)) 2 g

rep P JeJ(T(w)
JCB(x,16 D3)
s(J)<s(I)




68 BECKER ET AL.

a3
= 2128078, Pyl fl(2') .
This completes the proof. O

7.2. An auxiliary L? tree estimate. In this subsection we prove the following
estimate on L? for operators associated to trees.

Lemma 7.2.1 (tree projection estimate). Let u € . Then we have for all f,g
bounded with bounded support

/X S )T, f(y) duly)

pET(u)

< 2509 Py ) L 2l P |92 (7.2.1)

Below, we deduce Lemma 7.2.1 from Lemma 7.1.3 and the following estimates for
the operators in Lemma 7.1.3.

Lemma 7.2.2 (nontangential operator bound). For all bounded f with bounded
support and all ¥ € ©

3
IR £l < 21 f1l, -

Lemma 7.2.3 (boundary operator bound). For allu € $ and all bounded functions
f with bounded support

11w flla < 22 £l - (7.2.2)

Proof of Lemma 7.2.1. Let L € £(%T(u)). Let b(z") denote the right-hand side of
Lemma 7.1.3. Apply this lemma to e(Q(u))f, to obtain for all y,2” € L

> T, fw)

pET(u)

< b(a’).

Hence, by taking an infimum, we have for y € L

> T,

pPET(u)

< inf b(z").
z’eLl
Integrating this estimate yields

/L 19

< [lotl x int b))

du(y)

> T, f)

peT(u)

— / Posiuylol(y)  inf b(a’) du(y)
T x’eL

< / Pzylgl(y) x b(y) du(y)
L
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By (2.0.21), we have T, f = 1,1, f for all p € B, so

o om0 50

pes(u 7(13) pe‘I (u)

Since £(%(u)) partitions Upex(u)j(p) by Lemma 7.1.2, we get from the triangle
inequality

> T,

pET(u)

< > /!g(y)l dp(y)
(w) /L

LeL(T(u

which by the above computation is bounded by

3 /& J19l() x b(y) dpu(y)

Lel(Z(u))

/ Pxuylgl(y) x b(y) du(y)

Applying Cauchy-Schwarz, this is bounded by [P lglll2 X [bl- By Minkowski’s
inequality, Proposition 2.0.6, Lemma 7.2.2 and Lemma 7.2.3, ||b], is at most

212007 (220 4 212) | Py o o [ Flll2 4 21347 | Py gy [e(Q (1)) £ -

By the triangle inequality we have for all € X that |Pyg,)[e(Qw))f]|(z) <
Py fl(z), thus we can further estimate the above by

a? a a a?
(212907 (2201 4 2120) 4+ 2189 | Py o | £ -

This completes the proof since a > 4. [l

Now we prove the two auxiliary lemmas. We begin with the nontangential maxi-
mal operator T',.

Proof of Lemma 7.2.2. Fix s, s,. By (2.0.4) we have for all z € (0, 00)

S (D) =1 S w(Dw) — 3 w(D).

$=87 58y §>81

Since 1) is supported in [4le 2]

€ D571, 1 D%71] hence

the two sums on the right hand side are zero for all

1 5—11 ED S —s
€zDn ! D] = > (D) =1.

s=s,

Since 1 is supported in [ we further have

Ev%]a

1 1 >2
¢ [ZDSH, 5D = > p(D~*z) =0.

5=5,
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Finally, since 1) > 0 and Z L, ¥(D™°z) = 1, we have for all x

0< ZQ Y(D%x) <1

5=5,

Let 2" € I, (x) and suppose that D571 < R (¥, 2"). By the triangle inequality and
(2.0.10), it holds that p(z,z") < 8D?®1. We have

Z/K 2 9) [ () du(y)

5=5,

‘ / 55 WD WK ) 0) o)

EEEN

< / K(2',y)f(y) du(y) (7.2.3)
8Ds1<p(x’,y)< %D92*1

4 / K (@ y)1f ()] duy) (7.2.4)
De11<p(a’ y)<8D®1

T / K (2, )| ()] duy) (7.2.5)
Ds271<p(z’ ,y)<L D32

The first term (7.2.3) is at most 2T£f(m), using with Ry := 8D*1, R, := 1D%!
and R; < Ry < Ry(v¥,2') the triangle inequality in the form

/ K(2/,y)f () du(y) (7.2.6)

R1<p($/7y>§R2

< / K (', ) f(y) du(y) (7.2.7)
Ri<p(z’,y)<Rg(9,x’)

T / K(«,y)f () duly)]. (7.28)
Ry<pla’ y)<Ro(9.2")

The other two terms will be estimated by the finitary maximal function from
Proposition 2.0.6. For the second term (7.2.4) we use (1.1.11) which implies that for
all y with p(a’,y) > iDSl*l, we have

3

2a

= B 1)

Using D = 21000 and the doubling property (1.1.2) 7 + 100a? times estimates the
last display by
27a+101a3

< .
~ w(B(x’,32Ds1))
By the triangle inequality and (2.0.10), we have
B(x',8D%) C B(c(I,, (x)),16D°"-.")) € B(a’,32D").

(7.2.9)



FORMALIZATION OF CARLESON’S THEOREM 71

Combining this with (7.2.9), we conclude that (7.2.4) is at most
27a+101a3MB 1f(l‘) ]

For (7.2.5) we argue similarly. We have for all y with p(2’,y) > $ D!

3

2a
u(B(z', ;D*=71))

K (2, y)| <

Using the doubling property (1.1.2) 7 + 100a? times estimates the last display by
27a+101a3

= WB@,32D%))

Note that by (2.0.8) we have I, (z) C I, (), in particular " € I, (z). By the
triangle inequality and (2.0.10), we have

B(a',8D%) C B(c(I, (x)),16D°"=2")) € B(a’,32D%).
Combining this, (7.2.5) is at most
27a+101a3M$71f(x> )

Using a > 4, taking a supremum over all z’ € I s (z) and then a supremum over
all =5 <s; < s, <5, we obtain

Tof(x) < 2T f(x) + 21929° My f(x) .

The lemma now follows from assumption (1.1.20), Proposition 2.0.6 and a > 4. O

(7.2.10)

We need the following lemma to prepare the L?-estimate for the auxiliary opera-
tors Sy .
Lemma 7.2.4 (boundary overlap). For every cube I € D, there exist at most 2°¢
cubes J € D with s(J) = s(I) and B(c(I),16D*1)) N B(C(J) 16D)) + @.

Proof. Suppose that B(c(I),16D*1)YN B(c(J),16D*)) # @ and s(I) = s(J). Then
B(c(I),33D°1)) € B(c(J),128D%)). Hence by the doubling property (1.1.2)
1
2 p(B(e(J), 7 D) = p(B(e(I), 33D 1)),
and by the triangle inequality, B(c(J), 2D*/)) is contained in B(c(1),33D3D).
If € is any finite collection of cubes J € D satisfying s(J) = s(I) and
B(c(I),16D*)) N B(e(J),16D5)) + @ |

then it follows from (2.0.10) and pairwise disjointedness of cubes of the same scale
(2.0.8) that the balls B(c(J), %DS(J)) are pairwise disjoint. Hence

pu(B(c(I),33D°1)) >y~ (B DS(‘”))

Jee
> |C127%u(B(c(I),33DW)) .

Since p is doubling and g # 0, we have p(B(c(I),33D*1))) > 0. The lemma follows
after dividing by 272 u(B(c (I),33DS< ))- O
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Now we can bound the operators S ,

Proof of Lemma 7.2.5. Note that by definition, S, ,f is a finite sum of indicator
functions of cubes I € D for each locally integrable f, and hence is bounded, has
bounded support and is integrable. Let g be another function with the same three
properties. Then g5, , f is integrable, and we have

/g(y)Sl,uf(y) du(y)

1 i
= (B{e(D). 160°0) /Ig(y)du(y)

e M
X > Dls)=s)/a / £ ()l du(y)
J

JeJ (% (w): JCB(c(I),16 D31))
s(J)<s(I)

<

1
d
< ,ze;) p(B(c(I),16Ds1))) /BWMDS(”) l9(y)] dp(y)
X > D(S<J>_S(I)>/a/f(y)\du(y),
J

Jed(Z(u)): JCB(c(I),16D*D)
s(J)<s(I)

Changing the order of summation and using J C B(e(I),16D°1) to bound the first
average integral by My |g|(y) for any y € J, we obtain

< 3 ‘/u‘ )My 191 (y) dia(y) S pee (721)

Jed (% IeD: JCB(c(I),16 D)
s(I)=s(J)

By Lemma 7.2.4, there are at most 2°¢ cubes I at each scale satisfying the inclusion
J C B(c(I),16D*D). Since DY@ < 1, (1 — D~Y%)~1 < 2. Using this estimate for
the sum of the geometric series, we conclude that (7.2.11) is at most

g9+ L/u )M l9l(y) duly)

JeJ(Z(u

The collection g is a partition of U reD I, so this equals

2451 [ 110 Mol ) ).
b'e
Using Cauchy-Schwarz and Proposition 2.0.6, we conclude

[ 9510t | < 2211

The lemma now follows by choosing g = S, ,f and dividing on both sides by the
finite |5} . f2- O
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7.3. The quantitative L? tree estimate. The main result of this subsection is
the following quantitative bound for operators associated to trees, with decay in the
densities dens; and dens,.

Lemma 7.3.1 (densities tree bound). Let u € 4. Then for all bounded f with
bounded support and bounded g supported on G we have

/§ Z T,fdp| < glsla® dens, (T(u))"?| fll2lgll2 - (7.3.1)
X pez(u)

If additionally support(f) C F, then we have

/§ > T, f du| < 2252 dens, (T(u)) 2 densy (T () V2] £, ]9l (7.3.2)
X pez(u)

Below, we deduce this lemma from Lemma 7.2.1 and the following two estimates
controlling the size of support of the operator and its adjoint.

Lemma 7.3.2 (local densl tree bound). Let u € $ and L € £(T(u)). Then

wWLNGA | E(p) <210 dens, (T(w)u(L). (7.3.3)
peT(u)

Lemma 7.3.3 (local dens2 tree bound). Let u € i and J € J(T(u)). Then
w(FNJ) <2290 dens,y (T (u))u(J).
Proof of Lemma 7.3.1. Denote
cw=J )E(P)~

peT(u

Then we have

/g 2, Tpfdu|= /915(1‘) > Ty f)dpl .
X X

pET(u) peX(u)
By Lemma 7.2.1, this is bounded by
< 21599 Py g F 12| P | L 91z - (7.3.4)

We bound the two factors separately. We have

2
1
1P sy Leglle = ( Z u(D) (/ fg(y)|d/l(y))
Lel(T(u)) K LN&(u)

By Cauchy-Schwarz and Lemma 7.3.2 this is at most

1/2
3( > 2101“3den81(3<u))/ Ig(y)\Zdu(y)> :
LeL(Z(u)) LNé(u)

Since cubes L € £(%T(u)) are pairwise disjoint by Lemma 7.1.2, this is
< 2%1° dens, (T(w))"?g], (7.3.5)

1/2
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Similarly, we have
1/2

1 2
1Pz up L fI =( — f(y)du(y) ) : (7.3.6)
J(E )/ 1ll2 rel () ( / ynapy )

By Cauchy-Schwarz, this is

1/2
g( > /If(y)IQdu(y)) :
Jeg(T(w) 7T

Since cubes in J(%(u)) are pairwise disjoint by Lemma 7.1.2, this is at most

I£12- (7.3.7)

Combining (7.3.4), (7.3.5) and (7.3.7) gives (7.3.1).
If f<1pthen f= f1,,so

(5, it fronmw))

. o\ 1/2
= (JE;(:%))M (/JmFlf(y)ldu(y)> )

We estimate as before, using now Lemma 7.3.3 and Cauchy-Schwarz, and obtain
that this is

< 2191 densy (T (u)) 2| /] -
Combining this with (7.3.4) and (7.3.5) gives (7.3.2). O

Now we prove the two auxiliary estimates.

Proof of Lemma 7.3.2. If the set on the right hand side is empty, then (7.3.3) holds.
If not, then there exists p € T(u) with LN J(p) # @.

Suppose first that there exists such p with s(p) < s(L). Then by (2.0.8) J(p) C L,
which gives by the definition of £(%T(u)) that s(L) = —S and hence L = J(p). Let
q € T(u) with E(q) N L # @. Since s(L) = —S < s(q) it follows from (2.0.8) that
J(p) =L C J(q). We have then by Lemma 2.1.2

dy(Q(p), (a)) < dy(Q(p), Qw)) + d,(9(a), Q(u))
< dy(Q(p), Q) + dg(9(q), Q(u)) -

Using that p,q € T(u) and (2.0.32), this is at most 8. Using again the triangle
inequality and Lemma 2.1.2, we obtain that for each ¢ € B,(2(q),1)

dy(Q(p), q) < dy(Q(p), A(q)) + dg(2(q),q) <9.
Thus LN G N E(q) C E5(9,p). We obtain

pILNGN () E(9) < u(Ey(9,9)).
qeT(u)
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By the definition of dens;, this is bounded by
9% dens, (T(u))p(7(p)) = 9% dens, (T(u))u(L) -

Since a > 4, (7.3.3) follows in this case.

Now suppose that for each p € T(u) with L N E(p) # @, we have s(p) > s(L).
Since there exists at least one such p, there exists in particular at least one cube
L” € D with L C L” and s(L”) > s(L). By (2.0.7), there exists L’ € D with L C L’
and s(L") = s(L)+ 1. By the definition of £(%¥(u)) there exists a tile p” € T(u) with
J(p”) C L.

It suffices to show that there exists a tile p” € P(T(u)) with I (p’) = L, d,,, (Q(p"), Q(u)) <
4 and 9p” < 9p’. For then, let ¢ € T(u) with L N E(q) # @. As shown above, this
implies s(q) > s(L’), so by (2.0.8) L C J(q). If ¢ € B;(9(q), 1), then by a similar
calculation as above, using the triangle inequality, Lemma 2.1.2 and (2.0.32), we
obtain

dy (Q(p"),9) < dy (Q(p"), Q(a)) + d4(Q(q),9) < 9.
Thus LNG N E(q) C Ey(9,p”). We deduce using the definition (2.0.28) of dens,;

WLNGn | E) < u(Ey9,p)) < 9 dens, (T(u)u(L).
qeT(u)

Using the doubling property (1.1.2), (2.0.10), and a > 4 this is estimated by
9221006 +5a Jeng (T (u))u(L) < 211" dens, (T (u))u(L) .

To show existence of p” with the given properties, if 7(p”) = L we can take p’ = p”,
which satisfies the distance property by (2.0.32) and the other properties trivially.
Otherwise, let p” be the unique tile such that 7(p’) = L’ and such that Q(u)NQ(p") #
@. Since J(p’) C J(p) and p € T(u), we have p’ € P(T(u)). Since by (2.0.32)
s(p’) = s(L”) <s(p) < s(u), we have by (2.0.8) and (2.0.14) that Q(u) C Q(p’), and
hence the distance property. 9p” < 9p’ follows by the triangle inequality, (2.0.32),
Lemma 2.1.2 and (2.0.15). This completes the proof. O

Proof of Lemma 7.3.3. We prove the inequality with the constant 2201a’ replaced

by 2200“3“4“; this is stronger because a > 4. It suffices to show the existence of
a tile p € T(u) and an r > 4D%%) such that J C B(c(p),r) and u(B(c(p),r)) <
9200a’+14a (T ‘hecause then it follows from the definition (2.0.29) of dens, that

w(FNJ) < p(F0Bc(p),r))

< dens, (T (w))u(Blc(p), 1)) < 22000149 dens, (T (u)) ()

In particular, these criteria are satisfied, with r = 4D%®) by any p € T (u) such
that J C B(c(p,4D°®)) and p(JI(p)) < 2100a°+10a,( 1) hecause then by the dou-
bling property (1.1.2),

p(B(c(p), 4D*P))) < 24 1(B(c(p), DP) /4))

< 24au(j(p>> < 2100a3+14aM<J) )

Suppose first that s(J) = S. Then J = I, so (2.0.9) and the fact that J €
J(T(u)) C Jo(%(u)) imply that s(J) = —S. Thus S = 0. It follows that J is the only
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dyadic cube, so any p € T(u) has J(p) = J, and therefore satisfies J C B(c(p,4D*P)))
and (7 (p)) < 21000410 ().

It remains to consider the case s(J) < S. Then, by (2.0.7) and (2.0.8), there
exists some cube J’ € D with s(J’) = s(J)+1and J C J’. By definition of F(%(u))
there exists some p € T(u) such that 7( ) C B(c(J’),100D3(7)+1),

Since ¢(J) € J € J' C B(c(J'),4D%")), the triangle inequality, s(J') = s(J) + 1
and D = 21004* jmply

B(c(J), 204D+ < B(e(J),204D5 )1 4 4D*V)) € B(e(J), 28 D5)+2)
From the doubling property (1.1.2), D = 21904 3nd (2.0.10), we obtain

w(B(c(J"), 204D )+1Y)) < 9200a%+10a ), ( 7y (7.3.8)

If J C B(c(p),4D*®), then we need only check tha/t w(J(p)) < 2100a°+10a (1)
This follows immediately from J(p) C B(c (J ) 100D°)+1) and (7.3.8).
From now on we assume J ¢ B(c(p),4D*®)). Since

c(p) € I(p) C B(e(J'), 100D )1+1)
we have by (2.0.10) and the triangle inequality
JCJ c Ble(J),4D*7)) ¢ B(c(p), 104D )H1) |

In particular this implies 104Ds(7)+1 > 4ps(p)| By the triangle inequality we also
have

B(c(p), 104D )1+1) € B(e(J), 204D+
so from (7.3.8),
w(B(c(p), 104DsT)H1)) < 9200a%+10a (7
which proves p satisfies the needed criteria with r = 104D5(/")+1
O

7.4. Almost orthogonality of separated trees. The main result of this subsec-
tion is the almost orthogonality estimate for operators associated to distinct trees
in a forest in Lemma 7.4.4 below. We will deduce it from Lemmas 7.4.5 and 7.4.6,
which are proven in Subsections 7.5 and 7.6, respectively. Before stating it, we
introduce some relevant notation.

The adjoint of the operator 7}, defined in (2.0.21) is given by

z) = /( )Ks<p>(y,w)6(*c2(y)<fv) + Q) (y)g(y) du(y) - (7.4.1)
E(p

Lemma 7.4.1 (adjoint tile support). For each p € B, we have
Tog = 1pic(p) 50Ty Lyp)9-
For each u € 4 and each p € T(u), we have
Tyg =150 Ty L9
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Proof. By (2.0.32), E(p) C J(p) C J(u). Thus by (7.4.1)
Tyg(x) = T3 (g 9)(x)

B /E< )W%—Q(zﬁ(@ + QW) (¥) Ly (y)9(y) duly) .
P

If this integral is not 0, then there exists y € J(p) such that Ky, (y,z) # 0. By
(2.1.2), (2.0.10) and the triangle inequality, it follows that
x € B(c(p),5D5%)).
Thus
Ty 9(x) = p(e(p),5pe0) (2) T3 (L5 9) () -
The second claimed equation follows now since J(p) C J(u) and by (2.0.37) we have
B(c(p),5D5P)) C T (u). O

Lemma 7.4.2 (adjoint tree estimate). For all bounded g supported on G we have
that

S Tigl| <251 dens, (T(w)2g], .
peT(u)

1p Z wol| <2252 densy (T(u))'/? densy (T(w)'2|gll, -
pET (1
2

Proof. By Lemma 7.3.1, we have for all bounded f and g with |g| < 1 that

J 3 Toran=|[5 3 Tsan
X pet(u X pex(u)
< 2181“3 dens; (T(u))" (gl f12 - (7.4.2)
Let f = Zpd(u) Tyg. Since |g| < 15, f is bounded and has bounded support. In
particular || f|, < co. Dividing (7.4.2) by | f|, completes the proof.
The proof of the second part is similar with f =1 Zp _— T; g. O

We define

Song =Y Tigl+ Mg, 9+ 9]
pET(u)

Lemma 7.4.3 (adjoint tree control). We have for all u € 4 and all bounded g
supported on G

HSZ WIlle < < 2182 HQH

Proof. This follows immediately from Minkowski’s inequality, Proposition 2.0.6 and
Lemma 7.4.2, using that a > 4. (]

Now we are ready to state the main result of this subsection.
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Lemma 7.4.4 (correlation separated trees). For any u; # uy € 4 and all bounded
91, 9o with bounded support, we have

/ Y. Y. LaTed (7.4.3)

X p1eT(uy) paeT(uy)

(lB— n
A H 152 1,950l L2 7wy )07 (3 - (7.4.4)
j=1
Proof of Lemma 7.4.4. By Lemma 7.4.1 and (2.0.8), the left hand side (7.4.3) is 0
unless J(u;) C J(uy) or J(uy) C J(uy). Without loss of generality we assume that
T(uy) C T(uy).

Define
S:={peT(u)UT(uy) : dy(Quy), Quy)) >277/2}, (7.4.5)
Lemma 7.4.4 follows by combining the definition (2.0.3) of Z with the following two
lemmas. O

Lemma 7.4.5 (correlation distant tree parts). We have for all uy #+ uy € 8 with
J(uy) C I(uy) and all bounded g,, g, with bounded support

/ T3 6,T5. g5 dp (7.4.6)
X p€T(uy) pQET(uz)
a3 —4n (l2 (13
< 9511a°9 Zn/(4a*+2a?) H ”52,11]'9].”[/2(7(111)) . (747)
=1

Lemma 7.4.6 (correlation near tree parts). We have for all uy # u, € U with
J(uy) C J(uy) and all bounded gy, g, with bounded support

/ Ty 9:117,9, dp (7.4.8)
X preT(uy) P2ET(U2)

< 92320 42lat59— 125, Znk H H527u].9jHL2(7(u1)) ) (7.4.9)

In the proofs of both lemmas, we will need the following observation.

Lemma 7.4.7 (overlap implies distance). Let u; # uy, € 4 with J(uy) C J(uy).
If p € T(uy) UZ(uy) with I(p) N I(uy) # @, then p € &. In particular, we have
T(uwy) C 6.
Proof. Suppose first that p € T(uy). Then J(p) C J(u;) C J(uy), by (2.0.32). Thus
we have by the separation condition (2.0.36), (2.0.15), (2.0.32) and the triangle
inequality
dy, (Q(uy), Q(uy)) > dy (Q(p), Quz)) — dy, (Q(p), A(uy))
> 2Z(n+1) 4
> 94n/2 ,
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using that Z = 212a > 4 Hence peG.

Suppose now that p € T(u,). If I(p) C J(u,), then the same argument as above
with u; and u, swapped shows p € &. If 7(p) ¢ J(uy) then, by (2.0.8), T(uy) C I (p).
Pick p” € %(u,), we have J(p’) C J(uy) C J(p). Hence, by Lemma 2.1.2 and the
first paragraph

d, (Q(uy), Q(uy)) > dyy (Q(uy), O(u,)) > 277,
sopeG. O

To simplify the notation, we will write at various places throughout the proof of
Lemmas 7.4.5 and 7.4.6 for a subset € C B

Tef = ZTpfv Tgg:= ZT;g

pec pec

7.5. Proof of the Tiles with large separation Lemma. Lemma 7.4.5 follows
from the van der Corput estimate in Proposition 2.0.5. We apply this proposition
in Section 7.5.3. To prepare this application, we first, in Section 7.5.1, construct
a suitable partition of unity, and show then, in Section 7.5.2 the Holder estimates
needed to apply Proposition 2.0.5.

7.5.1. A partition of unity. Define
J'={JedG) : JCI(u)}.
Lemma 7.5.1 (dyadic partition 1). We have that
Tw) = [JJ.
Jeg’

Proof. By Lemma 7.1.2, it remains only to show that each J € J(&) with JNJ (u;) #
@isin J'. But if J ¢ J’, then by (2.0.8) J(u;) C J. Pick p € T(u;) C &. Then
J(p) C J. This contradicts the definition of 7(&). O

For cubes J € D, denote
B(J) := B(c(J),8D%W)). (7.5.1)
The main result of this subsubsection is the following.

Lemma 7.5.2 (Lipschitz partition unity). There ezists a family of functions x,
J e g’ such that
17(111) = Z XJ > (752)
Jed’
and for all J € " and all y,y" € T(uy)

0<x,() <1puy), (7.5.3)
/ a3 Py
s (y) = xa(y)| < 2% 31<)s<J>) ' (7.5.4)

In the proof, we will use the following auxiliary lemma.
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Lemma 7.5.3 (moderate scale change). If J,J" € " with
B(J) N B(J') + @,
then |s(J) —s(J")| < 1.
Proof of Lemma 7.5.2. For each cube J € 7 let
Ks(y) = 1y, (y) max{0,8 — D~ p(y, c(J))},

and set
a(y) =Y ).
Jeg’
We define o
_ XxXJ\y

Then, due to (2.0.37) and (7.5.1), the properties (7.5.
Estimate (7.5.4) follows from (7.5.3) if y,y" ¢ B(J
y € B(J). We have by the triangle inequality

2) and (7.5.3) are clearly true.
). Thus we can assume that
o) = X,(01 | Xs()laly) —aly')]

a(y) a(y)a(y’)

Since X ;(z) > 4 for all z € B(c(J),4D*Y)) 5 J and by Lemma 7.5.1, we have that
a(z) >4 for all z € J(uy). So we can estimate the above further by

<272(I%, () = X W)+ X W)laly) — aly)]) .

If 4 ¢ B(c(p),8D%®)) then the second summand vanishes. Else, we can estimate
the above, using also that |Y;(y")| <8, by

< 272X (y) — X (W) +2 Z X (y) — X0 ()]
J'ed’
B(J)NB(J)+0

Ixs(y) —x,)] <

By the triangle inequality, we have for all dyadic cubes I
1X:(y) — X1y < p(y,y' ) DD

Using this above, we obtain

, (1o e
IXJ(y)—xJ(y)ISp(y,y)<ZD Dtz > D <J>).
J'ed’
B(J')NB(J)+

By Lemma 7.5.3, this is at most
p(y,y') (1
Ds(7) \4
By (2.0.10) and Lemma 7.5.1, the balls B(c(J'), iDS(J/)) are pairwise disjoint. By

the triangle inequality and Lemma 7.5.3, each such ball for J” in the set of the last
display is contained in

+oD|{J € g’ « B(J') B() ¢@}|> .

B(c(J), 9D+
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By the doubling property (1.1.2), we further have

3 1 ,
;L(B(C(J), 9Ds(J)+1>) < 9200a +7GM<B(C(J’), ZDs(J )))
for each such ball. Thus
{J' €d’ : B(J)NB(J)+ @} < 2200a°+7a

Recalling that D = 2100“2, we obtain

1 2
it oD|{J € g’ : B(J')NB(J)+ @} < 2200a°+100a*+7a+2,

Since a > 4, (7.5.4) follows. O

Proof of Lemma 7.5.3. Suppose that s(J’) < s(J) — 1. Then s(J) > —S. Thus, by
the definition of J’ there exists no p € & with

J(p) C B(e(J), 100D+ (7.5.5)

Since s(J’) < s(J), there exists a cube J” € D with J C J” and s(J”) = s(J’) + 1.
By the definition of J’, there exists a tile p € & with

J(p) C B(c(J”),100D57)+2) (7.5.6)
But by the triangle inequality and (2.0.1), we have
B(e(J”),100D5)+2) © B(e(J), 100D +1) |
which contradicts (7.5.5) and (7.5.6). O

7.5.2. Holder estimates for adjoint tree operators. Let g;,¢9, : X — C be bounded
with bounded support. Define for J € J’

hy(y) = x5 (y) - (e(Qu) () Tz, 9:(Y)) - (e(Qup)(¥) T, ne92(¥) - (7.5.7)

The main result of this subsubsection is the following 7-Hélder estimate for h,
where 7 = 1/a.

Lemma 7.5.4 (Holder correlation tree). We have for all J € 7’ that

hyller sy < 248507 inf [T, 9] +inf Mg lg]). (7.5.8
175l (B(c(J),16Ds(J))) = jIZIQ(B(c(J;EDSU))| T(uj)g]‘ +H} zs,1|g]\) ( )
We will prove this lemma at the end of this section, after establishing several
auxiliary results.
We begin with the following Hélder continuity estimate for adjoints of operators
associated to tiles.

Lemma 7.5.5 (Holder correlation tile). Let u € & and p € T(u). Then for all
v,y € X and all bounded g with bounded support, we have

le(Q(u)(y)Tyg(y) —e(Qu)(y')Ty9(y")]

2128(13 p(y,y/) 1/a
= wu(B(c(p),4Dsr))) < Ds(p) ) /E(p) l9(x)| dp(z) . (7.5.9)
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Proof. By (7.4.1), we have
e(Q(u)(y)) Ty 9(y) — e(Qu)(y") Ty 9(y)|

S/E (y) + Q@) (y) + Qw)(y) — Cw)(y")) — 1|
% (Ko (@ )| dpa(z) (7.5.10)
4 [ 9@ R (o9) — Koy () o) (1511)
E(p)
By the oscillation estimate (1.1.4), we have
| = Q(2)(y) + Qx)(y) + C(u)(y) — C(u)(y')]
< dpiy 1 6ty (@), Q). (7.5.12)

Suppose that y,y’ € B(c(p), 5D%P)), so that p(y,y’) < 10D*P®). Let k € Z be such
that 2°%p(y, ') < 10D°®) but 2+ p(y, ') > 10D¥), In particular, k > 0. Then,
using (1.1.7) followed by (1.1.5), we can bound (7.5.12) from above by

27 d i (p) 1600 (Q(2), Q(w)) < 2097%d (Q(2), Q).

Since x € E(p) we have Q(x) € Q(p) C B,(9(p),1), and since p € T(u) we have
Q(u) € B,(29(p), 4), so this is estimated by
< 5. 26(1*]@ )

By definition of k, we have

1 10D

—k<1——log (/) ,

a 2 \py,y)

which gives

, 1/a
= Q@)) + QEIW) + 2wl — Q)| <102 (HBEL) . (1513

For all x € J(p), we have by (1.1.2) that
,U(B(CC,DS(P))) > 2_3QM(B(C(p),4DS(p))) )
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Combining the above with (2.1.3), (2.1.4) and (7.5.13), we obtain

23a

w(B(c(p),4Dsp))) fE(p) lg(z)| dp(x) x

1/a N 1/a
102a3 . . 96a p(y7 y/> 127a3 p<y7 Yy )
(@7 -10-2 ( D ) T2 Do ) )

(7.5.10) + (7.5.11) <

Since p(y,y’) < 10D*P) we conclude

2128a
(7.5.10) + (7.5.11) < M(B(c(p)ADS(”))) ( Ds(p ) /E

Next, if y,5° ¢ B(c(p),5D*®)), then Ty9(y) = Tyg(y") = 0, by Lemma 7.4.1.
Then (7.5.9) holds.
Finally, if y € B(c(p),5D%)) and y’ ¢ B(c(p), 5D%%)), then

le(Q(uw)(y) Ty 9(y) — e(Qu)(y')Tha(y")| = Ty 9(y)|

z)|dp(z

< /E VB (el o).

By the same argument used to prove (2.1.6), this is bounded by

10243 1 .
<2 [ P @l ). (51

It follows from the definition of ¢ that
Y(z) < max{0, (2 — 4x)Y/}.
Now for all z € E(p), it follows by the triangle inequality and (2.0.10) that
2—4D P p(z,y) <2 —4DP)p(y,c(p)) + 4D P p(z, c(p))
<18 —4DWp(y,c(p)) < 4DP)p(y,y’) —2.

Combining the above with the previous estimate on 1, we get

WD p(x,y)) < ADFp(y, y'))e.
Further, we obtain from the doubling property (1.1.2) and (2.0.10) that

u(Blz, D)) > 23 Bc(p), ADP)))

Plugging this into (7.5.14) and using a > 4, we get

i 21030,3 p(y’y/) 1/a
50| < ey (Pt @),

which completes the proof of the lemma. O
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Recall that
B(J) := B(c(J),8D%Y).
We also denote
B'(J) := B(c(J),16D)),

B (J) = Ble(J), épsw) .

Lemma 7.5.6 (limited scale impact). Let p € T(uy) NS, J € I’ and suppose that
BUI(p) "B (J) £ 0.

Then
s(J) <s(p) <s(J)+3.

Proof. For the first estimate, assume that s(p) < s(J), then in particular s(p) <
s(uy). Since p ¢ &, we have by Lemma 7.4.7 that J(p) N J(u,) = @. Since

B(c(J), iDSU)) C 7(J) C J(uy), this implies

1
ple(J),e(p)) = D).
On the other hand
p(c(J),c(p)) < éDSU) 4+ 8Ds(P)

by our assumption. Thus D*®) > 64-1 D)) which contradicts (2.0.1) and a > 4.

For the second estimate, assume that s(p) > s(J) + 3. Since J € J’, we have
J C J(uy). Thus there exists J' € D with J C J’ and s(J') = s(J) + 1, by
(2.0.7) and (2.0.8). By definition of J’, there exists some p’ € & such that J(p’) C
B(c(J’),100D%¥)*2) . On the other hand, since B(J(p))NB°(J) # @, by the triangle
inequality it holds that

B(c(J’),100DV)+3) C B(c(p), 10D3¥)) .

Using the definition of &, we have
24n/2 < dp/(Q(Uq)a Q(uy)) < dB(c(J/),100D5<J>+2)(Q(Uq)a 9(uy)) .

By (1.1.7), this is

< 27199 g 1) 100pea) (Qy), O(uy))

< 27100adB(c(p),10Ds(P))(Q(u1)7 9(uy)),

and by (1.1.5) and the definition of &

< 27949 (Q(uy), Quy)) < 9-94a9Zn/2
This is a contradiction, the second estimate follows. Il

Lemma 7.5.7 (local tree control). For all J € J’' and all bounded g with bounded
support

* a’d :
sup [Tz, ) g9/ < 2 H}sza,lfg\
B (J)
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Proof. By the triangle inequality and since T;;9 = 1,y 5p=tr) 1, g, We have

up T )9l < sup > Tyl
B(J) B pet(uy)~e
BO(p)NE ()40

By Lemma 7.5.6, this is at most
s(J)+3

> > ;1;1;) Tgl. (7.5.15)

s=s(J) peP,s(p)=s
B(J(p))NB°(J)#2

If 2 € E(p) and B(J(p)) N B(.J) # @, then
B(e(J),16D°%)) ¢ B(z,32D%P)

by (2.0.10) and the triangle inequality. Using the doubling property (1.1.2), it follows
that

p(B(x, W) > 275¢(B(e(J), 16D°P))) .
Using (7.4.1), (2.1.3) and that a > 4, we bound (7.5.15) by

s(J)+3 1

2O 2 LB 16D /E(m'g'd”'

s=s(J)  peP.s(p)=s
B(I(p))NB(J)#2

For each I € D, the sets E(p) for p € P with J(p) = I are pairwise disjoint
by (2.0.20) and (2.0.13). Further, if B(J(p)) N B°(J) # @ and s(p) > s(J), then
E(p) C B(c(J),16D%%)). Thus the last display is bounded by

33(J)+3 1
[
s;(J) w(B(c(J),16D%)) Jp(e(s)160%)

< inf 2103a+2 )\ r 19l -
x'eJ

The lemma follows since a > 4. O

Lemma 7.5.8 (scales impacting interval). Let € = T(uy) or € = T(uy) N S. Then
for each J € 7" and p € € with B(J(p)) N B'(J) # @, we have s(p) > s(J).

Proof. By Lemma 7.4.7, we have that in both cases, € C &. If p € € with B(J(p))N
B'(J) # @ and s(p) < s(J), then J(p) C B(c(J),100D*)*+1). Since p € &, it
follows from the definition of 7’ that s(J) = —S, which contradicts s(p) < s(J). O

Lemma 7.5.9 (global tree control 1). Let €, = T(uy) and €, = T(uy) N S. Then
fori=1,2 and each J € ' and all bounded g with bounded support, we have

sup T, gl < mf ]Tg g| 4 21280 +4a+3 ulsz3 19l (7.5.16)
B(J

)
and for all y,y" € B'(J)
e(Q(u;)(y))T¢,9(y) — e(Qw;)(y") T, 9(y")]

, 1/a
< 2128a3+4a+1 (IO<DyS7<€>)> II}fMB’1|g| ) (7517)
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Proof. Note that (7.5.16) follows from (7.5.17), since for y’ € B°(J), by the triangle
inequality,

NN 1/a
p(y,y') Ve
< 2) <92,
( el ) <(16+3) <2

By the triangle inequality, Lemma 7.4.1 and Lemma 7.5.5, we have for all y,3" €
B'(J)
|e(Q(w;)(y))T¢, 9(y) — e(Qw;)(y") T, 9(y")] (7.5.18)
< Y le(Qu) W) Trgly) — e(Qw) () Tig(y)]

ped;
B(I(p)NB’(J)#o

D-stv)/a
< 21280% p(y, g )1/ > / lg| dpe.
g mBle(p), 4D°P)) S

B(I(p))NB'(J)#@

By Lemma 7.5.8, we have s(p) > s(J) for all p occurring in the sum. Further, for
each s > s(J), the sets E(p) for p € P with s(p) = s are pairwise disjoint by (2.0.20)
and (2.0.13), and contained in B(c(J),32D?%) by (2.0.10) and the triangle inequality.
Using also the doubling estimate (1.1.2), we obtain that the expression in the last
display can be estimated by

21284 p(y gy )la N~ Ds/e

24a /
. 9| dp
S>s>s(J) w(B(c(J),32D%)) Jp(e(s) 3207)

, 1/a
< 9128a% +4a (% ) Y Dl iI}fMg,l\gl :
S>s>s(J)

Since D1/ < %, we have
D)=s)/a < 9
Szs>s(J)
Estimate (7.5.17), and therefore the lemma, follow. O

Lemma 7.5.10 (global tree control 2). We have for all J € 7’ and all bounded g
with bounded support

T < inf |T: 21294° inf M :
Eﬁ%' t(uyne 9! _3133J>| Ty 9t inf My ;9|

Proof. By Lemma 7.5.9

S T < inf |T* 2128a3+4a+3' fM.
B}g]))| ‘:(u2)neg| > 131}(1J)| ‘I(u2)meg| + 1 ».119|

B(
and by Lemma 7.5.7

< inf |T* T 2128a3+4a+3 inf M.
nJ) | rz<u2)g| + ;}EIJ)) | 5(u2)\69’ + m ».1l9l,

: * 104a® 128a3+4a+3) ;
< inf [Ty, 01+ (210 +2 )inf Mg 1] -

This completes the proof. O
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Proof of Lemma 7.5.4. Let P be the product on the right hand side of (7.5.8), and h
be as defined in (7.5.7). By (7.5.3) and Lemma 7.4.1, the function h; is supported in
B'(J)NJ(uy). By (7.5.3), Lemma 7.5.9 and Lemma 7.5.10, we have for all y € B’(J):

|hJ<y>’ < 2257a3+4a+3p'

We have by the triangle inequality
|hy(y) — Ry (y')]

< IXs W) = X5 W50 91 WD T3, e 92 (V)] (7.5.19)
+ IXs W e(Quy) (W) Tz, 91 (W) — e(Q( u) ()T 9 WO Tz, ne92(Y)]
(7.5.20)
+ I W T, 91 (Oe(Qug) (W) Ty, 0 92 (¥) — e(Qua) () Ty, ne92(Y )] -
(7.5.21)

As hj is supported in J(uy), we can assume without loss of generality that y' €
J(uy). If y ¢ J(uy), then (7.5.19) vanishes. If y € J(uy) then we have by (7.5.4),
Lemma 7.5.9 and Lemma 7.5.10

4840 +4a+3P (YY)
(7.5.19) < 2 PoIoP,

where P denotes the product on the right hand side of (7.5.8).

By (7.5.3), Lemma 7.5.9 and Lemma 7.5.10, we have

plyy)\ "
257a3+4a+1 ’
(7.5.20) < 2 ( e ) P.
By (7.5.3), and twice Lemma 7.5.9, we have
plyy) )
256a%+8a+5 )
(7.5.21) < 2 ( few ) P.

Using that p(y,y’) < 32D*) and a > 4, the lemma follows. O

7.5.3. The van der Corput estimate.
Lemma 7.5.11 (lower oscillation bound). For all J € J’, we have that
dp)(Q(uy), Quy)) > 9~201a%9Zn/2.

Proof. Since @ # T(u;) C & by Lemma 7.4.7, there exists at least one tile p € §
with 7(p) € J(uy). Thus J(uy) ¢ 7', so J C J(uy). Thus there exists a cube J' € D
with J C J" and s(J’) = s(J) + 1, by (2.0.7) and (2.0.8). By definition of 7’ and
the triangle inequality, there exists p € & such that

J(p) C B(c(J"),100D°)+1) € B(e(J), 128D3(/)+2)
Thus, by definition of &:
274n/2 < dp(’Q<u1)7 9(uy)) < dB(c(J),128DS(J)+2)<Q<u1)’ 9(uy)) -
By the doubling property (1.1.5), this is
< 2200a3+4adB(J)(Q(u1)a 9(uy)),
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which gives the lemma using a > 4. O
Now we are ready to prove Lemma 7.4.5.

Proof of Lemma 7.4.5. We have

(7.4.6) = ‘/){Té(ul)ng‘;(uz)ﬁGgQ .

By Lemma 7.4.1, the right hand side is supported in J(u,;). Using (7.5.2) of
Lemma 7.5.2 and the definition (7.5.7) of h;, we thus have

<

. /X€<Q(u2)(y>—Q(ul)(y)>hj(y>du(y)’.

Jeg’

Using Proposition 2.0.5 with the ball B(J), we bound this by

< 27 Z 1Bl e mr ) (1 + dpn (Quy), Quy )~/ (2a*Fa®)
Jed’

Using Lemma 7.5.4, Lemma 7.5.11 and a > 4, we bound the above by

< 9485a%+7a+3a°+3a9—Zn/(4a2+2a®) Z w(B(J))
Jeg’

\V)

H mf T,y 95 +inf M yg;) . (7.5.22)

By the doubling property (1.1.2)
u(B(J)) < 2% u(B°(J)),

thus

[\V]

) ;l_[l(BH(lgfI) |T§(uj)gj| + iI}fMB,lgj)

<o | [T, 0(2) + M 1,(2)) du(z)
B (J) j=1

2
< 26“/1_[ T 0,951 (@) + My 19,(2)) du(z)
J

Jj=1

Summing over J € J’, we obtain
2
(1.522) < 200wy 2ot | TI(T5, 0,(0) + M) di(e).
j=1

Applying the Cauchy-Schwarz inequality, Lemma 7.4.5 follows. 0
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7.6. Proof of The Remaining Tiles Lemma. We define
I ={JeJ(ZF(w)) : JCI(w)},
note that this is different from the 7’ defined in the previous subsection.

Lemma 7.6.1 (dyadic partition 2). We have
Tw) = [JJ.
Jeg’

Proof. By Lemma 7.1.2, it remains only to show that each J € F(¥(uy)) with
JNI(uy) #@isin J’. But if J ¢ J’, then by (2.0.8) J(u;) C J. Pick p € T(u,).
Then J(p) C J. This contradicts the definition of (% (u,)). O

Lemma 7.4.6 follows from the following key estimate.

Lemma 7.6.2 (bound for tree projection). We have for all bounded f with bounded
support

. 3 __25_
[Py | T, e 92llla < 21020721002 m0ta 2011, Mg 4|95
We prove this lemma below. First, we deduce Lemma 7.4.6.

Proof of Lemma 7.4.6. By Lemma 7.2.1 and Lemma 7.4.1, we have
3 *
(7.4.8) < 2B Pz Lo 912l Pz, ) Lo T, s 9212 -

It follows from the definition of the projection operator P and Jensen’s inequality
that

1Pz |9 Lo llls < 19115002 -
By Lemma 7.6.1, a cube J € (T (u,)) intersects J(u,) if and only if J € J’. Thus
Pyt L) T3y ne92l = P T3, 2] -

Combining this with Lemma 7.6.2, the definition (2.0.2) and a > 4 proves the
lemma. g

We need two more auxiliary lemmas before we prove Lemma 7.6.2.

Lemma 7.6.3 (thin scale impact). If p € T(uy) N & and J € J" with B(I(p)) N
B(J) # @, then

Zn
< 2———7.
Proof. Suppose that s(p) > s(J) + 2 — 52 =: 5(J) — s;. Then, we have s; +2 > 0

SO
ple(p), c(J)) < 8DV 48D < 16Ds(PI+s1+2

There exists a tile g € T(u;). By (2.0.32), it satisfies 7(q) € J(u;). Thus J(uy) ¢ J’.

It follows that J C J(uy). By (2.0.7) and (2.0.8), there exists a cube J' € D with

J C J"and s(J') = s(J) + 1. By definition of 7, there exists a tile p’ € T(uy) with

I(p") € B(e(J'),100D5(7)+1)

By the triangle inequality, the definition (2.0.1) and a > 4, we have

B(c(J"),100D57)+1) € B(c(p), 128 DsP)+51+2) |
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Since p’ € T(u;) and J(u;) C J(uy), we have by (2.0.36)

dy (O(p"), Q(uz)) > 2771,
Hence, by (2.0.32), the triangle inequality and using that by (2.0.3) Z(n + 1) =
2129(p +1) >3

d, (1), O(uy)) > 2Z(n+D) — 4 > 2Z(n+1)-1

P
It follows that
2Z(nt1)=1 < dp/(g(’h), 9(uy)) < dB(c(p),msDS(pHSﬁ?)<Q(u1>> Q(uy)).
Using (1.1.5), we obtain
< 29a+100a3(sl+3)dp (Q<u1>7 Q(u2)) )
Since p’ ¢ S this is bounded by
< 29a+100a3(31+3)2Zn/2 '

Thus
Zn/2+ 7 —1<9a+100a3(s, + 3),
contradicting the definition of s;. g

Lemma 7.6.4 (square function count). For each J € ' and all s, we have

2
1
14 1 —
(%, tan) ams2enenr
K J \ 1eD,5(T)=s(J)—s
INJ(uy)=2
JNB(I)#2

Proof. Since J € " we have J C J(u;). Thus, if B(I) NJ # @ then
B)nJc{zeld : pz, X ~J)<8D*}, (7.6.1)

Furthermore, for each s the balls B(I) with s(I) = s have bounded overlap: Consider
the collection D, , of all I € D with x € B(I) and s(/) = s. By (2.0.10) and (2.0.8),

the balls B(c(I), iDS(D), I € D, are disjoint, and by the triangle inequality, they
are contained in B(x,9D?®). By the doubling property (1.1.2), we have

1
p(B(x,9D%)) < 27 u(B(e(I), ; D*1))
for each I € D, . Thus

p(B(,90%) > 3" u(Ble(l), ;D"1) > 27D, ,|u(B(z,9D")).
IeD

s,x

Dividing by the positive u(B(x,9D?)), we obtain that for each z

2
( > 1B<I>(fﬂ)> S Dyg)=sal® < 210 (7.6.2)
1€D,s(I)=s(J)—

INJ(uy)=2
JNB(I)+2

Combining (7.6.1), (7.6.2) and the small boundary property (2.0.11), noting that
8Ds) = 8D5D3)_ the lemma follows. O
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Proof of Lemma 7.6.2. Expanding the definition of P,,, we have
1Py ’Té(uz)\egz‘ 2

oy 1/2
1 *
= ;/M (/J peT%\GTpgz(y) dﬂ(?/))

By Lemma 7.4.1, the innermost sum in the last display is 0 if J N B(J(p)) = 2.
Then we split that sum according to the scale of p relative to the scale of J. By
Lemma 7.6.3, s; < s(J) —s(p) < 25 with s, := | 5225 — 2|

202a3

o0 1/2

2S5
-1l X mee| e

Jed’ K s=51 peT(Uy)\S
s(p)=s(J)—s
JNB(I(p))#2

Then we apply the triangle inequality and Minkowski’s inequality to get
o0 1/2

25
T Z mewaw| | o w6

5=51 Jeg”'u J peT(uy)\G
s(p)=s(J)—s
JNB(I(p))#2

We have by Lemma 7.4.1 and (2.1.3)

% 3
T2 0(0)] < 2% 150 o) (4) /
E(p) M

Using the doubling property (1.1.2), it follows that
p(B(c(p),8D*¥))) < 24y (B(x, D*P)) .

1

W%( z)|dp(z) .

Thus, using also a > 4

1
T+ < 9102a%+4ay o) / d .
| pgg(y)\ < B(c(p),8D (p))(y)M(B@(p)’ 8Ds<p))) o) |g2(2)| dpu()

Since for each I € D the sets E(p),p € PB(I) are disjoint, it follows that

/ T3 92(y)| dpn
pe®( ug)\G

I(p)=I1
JNB(I(p))#2

< 1025 4o / ] / o) o)
J B w(B( 8Db ),8Ds(p 2

< 9102 +4@/1\@;1@2« V1 () duy)
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By Lemma 7.4.7, we have J(p) N J(u;) = @ for all p € T(uy) N &. Thus we can
estimate (7.6.3) by

oy 1/2
5 25 1
2102(1 +4a Z Z ﬁ / Z MB,l‘g2|1B(I) d/.t ;
s=sy | Jeg’ K J I1eD,s(I)=5(J)—s
INI(uy)=2
JNB(I)+
which is by Cauchy-Schwarz at most
9 1/2
5y o 1
gl02a%H4a N 1 N /(MB,1|92|)2 dpe % () / > g | du
s=s, | Jeg’’J J | 1€D,s(I)=5(J)—s
INJ(uy)=2
JNB(I)+2

(7.6.4)
Using Lemma 7.6.4, we bound (7.6.4) by

1/2

25

9102a%+4a Z (214a+1(8Ds)” Z /(MB,1|92|>2) )
J

s=5, Jegd’

and since dyadic cubes in J” form a partition of J(u;) by Lemma 7.6.1, k < 1 by
(2.0.2), and a > 4

28
< 2102a3+11a+2 Z D—55/2”1j<u1)M2371|92‘”2

5=5,

1

a3 a —S1 K
< 91024 +11a+2 [y, /2mulj(ul)M$71]‘q2|H2.

By convexity of ¢t = Dt and since D > 2, we have for all 0 <t < 1
_ 1
D'<1-t(1-1/D) gl—it.

Using this for t = x/2 and using that s; = — 2 and the definitions (2.0.1) and

(2.0.2) of kK and D

202 202a3

—100
< 2102a +11a+22 a ( 02a )2 7“17(111 MB 1|g2H|2

100

— 2102a3+21a+42150a2m2 404aZn/<;||1j<u MBI|92|”2
1)

Using the definition (2.0.2) of k and a > 4, the lemma follows. O
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7.7. Forests. In this subsection, we complete the proof of Proposition 2.0.4 from
the results of the previous subsections.

Define an n-row to be an n-forest (4,%), i.e. satisfying conditions (2.0.32) -
(2.0.37), such that in addition the sets J(u),u € 4l are pairwise disjoint.

Lemma 7.7.1 (forest row decomposition). Let (U, ) be an n-forest. Then there
exists a decomposition
4= U 4

1<yj<2n

such that for all j =1,...,2" the pair (ﬂj,‘I\M]_) 1S an n-row.

Proof. Define recursively i; to be a maximal disjoint set of tiles u in

JIEAN qu’

J'<j
with inclusion maximal J(u). Properties (2.0.32), -(2.0.37) for (&;, %[y ) follow
immediately from the corresponding properties for (i, ), and the cubes J(u),u € l;

are disjoint by definition. The collections il; are also disjoint by definition.
Now we show by induction on j that each point is contalned in at most 2" — j

cubes J(u) with u € & ~\ U v ;- This implies that U i; =4, which completes

the proof of the Lemma. For j= 0 each point is contalned in at most 2" cubes by
(2.0.34). For larger j, if x is contained in any cube J(u) with u € $f ~ U /> then

it is contained in a maximal such cube. Thus it is contained in a cube in 7 ( ) with
u € 4;. Thus the number u € $( Uj,<j U, with z € J(u) is zero, or is less than the

number of u € 4l \ Uj/<];1 i with z € J(u) by at least one. O

We pick a decomposition of the forest (4, %) into 2" n-rows
(ujﬂ(zj) = (ujvz‘uj)

as in Lemma 7.7.1. To save some space in the proofs of the remaining lemmas in

this section we will write
Te=> T, Te=)> Ty,

pec pee
Ty, =D Tewy  Toy= ) Ti
uetl; uel;

Lemma 7.7.2 (row bound). For each 1 < j < 2™ and each bounded g supported on
G we have

e 9], < 2292772 densy (| T())2]gl - (7.7.2)
uetl

*

< 218207270/ gl (7.7.1)

and
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Proof. Since for each j the top cubes J(u), u € 4, are disjoint, we have for all
bounded g supported on G by Lemma 7.4.1

2 2

e 2 Tl =ftr 2 2, L T17<u>9

uetl; peX(u 9 uesl; peT(u)

2

:Z/ 1, Z Tily009 du<z 1. Z Tilgly
uetl; T (u)

peT(u uesl; peT(u 9

Applying Lemma 7.4.2 and the density assumption (2.0.35), then taking square roots,

we obtain
1/2
2
i (z ulﬂu)guz) -
ueilj

Again by disjointedness of the cubes J(u), this is estimated by

9282a”9(4a+1-n)/2 dens, ( U T(u))1/2||g||2 ]
ueyl

HlFT* |

Thus (7.7.2) follows, since a > 4. The proof of (7.7.1) is the same up to replacing F'
by X. O

Lemma 7.7.3 (row correlation). For all 1 < j,5" < 2™ with j # j' and for all
bounded g, gy supported on G, it holds that

* mx a’—4n
[ 75,005 52 ] < 270 g ool

Proof. We have by Lemma 7.4.1 and the triangle inequality that

[ 75,075 3

<> > ‘/T%j(u)(17(u)gl)T%j,(u/)(lj(u’)92>du .

’
u€ﬂj u Euj/

By Lemma 7.4.4, this is bounded by
9512a% —dn Z 2 12,4 (La 90 27w )7 () 192,00 Lawny 92) | L2 (3w ) - (7-7-3)

uetl; u el
We apply the Cauchy-Schwarz inequality in the form
Db < (Y a) (Y b
ieM ieM ieM

to the outer two sums:

1/2
a’—4n
< 9512a°—4 ( E E ”S2yu<1j(u)gl)”2l 2(.7(u’)ﬁ7(u)))

’
uesl; u eLlj/
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1/2
(Z Z ”SQu 17 /)92)HL2 w)NI(u ))) .

uesl; u Eil. y

We can now estimate the factor involving g, as follows:

Z Z 12, (Lo 90172 500 )07 )

uetl; w el
Y Y [ @) P

ueuueu/ J(wNT (w')

By pairwise disjointedness of the sets J(u") for u” € 4l;, we have

<3 [ el @nEa > S [ 1Szt 0 )P auty)

uell;
= Z HS27u(1j(u)gl)H%
uell;
By Lemma 7.4.3 we now estimate:
a3
< Z (2"%2°) 21150113
uel;

By pairwise disjointedness of the sets J(u) for u € 4, (and writing out the definition
of L?-norms), we have

a3
< (2%27)?) 9,13
Arguing similarly for g,, we obtain the desired inequality. ([

=J U E®

uestl; pe(u)

Define for 1 < j < 2"

Lemma 7.7.4 (disjoint row support). The sets E;, 1 <5 <2" are pairwise disjoint.

Proof. Suppose that p € T(u) and p’ € T(u') with u # v’ and x € E(p) N E(p’).
Suppose without loss of generality that s(p) < s(p’). Then x € J(p) NI (p") C T(u').
By (2.0.8) it follows that J(p) C J(u”). By (2.0.36), it follows that

d,(Q(p), Qu')) > 2#(n+1)

By the triangle inequality. Lemma 2.1.2 and (2.0.32) it follows that
20, 967) 2 (D), 261) ~ (96, 9(s)
> 2200 1) — 4, (0(p'), O(u))
> 2Z(n+1) —4.

Since Z > 3 by (2.0.3), it follows that Q(p’) ¢ B,(Q(p),1), so Q(p") ¢ Q(p) by
(2.0.15). Hence, by (2.0.14), Q(p) N Q(p’) = @. But if x € E(p) N E(p’) then
Q(x) € Q(p) NQ(p"). This is a contradiction, and the lemma follows. O

Now we prove Proposition 2.0.4.
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Proof of Proposition 2.0.4. By (7.4.1), we have for each j

Tg‘%g—z Z Q—Z Z T*lEQ—T 1E9

uetl; peT(u uetl; peT(u

Hence, by Lemma 7.7.1 and the triangle 1nequahty,

omn

Z Z 9&‘]-9 ZT 1E9
ue peT(u
on 2
:/ ZT;%lejg du
X ]:1
< ZHT* 1,13 +Z Z | T T 9 L 0| e

J #J
We use Lemma 7.7.2 to estimate each term in the first sum, and Lemma 7.7.3 to
bound each term in the second sum:

2n 2
— 3—
< ge06a? ”ZHlE 913 + 257 SN 1 gl 1, 9l
pa J=1j=1

By Cauchy-Schwarz in the second two sums, this is at most

a3 (9—n no—4an -
287607 (27 4 27274m) N "1, g3,
j=1

and by disjointedness of the sets F;, this is at most

3_
27T g

Taking square roots, it follows that for all g

Z Z T*g <2439a3—ﬂ
2

uel peT(u

gll2 - (7.7.4)

On the other hand, we have by disjointedness of the sets E; from Lemma 7.7.4 and
the triangle inequality

2

2" 2m omn
L¥e Z Z T f|| = Z 1 1cTn fl| < Z 115,16Tw, f3 < Z 11aTw 13 -
uci peT(u) 5 j=1 9 7=1 j=1

Now with |f| < 1 and Lemma 7.7.2 we obtain

oo, 13 =| [ ToTo T 1] =
X

/ T 16Tw, f1pf
X

<21 pT5 16T, fla < 22907772 densy (| Tw) 2|16 Do, fllal £2-

ueid
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Dividing this last inequality by the finite chij fll2, substituting back and taking
square roots we get

on
1) Z)Tpf < 2253 dens,({ | T(u))%T%(ZI I1£13)2
Jj=
2

ueil pe(u uell
= 2283 dens, (| T(w) 2| £, - (7.7.5)
ucil
Proposition 2.0.4 follows by taking the product of the (2 — %)—th power of (7.7.4)
and the (% — 1)-st power of (7.7.5). O

8. PROOF OF THE HOLDER CANCELLATIVE CONDITION
We need the following auxiliary lemma. Recall that 7 = 1/a.

Lemma 8.0.1 (Lipschitz Holder approximation). Let z € X and R > 0. Let
¢ : X — C be a function supported in the ball B := B(z, R) with finite norm
leler(Bez2ry- Let 0 <t < 1. There exists a function ¢ : X — C, supported in
B(z,2R), such that for every x € X

lp(z) — ()] < (£/2)7|eler(B-2m)) (8.0.1)
and
18l ip(Bz2r)) < 2*C N @lor(Bi22R)) - (8.0.2)
Proof. Define for x,y € X the Lipschitz and thus measurable function
L(z,y) := max{0,1 — P(Z,%y) }. (8.0.3)
We have that L(x,y) # 0 implies
y € B(x,tR) . (8.0.4)
We have for y € B(z,271tR) that
|L(z,y)| > 27" (8.0.5)
Hence
[ L dnt) = 2 (B2 eR)). (80.6)
Let n be the smallest integer so that
9t > 1. (8.0.7)
Iterating n + 2 times the doubling condition (1.1.2), we obtain
[ B dnt) = 272 Ba,2R)). (8.0.8)
Now define

s = ([ Lwnan) [ B et ).

Using that ¢ is supported in B(z, R) and (8.0.4), we have that ¢ is supported in
B(z,2R).



98 BECKER ET AL.

We prove (8.0.1). For any x € X, using that L is nonnegative,

([ 10 anw) lo(e) - ola) (8.0.9)
— | L@ (eta) — o) duts)| (8:0.10)
Using (8.0.4), we estimate the last display by
<[ Lewlee - )]l dutw). (8.0.11)
B(z,tR)

We claim that in this integral, |o(x) —o(y)| < p(z,y)" |l cr(B(z,2r)) (2R) 7. Indeed,
if z or y does not belong to B(z,2R), then the other point is not in B(z, R) as
p(z,y) < tR < R. Therefore, p(x) = p(y) = 0 since ¢ is supported in B(z, R).
Otherwise, both points are in B(z,2R), and the inequality follows from the definition

of [l (p(z2r))-
Therefore, we can estimate the last display further by

< (/ L(%Z»/)P(%@/)Tdﬂ(y)> lelerpz2m) (2R) T (8.0.12)
B(z,tR)

Using the condition on the domain of integration to estimate p(z,y) by tR and
then expanding the domain by positivity of the integrand, we estimate this further
by

< ([ L9) 4u)) Vel m (4/27 (5.013)

Dividing the string of inequalities from (8.0.9) to (8.0.13) by the positive integral of
L proves (8.0.1).
We turn to (8.0.2). For every z € X, we have

‘/ o, y) duly "‘0 )= ’/ z, y)e(y) du(y) (8.0.14)
= ‘/L@,y) duy)] sup ()] - (8.0.15)

As @ is supported on B, dividing by the integral of L, we obtain
p(x)] < SU%\‘P(HT')’ < lelere2mr)) - (8.0.16)
'€

If p(xz,2") > R, then we have by the triangle inequality
ploa’) — f?(w)l
pz,z’)

Now assume p(z,z") < R. For y € X we have by the triangle inequality and a two
fold case distinction for the maximum in the definition of L,

p(x,x’)
tR

<2 Sup. 12(2")| < 2| el Bz 2r)) - (8.0.17)
z”e

|L(z,y) — L(z", y)| < (8.0.18)
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We compute with (8.0.18), first adding and subtracting a term in the integral,
([ Lo anw) 12 - o) = (50.19)

(8.0.20)

/L(x,y)sE(ﬂﬂ) L(z,y)@(x) + L(z", y)p(2") — Lz, y)p(a") du(y)| -

Grouping the second and third and the first and fourth term, we obtain using the
definition of ¢ and Fubini,

<| [ (2 ) = Lot duty) (s.0.21)
+| [ L duty) ~ [ L6 dulw| 6] (5.0.22)
<2 [ |L(.p) ~ L6 o)l del)lelonoiemy (5.0.25)

where in the last inequality we have used (8.0.16). Using further (8.0.18) and the
support of L, we estimate the last display by

=25 w(B(z,tR) U B(z',tR))|¢lcr(Bz2r)) - (8.0.24)
Using p(z,z") < R and the triangle inequality, we estimate the last display by
plx,x’)
< QTM(B(% 2R))|ellcr(Bz2r)) - (8.0.25)

Dividing by the integral over L and using (8.0.8) and (8.0.7), we obtain
RIG() = 8@ _ g2ta(

2ol or(pa2ry < 22PNl or(pia2ry) - (8:0-26)

plz,z’)
Combining (8.0.17) and (8.0.26) using a > 4 and ¢t < 1 and adding (8.0.16) proves
(8.0.2) and completes the proof of Lemma 8.0.1. O

We turn to the proof of Proposition 2.0.5.

Proof of Proposition 2.0.5. Let z € X and R > 0 and set B = B(z,R). Let ¢ be
given as in Proposition 2.0.5. Set

t=(1+dp(9,0)) = (8.0.27)
and define @ as in Lemma 8.0.1. Let ¢ and 6 be in ©. Then

[ (o)~ b(a))o(e) duta
\/ () du(e)

[ et@) = b)) p(a) ~ pla) )] (3030

Using the cancellative condition (1.1.9) of © on the ball B(z,2R), the term (8.0.29)
is bounded above by

2°(B(2, 2R) | PlLip(Bz,2r) (1 + dpz 2m) (9,0)) 7 (8.0.31)

(8.0.28)

(8.0.29)

+
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Using the doubling condition (1.1.2), the inequality (8.0.2), and the estimate
dp < dp(, o) from the definition, we estimate (8.0.31) from above by
2571 u(B) el o) (1 + dp(9,0)) 77 (8.0.32)

The term (8.0.30) we estimate using (8.0.1) and that ¢ and @ are real and thus
e(9) and e(f) bounded in absolute value by 1. We obtain for (8.0.30) with (1.1.2)

the upper bound
w(B(z,2R))(t/2)7 el cr ) < 2B @l o (s - (8.0.33)

Using the definition (8.0.27) of ¢ and adding (8.0.32) and (8.0.33) estimates (8.0.28)
from above by

25u(B) ¢l e (1 +dp(v,0) = (8.0.34)
2
+2°(B) el or ) (1 + di(0,6) %5 (5.0.35)
L2
< 2Y%u(B)|ellorp) (1 + dp(v,0)) 25 (8.0.36)
where we used 7 < 1. This completes the proof of Proposition 2.0.5. Il

9. PROOF OF VITALI COVERING AND HARDY-LITTLEWOOD
We begin with a classical representation of the Lebesgue norm.

Lemma 9.0.1 (layer cake representation). Let 1 < p < oo. Then for any measurable
function u : X — [0,00) on the measure space X relative to the measure p we have

fulp =p [ 2 (e u(e) 2 A} dA. (9.0.1)
0
Proof. The left-hand side of (9.0.1) is by definition
/ u(z)P du(x) . (9.0.2)
b'e

Writing u(z) as an elementary integral in A and then using Fubini, we write for the
last display

= / / pAP Lt du(z) (9.0.3)
X /0
—p / NUu({z s ulz) > A}d. (9.0.4)
0
This proves the lemma. O

The following lemma will be used to define M in the proof of Proposition 2.0.6.

Lemma 9.0.2 (covering separable space). For each r > 0, there exists a countable
collection C(r) C X of points such that

X C U B(e,r).

ceC(r)
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Proof. Tt clearly suffices to construct finite collections C(r, k) such that

B(o,r2%) C U B(e,r),
ceC(r,k)

since then the collection C(r) = | ke ¢ (r, k) has the desired property.

Suppose that Y C B(o, 7“2’“) is a collection of points such that for all y,y" € Y
with y # 3, we have p(y,y’) > r. Then the balls B(y, r/2) are pairwise disjoint and
contained in B(o,r2¥1). If y € B(o,r), then B(o,r2*1) C B(y,r2**2). Thus, by
the doubling property (1.1.2),

u(B(y, 2)) > 27 k2)ap(B(o,r2H)) .
Thus, we have

p(Blo,r25 1)) > > " u(B(y, ) > [YV]27*+2ap(B(o,r24+1)).
yeyY

We conclude that Y| < 2 (k+2)a  Tn particular, there exists a set Y of maximal
cardinality. Define C(r, k) to be such a set.

If z € B(o,72¥) and z ¢ C(r, k), then there must exist y € C(r, k) with p(x,y) < r
Thus C(r, k) has the desired property. O

We turn to the proof of Proposition 2.0.6.

Proof of Proposition 2.0.6. Let the collection B be given. We first show (2.0.43).
We recursively choose a finite sequence B; € B for ¢ > 0 as follows. Assume B,
is already chosen for 0 < i’ < 4. If there exists a ball B; € B so that B, is disjoint
from all B;, with 0 <4’ < i, then choose such a ball B B(z;,r;) with maximal r,.
If there is no such ball, stop the selection and set i” := 3.
By disjointedness of the chosen balls and since 0 < u, we have

> /B u(z) dp(z) S/XU(@ dp(). (9.0.5)

0<i<i”

By (2.0.42), we conclude

A Z w(B;) < / u(z) dp(z) . (9.0.6)
0<i<i” X
Let = € | JB. Choose a ball B = B(a’,r") € B such that x € B’. If B’ is one of the
selected balls, then
x € U B, C U B(z;,3r;) . (9.0.7)
0<i<i” 0<i<i”
If B’ is not one of the selected balls, then as it is not selected at time ¢”, there is a
selected ball B; with B’ N B; # @. Choose such B; with minimal index i. As B’ is
therefore disjoint from all balls B;, with i’ < ¢ and as it was not selected in place of
B;, we have r; > r’.
Using a point y in the intersection of B; and B’, we conclude by the triangle
inequality
pla,a') < p(xg,y) + pla’ y) <rp+r <21y (9.0.8)
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By the triangle inequality again, we further conclude

,O(I'Z,.f) < p(xiam/) + p(m’,:r) < 2Ti + 1’ < 3Ti : (909)
It follows that
ze |J Blz;,3r,). (9.0.10)
0<i<i”
With (9.0.7) and (9.0.10), we conclude
Usc | Bla,3r). (9.0.11)
0<i<i”
With the doubling property (1.1.2) applied twice, we conclude
wUB) < S uBansr) <2 S u(B,). (9.012)
0<i<i” 0<i<i”

With (9.0.6) and (9.0.12) we conclude (2.0.43).

We turn to the proof of (2.0.44). We first consider the case p; = 1 and recall My =
Mg 1. We write for the p,-th power of left-hand side of (2.0.44) with Lemma 9.0.1
and a change of variables

M) = p, / = p({a  Mgu(z) > A})dA (9.0.13)

= 2P2p, /°° NP2y (o s Mgu(z) > 2A})dA . (9.0.14)
0

Fix A > 0 and let = € X satisfy Mgu(x) > 2X. By definition of Mgy, there is a ball
B’ € B such that z € B” and

/B/ u(y) du(y) = 2Au(B’) . (9.0.15)
Define u, (y) := 0 if |u(y)| < A and u,(y) := u(y) if |u(y)| > A. Then with (9.0.15)
| st duts) = [ uwantv) - [ (@) wduty) (9.016)
B’ ’ B’
> 20(B) ~ [ (= ) Wduty). (9.017)
As (u —wuy)(y) < A by definition, we caljl estimate the last display by
> 2 \u(B") — // ANdu(y) = A\u(B') . (9.0.18)
Hence z is contained in | J(B, ), where g y is the collection of balls B” in B such that
/B (v dily) = Al B"). (9.0.19)
We have thus seen
{z: Mgu(z) > 2\} C U B, . (9.0.20)

Applying (2.0.43) to the collection B, gives

AM({z s Mgu(z) > 2A}) < 22“/u/\(:v) dz . (9.0.21)
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With Lemma 9.0.1,
Ap({x s Mgu(x) > 2A}) < 22a/0 p({x: Juy(x)| > A'})dN . (9.0.22)

By definition of u,, making a case distinction between A > X" and A < )\, we see
that

n({z: fuy(@)] = N}) < pl{a : Ju(@)] = max(A,X)}). (9.0.23)
We obtain with (9.0.14), (9.0.22), and (9.0.23)
| Mpu(z)|p; (9.0.24)
patlap, OO)J’TQ h x ¢ |u(z)] > max(\,\)}) dNdN. 0.
<2 p/o / u({o + fu(@)] > max(A, \)}) (9.0.25)

We split the integral into A > A" and A < X" and resolve the maximum correspond-
ingly. We have for A > A" with Lemma 9.0.1

0o A
/ P22 / u({z  Ju(z)] > A}) dVdA (9.0.26)
0 0
- / AL ({a s u(z)] > AV, (9.0.27)
0
= py ullp? - (9.0.28)
We have for A\ < )\’ with Fubini and Lemma 9.0.1
/ P22 / ({ + Ju(z)| > V) dNdA. (9.0.29)
0 A
(o) A
:/ / NP2 2 ({z : |u(x)| > N })dAdN. (9.0.30)
0 0
= o) [P e o) 2 NP, (9031)
0
= (py — 1) 'pytulpz . (9.0.32)

Adding the two estimates (9.0.28) and (9.0.32) gives
[ Mpu(z)lpz < 2P2720(1+ (pp — )7 ulp; = 27"2py(py — D7 Hulpi - (9.0.33)

With a > 1 and p, > 1, taking the py-th root, we obtain (2.0.44). We turn to the
case of general 1 < p; < p,. We have

My, u = (My(jul?)) 7 . (9.0.34)
Applying the special case of (2.0.44) for My gives
1
My uly, = [Mop(ulP)IT, (9.0.35)
1
< 22%(py/p1)(p2/py — 1) (ulP)l, = 229pa(py — 1) " Hully, - (9.0.36)

This proves (2.0.44) in general.
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Now we construct the operator M satisfying (2.0.45) and (2.0.46). For each k € Z
we choose a countable set C(2¥) as in Lemma 9.0.2. Define

B, =1{B(c,2F) : ceC(2¥),kez}.
By Lemma 9.0.2, this is a countable collection of balls. We choose an enumeration
B, ={By,... } and define
B’I’L — {B17 . 7B’I’L} .
We define

Muw :=2%*sup Mz w.
neN "

This function is measurable for each measurable w, since it is a countable supremum
of measurable functions. Estimate (2.0.46) follows immediately from (2.0.44) and
the monotone convergence theorem.

It remains to show (2.0.45). Let B = B(z,7) C X. Let k be the smallest integer
such that 2 > 7 in particular we have 2¥ < 2r. By definition of C'(2¥), there exists
c € C(2F) with = € B(c, 2F). By the triangle inequality, we have B(c,2*) C B(x,4r),
and hence by the doubling property (1.1.2)

u(B(e,24) < 2u(B(z, ).
It follows that for each z € B(x,r)

1 / 22a
— [w(y)|du(y) < / lw(y)| dp(y)
w(B(z,r)) B(z,r) n(B(c,2%)) B(c,2%)
< Mw(z).
This completes the proof. O

10. TwoO-SIDED METRIC SPACE CARLESON

We prove a variant of Theorem 1.1.1 for a two-sided Calderén—Zygmund kernel on
the doubling metric measure space (X, p, i, a), i.e. a one-sided Calderén—Zygmund
kernel K which additionally satisfies for all x, 2",y € X with z # y and 2p(x,2") <

p(z,y),

1
/ p(%ﬂ«“)) @ 2w
Kl - K@) < (B0 2 (10.0.1
By the additional regularity, we can weaken the assumption (1.1.15) to a family of
operators that is easier to work with in applications. Namely, for r > 0, x € X, and
a bounded, measurable function f : X — C supported on a set of finite measure, we
define

T, f(z) = /( K@) duty) = / K(x.9)f () du(y).  (100.2)

XN\ B(z,r)

Theorem 10.0.1 (two-sided metric space Carleson). For all integers a > 4 and
real numbers 1 < q < 2 the following holds. Let (X, p,u,a) be a doubling metric
measure space. Let © be a cancellative compatible collection of functions and let
K be a two-sided Calderon—Zygmund kernel on (X, p, u,a). Assume that for every
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bounded measurable function g on X supported on a set of finite measure and all
r > 0 we have

179l < 27" lglls - (10.0.3)
Then for all Borel sets F' and G in X and all Borel functions f : X — C with
|f| < 1p, we have, with T' defined in (1.1.14),
47403 L

/Gde/J‘ < WH(G) Tap(F)

Q=

(10.0.4)

For the remainder of this chapter, fix an integer a > 4, a doubling metric measure
space (X, p, 4, a) and a two-sided Calderén—Zygmund kernel K as in Theorem 10.0.1.
The following lemma is proved in Section 10.1.

Lemma 10.0.2 (nontangential-from-simple). Assume (10.0.3) holds. Then, for
every bounded measurable function g : X — C supported on a set of finite measure
we have

IT.glls < 25¢°|g]l,. (10.0.5)

Proof of Theorem 10.0.1. Let 1 < q¢ < 2 be a real number. Let © be a cancella-
tive compatible collection of functions. By the assumption (10.0.3), we can apply
Lemma 10.0.2 to obtain for every bounded measurable g : X — C supported on a
set of finite measure,
3
179l < 2% |gll,- (10.0.6)
Define
K'(2,y) = 220" K (2, ).
Then K’ is a two-sided Calderén—Zygmund kernel on (X, p, i, a). Denote the cor-
responding maximally truncated non-tangential singular operator by 7. and the
corresponding generalized Carleson operator by 7”. With (10.0.6), we obtain for g
as above,
CL3
1T gl < 2% [gll,- (10.0.7)

Applying Theorem 1.1.1 for K’ yields that for all Borel sets F' and G in X and all
Borel functions f: X — C with |f| < 1, we have
< =
(¢ —

[71au A ()
G

This finishes the proof since for all z € X,

T f(z) = 272°T f(x).

450a3

Q=

O

The proof of Lemma 10.0.2 relies on the following auxiliary lemma which is proved
in Section 10.2.

Lemma 10.0.3 (Calderon-Zygmund Weak (1, 1)). Let f : X — C be a bounded
measurable function supported on a set of finite measure and assume for some r > 0
that for every bounded measurable function g : X — C supported on a set of finite
measure,
a3
1Tl < 2 [gll- (10.0.8)
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Then for all o > 0, we have

p(fr € XL 5@) > ah < 2 [ 17 auty (10.0.9)

Throughout Section 10.2 and Section 10.1, for any measurable bounded function
w: X — C, let Mw : X — [0,00) denote the corresponding Hardy—Littlewood
maximal function defined in Proposition 2.0.6. Note: In some cases, a stronger
formalization of Proposition 2.0.6 is used, where w is not necessarily bounded. In
particular it is applied to 7,g. Apart from Proposition 2.0.6, Section 10.2 and
Section 10.1 have no dependencies in the previous chapters.

10.1. Proof of Cotlar’s Inequality.

Lemma 10.1.1 (geometric series estimate). For all real numbers x > 4,

o0
D 2E <o
n=0
Proof. By convexity, for all 0 < A <1
(=3 < X273 4 (1 — )20

For X\ := , we obtain

|

T <1—(1-274)=

We conclude

>0 1
Z % = < —x < 27,
o 1—27% 4(1—271)
O

Lemma 10.1.2 (estimate x shift). Let 0 < r and v € X. Let g : X — C be a
bounded measurable function supported on a set of finite measure. Then for all z’
with p(x,z") <.

IT,9(z) — Tg(a’)] <2722 Mg(x).

Proof. By definition,

T.9(x) —T.g(x")| =

/ K(z,y)9(y) du(y) — / K(2',y)9(y) du(y)‘ :
r<p(z,y) r<p(z’,y)

(10.1.1)
We split the first integral in (10.1.1) into the domains r < p(z,y) < 2r and 2r <
p(x,y). The integral over the first domain we estimate by (10.1.2) below. For
the second domain, we observe with p(x,z’) < r and the triangle inequality that
r < p(x’,y). We therefore combine on this domain with the corresponding part of
the second integral in (10.1.1) and estimate that by (10.1.3) below. The remaining
part of the second integral in (10.1.1) we estimate by (10.1.4). Overall, we have
estimated (10.1.1) by

| K (2, y)llg(y)| d(y) (10.1.2)

r<p(z,y)<2r
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4 / (K(2,y) — K(2',9))g(y) dia(y) (10.1.3)
2r<p(z,y)

+ / K (2!, y)llg(y)| dualy) (10.1.4)
r<p(z’,y),r<p(z,y)<2r

Using the bound on K in (1.1.11) and the doubling condition (1.1.2), we estimate
(10.1.2) by

3 3

2¢ 9a
e lawldnt) < s | 9@l du(y)  (10.15)
/T<p(r,y)<2T Viz,y) W(B(@,7) Jycpay)<ar
2a3 . 9a

= u(B(:;;,zm/p@y)<2r lg()du(y) . (10.1.6)

Using the definition of Mg, we estimate (10.1.6) by
< 29°Fa M g(z) . (10.1.7)

Similarly, in the domain of (10.1.4) we note by the triangle inequality and assumption
on z’ that p(z’,y) < 3r and thus we estimate (10.1.4) by

3

2¢ / 3
I lg(y)| du(y) <247 +2*Mg(x) (10.1.8)
B('1)) Jotar y)<ar
We turn to the remaining term. Using (10.0.1), we estimate (10.1.3) by
)\ 2"
plz,x")\°
l9(w)] dp(y) (10.1.9)
/2r<p(ac,y) ( p(ﬂ?,y) ) V($7y>
We decompose and estimate (10.1.3) with the triangle inequality by
00 ( ,) 1 9 3
p T,T ) a a ’
9()l duly) (10.1.10)
]Z; /2]r§p(1=,y)<21'+1r ( p<x7 y) V(‘Ta y)
& L 2(13
<) (279" / ——————|g(y)| du(y) (10.1.11)
j=1 2ir<p(z,y)<2itlr ,LL(B(J?, 2]?”))
[ee] i 2a3+a
<>rto s | l9()| dp(y) (10.1.12)
; M(B(l', 23+1r)) p(xyy)<2j+17-
<20°+a N " 974 Mg(x). (10.1.13)
=1

Using Lemma 10.1.1, we estimate (10.1.13) by
< 29°+2a [ o) | (10.1.14)
Summing the estimates for (10.1.2), (10.1.3), and (10.1.4) proves the lemma. O
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Lemma 10.1.3 (Cotlar control). Let 0 < r < R and x € X. Let g : X — C be
a bounded measurable function supported on a set of finite measure. Then for all
2’ € X with p(z,2’) < & we have

Trg(@)] < |79 — 910, 5)(@)] + 20+ M g(a). (10.1.15)

Proof. Let x and z’ be given with p(x,z") < %. By Lemma 10.1.2, we estimate the
left-hand-side of (10.1.15) by

I Tr(g) ()| + 277202 Mg () . (10.1.16)
We have
Tr(g9)(2") = / K(z',y)g(y) du(y) - (10.1.17)
R<p(z’,y)

On the domain R < p(2’,y), we have & < p(z,y). Hence we may write for (10.1.17)

T = [ K~ o)) duty

=Tr(9—9lp,u) (). (10.1.18)
Combining the estimate (10.1.16) with the identification (10.1.18), we obtain
Trg(@)] < 1 Ta(g — g1p00.5)) (@) + 20" 202 M g(z) . (10.1.19)

‘We have
(T, = Tr) (9 — 91 . 2)(@)

-/ K@ 9)(9— 01 p00.8)) (1) duy)
B(z’,R)NB(z’,r)

-/ K@\ 9)g(y) du(y) (10.1.20)
B(I',R)\(B(m’,r)uB(a:,g))

As £ < p(z,y) together with p(z,z") < £ implies £ < p(2’,y), we can estimate the
absolute value of (10.1.20) with (1.1.11) by

9a° /
< l9(y)] du(y)
n(B(z', %)) B(z 2R)~B(a’, &)

9a’+a /
S—— l9(y)| dpu(y)
p(B(z’, %)) B(x,2R)
B(z,2
S2a3+au( (1" g))Mg(x) < 2a3+4aMg(.’L').
u(B(z, 7))
By the triangle inequality, (10.1.15) follows now from (10.1.19) and the estimate
for (10.1.20). O

Lemma 10.1.4 (Cotlar sets). Assume that (10.0.3) holds. Let 0 < r < R and
xz € X. Let g: X — C be a bounded measurable function supported on a set of finite
measure. Then the measure |Fy| of the set Fy of all 2’ € B(z, £) such that

IT,9(2")| > 4M(T,g) () (10.1.21)
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is less than or equal to p(B(z, £))/4. Moreover, the measure |F,| of the set F, of
all 2’ € B(z, &) such that

T (g1 ) (&) > 204290421 g () (10.1.22)
is less than or equal to p(B(z, %)) /4.

Proof. Let r, R, z and g be given. If M(T,g)(z) = 0, then T,g is zero almost
everywhere and the estimate on |F}| is trivial. Assume M(T,.g)(x) > 0. We have
with (10.1.21)

1 / ’
M(T,g)(x) > 7'“(3(:8’ %» /B@,{f |T,.g(x")| dx (10.1.23)
1
Dividing by M(T,.g)(x) gives
4

This gives the desired bound for the measure of F;. We turn to the set F,. Sim-
ilarly as above we may assume Mg(x) > 0. The set F, is then estimated with
Lemma 10.0.3 by

9a’+19a
20°+20a+2 N[ (1) /’ng(m,g)’(y) dp(y) (10.1.26)
1 R p(B(z, §))
< sarmr o HBE, o)) Mg(x) < —— 10.1.2
- 2a+2Mg(:E>H( (‘T’ 2 )) g<$) — 4 ( 0 7)
This gives the desired bound for the measure of Fi,. 0

Lemma 10.1.5 (Cotlar estimate). Assume that (10.0.3) holds. Let 0 <r < R and
x € X. Let g: X — C be a bounded measurable function supported on a set of finite
measure. Then

Trg(z)| < 22M(T,g)(z) 4+ 20° 2003 N g () . (10.1.28)

Proof. By Lemma 10.1.4, the set of all 2/ € B(x,%) such that at least one of
the conditions (10.1.21) and (10.1.22) is satisfied has measure less than or equal
to p(B(z,%))/2 and hence is not all of B(z, £). Pick an 2’ € B(z, £) such that
both conditions are not satisfied. Applying Lemma 10.1.3 for this z’ and using the
triangle inequality estimates the left-hand side of (10.1.28) by

AM(T,g)(x) + 29°+20042 \f g (1) 4 20° H4atl N T g () (10.1.29)
This proves the lemma. O

For the next Lemma, we define the following operation.

Trg(z) :=sup sup |Tg(g)(a’)|. (10.1.30)

r<R z’€B(z,R)
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Lemma 10.1.6 (simple nontangential operator). Assume that (10.0.3) holds. For
every r > 0 and every bounded measurable function g supported on a set of finite
measure the function T g is lower-semicontinuous and we have

ITrgl, < 20724056 g, (10.1.31)
Proof. For a fixed A we note that (rewriting 2" € B(z, R) as € B(z’, R)):
{z:Trg(x) >N} = U B(z',R) (10.1.32)
r<R{z’:|Tr(g9)(=’)|>A}

The right-hand side is open, hence T g is lower-semicontinuous by definition.
For the second part, with Lemma 10.1.2 and the triangle inequality, we estimate
for every z € X
Trg(w) < 2942042 Mg () + sup [Ty (g) (o) (10.1.33)

r<R
Using further Lemma 10.1.5, we estimate

Trg(z) < 20°H2042 0 [ () 4 207420043 Vg () + 22 M (T.g) () . (10.1.34)

Taking the L? norm and using Proposition 2.0.6 with a = 4 and p, = 2 and p, = 1
, we obtain

ITrgl, < 2204 0ggl, + 220 (T, )], (101.35)
< 9a%+2at5 | gy 9403 gl (10.1.36)
Applying (10.0.3) gives
(7l < 2 4253]g], 4 20° 4053, (10.187)
This shows (10.1.31) and completes the proof of the inequality. O

In order to pass from the one-sided truncation in 7, and 7] to the two-sided
truncation in 7T,, we show in the following two lemmas that the integral in (1.1.13)
can be exchanged for an integral over the difference of two balls.

Lemma 10.1.7 (small annulus). Let f: X — C be a bounded measurable function
supported on a set of finite measure. Let x € X and R > 0. Then, for all ¢ > 0,
there exists some § > 0 such that

K(z,y)f(y) du(y)| < € (10.1.38)

/R<p(:v,y)<R+5

and

/ K(z,y)f(y) du(y)| <. (10.1.39)
R—0<p(z,y)<R

Proof. We only prove the second inequality, the first one is analogous. Note that
the integrand is bounded in X \ B(x, %) So for 0 < < %,

/ K(z,y)f(y) du(y)
R—6<p(z,y)<R

3

M(B;;R)) sup [ f(z)] - pl{y € X+ R =0 < plw,y) < R}).
v 2)) e
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By continuity from above of u, the right factor becomes arbitrarily small as § — 0.
Thus, for small enough §, the whole expression is < e. O

Lemma 10.1.8 (nontangential operator boundary). Let f : X — C be a bounded
measurable function supported on a set of finite measure. For all x € X,

K(2',y) f(y)du(y) (10.1.40)

T.f(z)= sup  sup
Ry <R, z’eB(z,R;)

Proof. We show two inequalities. Let € > 0. Let R; < R, and 2’ € B(z, R;). Then
for small enough ¢ > 0,

/B(m’,RQ)\B(m/,Rl)

/ K(2,y)f(y) du(y) (10.1.41)

Ry <p(z’,y)<R,

< / K (', y)f(y) du(y) (10.1.42)
R<p(x’,y)<R;+6

4 / K(«,9)f () du(y)]. (10.1.43)
Ry +0<p(z’,y)<R,

By Lemma 10.1.7, we can choose § such that (10.1.42) is bounded by e. Without
loss of generality, we can assume R; +d < R,. Then (10.1.43) is bounded by the
right hand side of (10.1.40) and we obtain

< e+ sup sup
R,<R, z’e€B(z,R;)

K(2',y)f(y)du(y)

/B(ac’,RQ)\B(m’,Rl)

The inequality still holds when taking the suprema over R, < R, and p(z,z’) < R,
in (10.1.41). Since € > 0 was arbitrary, this proves the first inequality.
The other direction is similar. Let € > 0. Let R, < R, and 2’ € B(z, R;). Then

for 6 > 0,
/ K(z',y) f(y) du(y) (10.1.44)
B(a’,Ry)NB(x',Ry)
< / K(@',y)f(y) duly) (10.1.45)
Ry ~6<p(a’ ) <R,
+/ K(2',y) f(y) du(y)|- (10.1.46)
Ry ~6<p(a’,y)<Rq

By Lemma 10.1.7, we can choose § such that (10.1.45) is bounded by e. Without
loss of generality, we can assume p(x,z’) < R; — 6. Then (10.1.46) is bounded by
the left hand side of (10.1.40) and we obtain

<€+ sup sup
R, <R, 2’€B(z,R,)

/ K, 9)f(y) duly)
Ri<p(z’,y)<R,

The inequality still holds when taking the suprema over R, < R, and p(z,z") < R,
in (10.1.41). Since € > 0 was arbitrary, this proves the second inequality. O
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Proof of Lemma 10.0.2. Fix g as in the Lemma. Applying Lemma 10.1.6 with a

sequence of r tending to 0 and using Lebesgue monotone convergence shows
IT2g]l, < 27°+24956 g, (10.1.47)

where

TOg(z) :=sup sup . (10.1.48)

0<R z’€B(z,R)

/ K(2',y)g(y) du(y)
X~B(z',R)

We now write using Lemma 10.1.8 and the triangle inequality,

T.g(x) <  sup sup

0<R;<R5 z’€B(z,R;)

/ K(z',y)g(y) du(y)
X~\B(z',Ry)

+ sup sup
0<R <Ry 2’€B(z,R,)

/ K(z',y)g(y) du(y)
X~ B(z',Ry)

Noting that the first integral does not depend on R, and estimating the second
summand by the larger supremum over all ” € B(z, R,), at which time the integral
does not depend on R, we estimate further

< sup sup
0<R; 2’€B(x,R,)

/ K(x',y)g(y) du(y)
X~B(z',R;)

+ sup sup
0<R, 2’€B(z,R,)

/ K(z',y)g(y) du(y)
X\B(z',R5)

Applying the triangle inequality on the left-hand side of (10.0.5) and applying
(10.1.47) twice proves (10.0.5). This completes the proof of Lemma 10.0.2. O

10.2. Calderén-Zygmund Decomposition. Calderén-Zygmund decomposition is
a tool to extend L? bounds to LP bounds with p < 2 or to the so-called weak (1,1)
type endpoint bound. It is classical and can be found in [Ste93].

The following lemma is Theorem 3.1(b) in [Ste93]. The proof uses Proposi-
tion 2.0.6.

Lemma 10.2.1 (Maximal theorem). Let f : X — C be bounded, measurable, sup-
ported on a set of finite measure, and let « > 0. Then

pl{z € X+ Mf(r) > a}) < / F@)] duly). (102.1)

Proof. By definition, for each x € X with M f(z) > «, there exists a ball B, such
that z € B, and

a(B,) < /B @) duty). (102.2)

Since {x € X : M f(x) > «} is open and p is inner regular on open sets, it suffices

to show that ,
2 a
u(E) < 2 [ 1) dnty
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for every compact E C {x € X : M f(xz) > a}. For such an E, by compactness,
we can select a finite subcollection B C {B, : « € E} that covers E. By (2.0.43)
applied to (10.2.2),

anJ3) <2 [ 1£0)|dutw) (10.2.3)

and hence

wE) < u(l JB) < ia/!f(y)\du(y)
0

Lemma 10.2.2 (Lebesgue differentiation). Let f be a bounded measurable function
supported on a set of finite measure. Then for u almost every x, we have

1
lim dy = f(x),
/an<y> y= f(z)

n=oo p(B,,)

where {B, },~, is a sequence of balls with radii r,, > 0 such that x € B, for each
n >1 and

Jm e =0.
Proof. This follows from the Lebesgue differentiation theorem, which is already for-
malized in Lean. O

Lemma 10.2.3 (Disjoint family countable). In a doubling metric measure space
(X, p, 1, a), every disjoint family of balls B; = B(z;,7;), j € J, is countable.

Proof. Choose an arbitrary x € X as reference point. For ¢,Q € Q, let J,  denote
the set of all j € J such that B; C B(z,Q) and r; > ¢. It suffices to show that all
the J, o are finite. Indeed, for all j € J, 5,

W(B(z,Q)) < p(Bl,,2Q)) = p(Bla, 2or,)) < 2%

J

2
29)

:U(Bj)'

Since the B; are disjoint,

2Q
ral

[Jpoln(Blz,Q) < 20051 N y(B)) < 2008 21 y(B(2,Q))  (10.2.4)

J€70.q
and hence [J, o < galog, [%21, O

The following lemma corresponds to Lemma 3.2 in [Ste93] with additional proof
of the bounded intersection property taken from the proof of Proposition 7.1. It
uses the following notation, which will be used throughout the rest of this section:
whenever B; denotes a ball B; = B(x,7;), define

B, ;= B(xj,nr;).

n,
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Lemma 10.2.4 (Ball covering). Given an open set O # X, there exists a countable
family of balls B; = B(x;,1;) such that

B;NBy, =@ forj#j, (10.2.5)
and
Bs, =0, (10.2.6)
J
and
B; ,N(X~NO)#@ forallj (10.2.7)

and we have the bounded intersection property that each x € O is contained in at
most 25 of the B ;.

Proof. Define for x € O,

d(z) :==sup{d € R: B(z,0) C O}. (10.2.8)

Since O is open, and O # X, we have
0<d(x) < . (10.2.9)
Using Zorn’s Lemma, we select a maximal disjoint subfamily of { B(«, @) cx € O}.

We obtain a (by Lemma 10.2.3 countable) family of balls B; = B(z;, 6(?)),]' eJ

such that (10.2.5), (10.2.7), and Uj B; ; C O are also immediate. For the other
inclusion, first observe that for z,y € X, if B(z, %) N B(y, %) #+ @, then

6(z) < p(z,y) +0(y) < <5(6x) + 5(63’)) +6(y) = 5(69”) + 756(?/)7
5(z) < 26(y). (10.2.10)

Now let z € O. By maximality, there exists some j € J with B(z, M) N B, # .

6
By (10.2.10),

p(z,;) < 5 + 5 < ¢ = 3r;
and thus z € By ;.
We now turn to the bounded intersection property. Assume that for some ji, ..., j,
N
z€ () By, (10.2.11)
k=1
Similarly as above, observe for 1 < k < N,
5(z) < 5, ) < 2 gy = 20 10.2.12
and
5<x]k)
5(2;,) < Pl 2) +6(2) < =2 4 5(),
SO

5z, ) < 26(2). (10.2.13)
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By (10.2.12) and (10.2.13), for all 1 < k < N, B(z,%2) C B(z; 57

6 Jk
B; C B(z, 85éz)). Using this and (10.2.5), we obtain

) and

N N
Nu(B(z, % 0) £ 3 (Bl 5r,) <223 w(B,,) (10.2.14)

and conclude N < 26, O

Most of the next lemma and its proof is taken from Theorem 4.2 in [Ste93].

Lemma 10.2.5 (Calderon Zygmund decomposition). Let f be a bounded, a.e. mea-
surable function supported on a set of finite measure and let o > ﬁx) J1fldp. Then
there exists a bounded a.e. measurable function g supported on a set of finite mea-
sure, a countable family of balls B ; (where we allow By ; = X in the special case
that u(X) < 0o) such that each x € X is contained in at most 25% of the B ;, and
a countable family of a.e. measurable functions {b;},c; such that for all v € X

flw)=g(z)+ ) bix) (10.2.16)
J
and such that the following holds. For almost every x € X,
l9(z)] < 2%%a. (10.2.17)
We have
[1awlntw < [ 17wl duty). (10.2.18)
For every j
suppb; C Bj ;. (10.2.19)
For every j
/ b;(z)dpu(x) =0, (10.2.20)
B,
and
/ |b;(x)] dp(z) < 22 au(Bs ;). (10.2.21)
B,
We have
24a
> 1l(Byy) < = / ()l dp(y) (10.2.22)
J
and

S [ mwlau) <2 [ 1rwldut). (10.2.23)
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Proof. Let E, := {x € X : Mf(z) > a}. Then E, is open. Assume first that
E, # X. We apply Lemma 10.2.4 with O = E, to obtain the family B;,j € J,.
Without loss of generality, we can assume J = N. Define inductively

= By (U QU B, ) (10.2.24)

1<J 1>]

Then B; C Q; C By, the Q; are pairwise disjoint and Uj Q; = E,. Define

g(z) = {f@’ v €N Lo, (10.2.25)
w(Q) fQ dﬂ( )7 YIS Qja
and, for each j,
1
bi(@) = 1g (x) <f<x> ) /Q ) du(y)> . (10.2.26)

Then (10.2.16), (10.2.19) and (10.2.20) are true by construction. Boundedness of
g is immediate from the definition, as is the fact that suppg is contained within
supp f UUj Q;- Now the fact that supp g has finite measure follows from Uj Q;=E,
and (2.0.46).

For (10.2.17), we first do the case z € X \ E_. By definition of M f,

1
5 L wldnt) <o (10221)

for every ball B C X with x € B. It follows by Lemma 10.2.2 that for almost every
r€XNE, |f(z)] <a Inthe case v € E,, there exists some j € J with z € Q)
and we have that

M(;H /B F@)du(y) < o (10.2.28)

because By ; N (X N E,) # 2. We get

)| duly S

/ 1f(y)du(y) < 23%.  (10.2.29)

7,

B;)

&,

To prove (10.2.18), we estimate

/rg<z>|dn<z>s/X\E 2l du(z +Z/_

- / () =)

Using the triangle inequality, we have that

[ iy < /Q )l duly) + /Q en /Q (@) dp(e) duly)  (10.2.30)

—2/@ £ () dy. (10.2.31)

J

/ @) duy) dp(2)
Q;

3,5 J
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With (10.2.28), we estimate further

< 2/ |f(y)| dy < 2u(B; j)o < 22*ap(By ) (10.2.32)
B

7.3

to obtain (10.2.21). Further, summing up (10.2.30) in j yields (10.2.23). At last, we
estimate with Lemma 10.2.1

S By <20 Y (B < 2ouE) < 2 [l (10239

proving (10.2.22).
Assume now that £, = X. It follows from Lemma 10.2.1 that then pu(X) < oo.

Define .
- 5 / )] duly)

byi=f—g
Then f = g+b; and suppb; C B;; := X and (10 2.16), (10.2.18), (10.2.19), (10.2.20)
all hold immediately. By assumption, a > = f |f] dp = g, so (10.2.17) holds. We
also have, using the definitions and the same assumptlon

/ by ()] dp(y) < 2 / £ )l dpaly) < 200(X), (10.2.34)
which verifies both (10.2.23) and (10.2.21). Finally, by Lemma 10.2.1,

</\f ) du(y)

which shows (10.2.22). O

and

We use Lemma 10.2.5 to prove Lemma 10.0.3. For the remainder of this section,
let f: X —C,r>0and a> 0 as in Lemma 10.0.3. We define the constant

¢ = 20’1204 (10.2.35)
and o :=ca. If o/ < ﬁ J || dp, then we directly have

a®+19a
p{r € X IT,5@) > ah) < w(X) < % [ 15 duty) < 2= [ @)l dnty

which proves (10.0.9). So assume from now on that o’ > ﬁf |f| dp. Using

Lemma 10.2.5 for f and o', we obtain the decomposition

f:g+b:g+ij
j

such that the properties (10.2.16)-(10.2.23) are satisfied (with o’ replacing «). Let
as in the lemma. Then

7j
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is a ball with the same center as Bj ; but with
(B ;) < 2%u(Bs ;). (10.2.38)
Let
Q=B (10.2.39)
J

We deal with T.g and T,b separately in the following lemmas.
Lemma 10.2.6 (Estimate good).

22a3+3a+26
pfe € X+ L) > a/2) < - [0 du(w)
Proof. We estimate using monotonicity of the integral
ple € X L0 > 0/2)) < o [ o) duty).

Using (10.0.8) followed by (10.2.17) and (10.2.18), we estimate the right hand side
above by

4. 22a3 22a3+3a+20 22a3+3a+26
<22 [P ant) < == [ty < Z—— [ il duty)

(10.2.40)
O
Lemma 10.2.7 (Estimate bad partial). Let x € X \ Q. Then
T.b(x)] < 3F(x) +a/8,
where
© w(Bs ;)
F( ) 2a +2a+1ca < ) »J
Jze; V(x,az])
Proof. We decompose the index set J into the following disjoint sets:
Jy(@) :=A{j :r+3r; < pla, z;)},
o) == {j :rv—3r; < plz,z;) <r+3r},
d3(@) :=A{j : pla,z;) <r—3r;}.
Then
Tb@)| < > |Tby(x) (10.2.41)
J€d 1 ()
+ > IT, (10.2.42)
Je€d ()
+ > T, (10.2.43)
JjeT3()

For all j € J3(z), suppb; C By ; C B(z,7), and thus T,.b;(x) = 0, so (10.2.43) = 0.
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Next, for j € J,(z), suppb; C B; ; C X \ B(z,7), and we have

T,b(x) :/X\B(r,r) K(z,y)b;(y) du(y)=/B K(z,y)b;(y) du(y) -

3,3

Using (10.2.20), the above is equal to

[ () = Ka)by ) dity).

)

Since z € X \ 2, we have for each y € Bj ; that
p(x,z;) > 6r; > 2p(x),y), (10.2.44)
so we can apply (1.1.12) to estimate

plapy)\* 220
(10.2.41) < Z)/B ( > V<xx)\b](y)\du(y)

—

i I3, \P(E ;) T
<2“SZ( . )é — [ 1wl (10.2.45)
N j p<x7$j> V([L‘,l‘j) Bs ; ! o
and by (10.2.21),
. 3r, \* u(Bs)
< 20% 420t ( J ) I — F(x). (10.2.46)
2 o) Viea) F@
Next, we estimate (10.2.42). For each j € J,(x), set
1
g M<B37]) 5, X~NB(z, )( )]( >
Then by (10.2.21)
|d;| < 2%*lca. (10.2.47)
For each j € J,(x), we have
Toy(0) = [ K@) Uy 00— d)dy+ [ dK () dy
By ; By ;
Bs,; Bs,;

Thus, using the triangle inequality, the equation above and (10.2.47), we obtain
Ty ()| <

/ K (2,y) — K, 2;)] ([b;(y)] + 22 car) dy + 22+ ca / K (2, )| dy.
Bj ; B ;

(10.2.48)
By (10.2.44), we can apply (1.1.12) and arguing as in (10.2.46), we get that

(10.2.42) < 2F(z) 4 22 ca ) K (z,y)| du(y), (10.2.49)

j€do(x) VBs,;
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with F as in (10.2.46). Define

U B3»]

Jj€d 2 (x)

We claim that
A C B(z,3r) ~ B(x, g). (10.2.50)

Indeed, for each j € J5(x) and y € By, using again (10.2.44),

1
Solw,) = pla,z,) <2r

pla,x;) <r+r3; <r+ 5

and hence
1

For the lower bound, we observe

Y
ol o

1
p(ﬂj7x]> = T_Brj 2T = §p(f£,l‘]) = p(gjaxj>

and conclude

p(,0) = ple,3) — plysay) > pla, ) — 3y > pla,y) — ol 2,) >

Using the bounded intersection property of the Bs ;, (10.2.50) and (1.1.11), we
get

OJ\’—'

/' Koy duty) < 2% [ [K(z)]duty) (10.2.51)
j€do(z) /Bs, A
SQQﬂ/ K (2,9)| dpa(y) (10.2.52)
B(z,3r)\B(zx,5)
90”
< 260/ ——du(y) (10.2.53)
B(z,3r)\B(z,%) V(l’, y)
s 1
<20 +6a/ ——————du(y)  (10.2.54)
B(z,3r)\B(x, %) M(B(x7 §))
< gu+aa (B 31)) (10.2.55)
w(B(z, 3))
< 9o’ +10a (10.2.56)

Combining the estimates (10.2.46) for (10.2.41), (10.2.49) for (10.2.42), and (10.2.56),
we get
|T.b(z)| < 3F(x) + 20° 120+ g,
By the definition (10.2.35) of ¢, this equals

3F(z) + a/8.
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Lemma 10.2.8 (Estimate F set). For F as defined in Lemma 10.2.7, we have

2a3+9a+4
plle € XN Q: Fla) > afsh < = [ 15l duty). (10.257)
Proof. We estimate
p{x e X NQ: F(x) > a/8}) < i/ F(z)du(z) (10.2.58)
X\Q
8 a®+2a+1,,, 3r; . 1(Bs ;) "
< a/X\QQ 2]: (;;(a;,xj)) Vo) du(z)  (10.2.59)

3r; C 1
§2a3+2a+4c (B )/ ( J ) du(z)
; I X~Bg; P(fca%) V(xaxj)
Using

V(liwrj) = H(B(x,p(x,xj))) > 27(1,[1(3(:6,2[)(33,1‘]-))) > 27&M(B(xj7p(xjvm))>v
we have for all j € J,

Q=

/X\Bﬁ,j (p(jrfi:j)) V(;’ =) du(x)

< [ () 1 e
< u(x
X~Bg p(xaxj) N(B(xj,P(%ax)))
=) 37 a 1
<2¢ / ( 1 ) dp(x)
7; B(x;,2"+1-3r;)\B(x;,2™-3r;) 2n - 37']- M(B(-T], A 3T]))

oo n+1
oSy 1 HB T)
—~ ,u(B(a:j, n . 3rj))

=

§23a7

where we used Lemma 10.1.1 in the last step. Plugging this into (10.2.60) and using
(10.2.22), we conclude that

a’4+9a+4
plle € XN Q:Fa) > afsh < = [ 1f0)]dutw).

Lemma 10.2.9 (Estimate bad). We have

25a

279 a®+9a+4
pfe € X T3] > a/2h) < = —— [ 17wl duty).
Proof. We estimate
p({z e X |T.b(x)] > a/2})
<p Q)+ p({ze XNQ:|Tbx)|>a/2}) . (10.2.61)
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Using (10.2.38) and (10.2.22), we conclude that
25a
n(€Q) <D p(Bgy) <20 By ) < —— / |f ()| dply) - (10.2.62)
J J

It follows from Lemma 10.2.7 and the triangle inequality that
p{x € X NQ: |Tb(x)| >a/2}) <pu({ze X NQ: F(z) >«a/8}).  (10.2.63)

The claim now follows from Lemma 10.2.8. O

Proof of Lemma 10.0.3. 1t follows by the triangle inequality and subadditivity of u
that

p({z e X [T f(z) > a})

< u({w € X+ |T,9(@)| > a/2}) + p ({w € X+ |T,b()| > a/2}).
Using Lemma 10.2.6, Lemma 10.2.9 and the definition (10.2.35) of ¢, we get
22a3+3a+2c + 257‘1 + 2a3+9a+4

< / |f(y)] dp(y)

(07

2a3—9a—2 + 2a3+17a+4 + 2a3+9a+4

/ F@)] duly)

a

+19a
/ Fw)] duly).

2a®

<
o

11. PrROOF OF THE CLASSICAL CARLESON THEOREM

The convergence of partial Fourier sums is proved in Section 11.1 in two steps.
In the first step, we establish convergence on a suitable dense subclass of functions.
We choose smooth functions as subclass, the convergence is stated in Lemma 11.1.2
and proved in Section 11.2. In the second step, one controls the relevant error of
approximating a general function by a function in the subclass. This is stated in
Lemma 11.1.3 and proved in Section 11.6. The proof relies on a bound on the real
Carleson maximal operator stated in Lemma 11.1.5 and proved in Section 11.7, which
involves showing that the real line fits into the setting of Section 2. This latter proof
refers to the two-sided variant of the Carleson Theorem 10.0.1. Two assumptions
in Theorem 1.1.1 require more work. The boundedness of the operator 7. defined
in (10.0.2) is established in 11.1.6. This lemma is proved in Section 11.3. The
cancellative property is verified by Lemma 11.1.7, which is proved in Section 11.4.
Several further auxiliary lemmas are stated and proved in Section 11.1, the proof of
one of these auxiliary lemmas, Lemma 11.1.10, is done in Section 11.5.

All subsections past Section 11.1 are mutually independent.
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11.1. The classical Carleson theorem. Let a uniformly continuous 27-periodic
function f: R — C and € > 0 be given. Let

2474a3
O T — 11.1.1
e (11.1)
denote the constant from Theorem 10.0.1. Define
€
T — 11.1.2
= (1112

where

C 8 %C’
6—(;) 472+7T.

Since f is continuous and periodic, f is uniformly continuous. Thus, there is a
0 < 0 < m such that for all x,2” € R with |z — 2’| < 6 we have

@) — fa) <€ (11.1.3)

Define
foi=f*ds, (11.1.4)
where ¢5 is a nonnegative smooth bump function with supp(¢s) C (—6,d) and

| bs(x) dx = 1.

Lemma 11.1.1 (smooth approximation). The function f, is 2mw-periodic. The
function f, is smooth (and therefore measurable). The function f, satisfies for
all x € R:

[f(@) = folx)| < €, (11.1.5)
Proof. Periodicity follows directly from the definitions. The other properties are
part of the Lean library. O

We prove in Section 11.2:

Lemma 11.1.2 (convergence for smooth). There exists some Ny € N such that for
all N > N, and x € [0,27] we have

[Snfo(@) = folz)| < (11.1.6)

1o

We prove in Section 11.6:

Lemma 11.1.3 (control approximation effect). There is a set E C R with Lebesgue
measure |E| < e such that for all

z€[0,27r) N E (11.1.7)

we have

(11.1.8)

sup [Syy () = Sxfol@)| < 7 -
N=0

We are now ready to prove Theorem 1.0.1. We first prove a version with explicit
exceptional sets.
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Theorem 11.1.4 (classical Carleson with exceptional sets). Let f be a 2w-periodic
complex-valued continuous function on R. For all € > 0, there exists a Borel set
E C [0,27] with Lebesgue measure |E| < € and a positive integer N, such that for
all x € [0,27] N E and all integers N > N,, we have

|f(z) = Syf(@)] <e (11.1.9)
Proof. Let Ny be as in Lemma 11.1.2. For every
rel0,2m) N E, (11.1.10)

and every N > N, we have by the triangle inequality
|f(z) = Sy f()]

< |f(@) = fol@)| + [fo() = Sy folx)| + [Sn folz) — Sy f(2)]. (11.1.11)
Using Lemmas 11.1.1 to 11.1.3, we estimate (11.1.11) by
€ €
<€ +-+-<e. 11.1.12
<€+ 1 + 1S € ( )
This shows (11.1.9) for the given E and Nj. O

Now we turn to the proof of the statement of Carleson theorem given in the
introduction.

Proof of Theorem 1.0.1. By applying Theorem 11.1.4 with a sequence of €, := 27"¢
for n > 1 and taking the union of corresponding exceptional sets E,, we see that
outside a set of measure 9§, the partial Fourier sums converge pointwise for N — oco.
Applying this with a sequence of § shrinking to zero and taking the intersection of
the corresponding exceptional sets, which has measure zero, we see that the Fourier
series converges outside a set of measure zero. ]

Let x : R — C be the function defined by x(0) = 0 and for 0 < |z| < 1

1— |z
K(ﬁ) = 1— eia:

(11.1.13)

and for |z| > 1,
k(z)=0. (11.1.14)
Note that this function is continuous at every point x with |z| > 0.

The proof of Lemma 11.1.3 will use the following Lemma 11.1.5, which itself is
proven in Section 11.7 as an application of Theorem 1.1.1.

Lemma 11.1.5 (real Carleson). Let F',G be Borel subsets of R with finite measure.
Let f be a bounded measurable function on R with |f| < 1p. Then

/Tf(:c) da| < Cyo|F|3|Glz (11.1.15)
G

where

T f(z) = sup sup
neZ r>0

/ | f(y)r(x —y)e™ dy| . (11.1.16)
r<lr—y|<1
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One of the main assumptions of Theorem 10.0.1, concerning the operator T,
defined in (10.0.2), is verified by the following lemma, which is proved in Section 11.3.

Lemma 11.1.6 (Hilbert strong 2 2). Let 0 < r. Let f be a bounded, measurable
function on R. Then

1,115 < 2° £l (11.1.17)
where
H, f(z) =T, f(x) = / sy (11.1.18)

The next lemma will be used to verify that the collection © of modulation func-
tions in our application of Theorem 1.1.1 satisfies the condition (1.1.9). It is proved
in Section 11.4.

Lemma 11.1.7 (van der Corput). Let o < 3 be real numbers. Let g: R — C be a
measurable function and assume

18— al l9(y) — g(=)]
e e P, @ @I 11.1.19
191 Lip(a,8) aga}g)ﬁ‘g( ) 2 s |y —a] ( )

Then for any a < B and n € Z we have

B
[ sty do < 2m18 = allgligie (1 + Inll3 — al) . (11.1.20)

We close this section with five lemmas that are used across the following subsec-
tions.

Lemma 11.1.8 (Dirichlet kernel). We have for every 2m-periodic bounded measur-
able f and every N > 0

1 27
Snf(x) = 27T/ fW)Ky(r—y)dy (11.1.21)
0
where K 5 is the 2m-periodic continuous function of R given by
N .
> e (11.1.22)
n=—N
We have for e 41 that
iNx’ —iNz’
Ky(@)=—— 45 . (11.1.23)
1—e* 1—ew

Proof. We have by definitions and interchanging sum and integral

N
Syf@)= Y fem
n=—N

N 1 27
— il in(z—y)
> 5 /0 f(x)e dy
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T 2w

This proves the first statement of the lemma. By a telescoping sum, we have for
every ' € R

1 27 N 4
= / fly) Y el dy, (11.1.24)
0 n=—N

N
(e%irl — e_%iwl) Z ei"‘”/ B e(N+%)im/ — €_<N+%>irl . (11125)
n=—N

If eie’ # 1, the first factor on the left-hand side is not 0 and we may divide by this
factor to obtain

N o, ei(N+%)z/ e—i(N+%)w/ eiN:c' e—iNz/
E einzt’ — — — = T T = — 4+ — . (11126)
'y ez _ g3 2 _ g3 1—e* 1—e=
This proves the second part of the lemma. O

Lemma 11.1.9 (lower secant bound). Let n > 0 and —27 +n < x < 271 — n with
|x| > n. Then

. 2
|1 —e™| > —n (11.1.27)

Proof. We have

1 — €] = /(1 — cos(x))? + sin’(z) > |sin(z) .

If 0 < 2 < 7, then we have from concavity of sin on [0, 7] and sin(0) = 0 and
sin(3) =1

2 2

—xr > -n.

™ T

[sin(a)]| >
When z € %% + [0, ] for m € {—4,-3,—-2,—1,1,2,3} one can argue similarly. [
The following lemma will be proved in Section 11.5.

Lemma 11.1.10 (spectral projection bound). Let f be a bounded 27-periodic mea-
surable function. Then, for all N >0

1SN Fllz2(0,20) < 1f 1 22(0,27)- (11.1.28)
Lemma 11.1.11 (Hilbert kernel bound). For z,y € R with x # y we have
k(z —y)l <222z —y)) . (11.1.29)

Proof. Fix x # y. If k(z — y) is zero, then (11.1.29) is evident. Assume k(z —y) is
not zero, then 0 < |z —y| < 1. We have

_|1=]z—y
|k(z —y)| = ‘1_61(1_1/) . (11.1.30)
We estimate with Lemma 11.1.9
1 2
— < . < . 11.1.31
B (11.1.31)

This proves (11.1.29) in the given case and completes the proof of the lemma. [
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Lemma 11.1.12 (Hilbert kernel regularity). For z,y,y" € R with x # y,y’ and
2ly —y'| < |z —yl, (11.1.32)

we have
/
\

1 ly—y
w(e—y) — (e —y)| <281

< . 11.1.33
T3l le =] (11.1.33)

Proof. Upon replacing y by y —x and y” by ¥’ — x on the left-hand side of (11.1.32),
we can assume that x = 0. Then the assumption (11.1.32) implies that y and y’
have the same sign. Since k(y) = K(—y) we can assume that they are both positive.
Then it follows from (11.1.32) that

<

<y

We distinguish four cases. If y,y” < 1, then we have

AV 1_y ]-_y/
o) =) = | - T

and by the fundamental theorem of calculus

vY_1 —it i(1 — ¢ it
/ +€1 +fi(t 2 e dt| .
y (I—e™)

Using ' > ¥ and Lemma 11.1.9, we bound this by
6 ly — /|
ly[?

3 2
<ly—v| sup ————= <3ly—y/[|(2-)2 <2
| ’ggtgll—e’”lz | 22)

If y<1landy >1, then k(—y’) = 0 and we have from the first case

/ y—1 y—y
In(—y) — 5(—y)| = (=) — w(—1)] < 291 < o ly =]

[yl [yl
Similarly, if y > 1 and 3" < 1, then k(—y) = 0 and we have from the first case

k(—y) — k(=) = |k(—y) — K(—1)] < 2° ’?J|/y/—|21\ <9

6 ly — /|
v’

Using again y’ > ¥, we bound this by

=yl _ osly =¥l

<26 =
ly/2]2 |y?

Finally, if y,3" > 1 then
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11.2. Smooth functions.

Lemma 11.2.1. Let f: R — C be 2w-periodic and continuously differentiable, and
let n € Z~{0}. Then

. 1 ~
=—f . 11.2.1
fo==T, (11.2.1)
Proof. This is part of the Lean library. O
Lemma 11.2.2. Let f: R — C such that
> 1ful < oo (11.2.2)
nez
Then
sup |f(x)— Syf(z)|—0 (11.2.3)
x€[0,27]
as N — oo.
Proof. This is part of the Lean library. O

Lemma 11.2.3. Let f: R — C be 2w-periodic and twice continuously differentiable.
Then
sup |f(z) — Sy f(x)] =0 (11.2.4)

z€[0,27]
as N — oo.
Proof. By Lemma 11.2.2, it suffices to show that the Fourier coefficients fn are

summable. Applying Lemma 11.2.1 twice and using the fact that f” is continuous
and thus bounded on [0, 27] , we compute

NIARIAESS SRR (P B SR

nez nez~{0} z€[0,27] nez~{0}
Il

Proof of Lemma 11.1.2. Lemma 11.1.2 now follows directly from the previous Lemma 11.2.3.
O

11.3. The truncated Hilbert transform. Let M, be the modulation operator
acting on measurable 27-periodic functions defined by
M, g(x) = g(x)e™® . (11.3.1)

n

Define the approximate Hilbert transform by
1 Nl
Lyg= N Z M, NSNnM N G- (11.3.2)
n=0

Lemma 11.3.1 (modulated averaged projection). We have for every bounded mea-
surable 2m-periodic function g

HLN9”L2[0,27r] < ||9||L2[0,27r] . (11.3.3)
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Proof. We have

2m 27
1,912 210 5y = / e () [2 da = / 9@ de = |gl2agr - (11.34)

We have by the triangle inequality, the square root of the identity in (11.3.4), and
Lemma 11.1.10

HLng”LQ[O,%r] = Z ne NN M_n— n9HL2[o 2]
1 M= 1 N-1
N Z 1M N SN My — n9”L2 02r] = 37 Z HSNJranangHLﬂO,QW]
n= n=0
1 V= 1 N1
<= HM N— ng”L2[O,27r] =N Z HgHL2[0,2T{'] = ||9||L2[0,27r] . (11.3.5)
N n=0 N n=0
This proves (11.3.3) and completes the proof of the lemma. O

Lemma 11.3.2 (periodic domain shift). Let f be a bounded 2m-periodic function.
We have for any 0 < x < 27 that

2 2m—x ™
/ fly) dy = / fly)dy = / fly—=)dy. (11.3.6)
0 —x —T
Proof. We have by periodicity and change of variables
0 0 27
/.ﬂwdQZ/nﬂy+2ﬂdy:/‘ f(y)dy. (11.3.7)
-z —x 2mT—x

We then have by breaking up the domain of integration and using (11.3.7)

/ " fy) dy = / iway+ [ fdy
0 0

2m—x
2m—x 0 2m—x
= / f(y)dy + / fly)dy = / f(y)dy. (11.3.8)
0 —x —x
This proves the first identity of the lemma. The second identity follows by substitu-
tion of y by y — x. O

Lemma 11.3.3 (Young convolution). Let f and g be two bounded non-negative

measurable 2m-periodic functions on R. Then
1

27 27 2 2
( / ( / f(y>g(x—y)dy) dx) < flizoonloliioa - (11.3.9)
0 0

Proof. Using Fubini and Lemma 11.3.2, we observe

/o%/ozwf(yyg@_y) dydx:/ozwf(y)Q/o%g(az—y) dz dy

27 27
- / 0% / g() dady = | 1211000190110, - (11.3.10)
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Let h be the nonnegative square root of g, then A is bounded and 27-periodic with
h? = g. We estimate the square of the left-hand side of (11.3.9) with Cauchy-Schwarz
and then with (11.3.10) by

27

2
/ </ F)h(a — y)h(z —y) dy)? da
0

0
S/O% (/O%f(y>2g(:c—y)dy> (/O%Q(x—y)dy) dx

= ||f”%2[o,27r]HQH%I[O,%] .

Taking square roots, this proves the lemma. O

For 0 < r < 1, Define the kernel k, to be the 27-periodic function

k',r.(af) = min (7"_17 1 + ’1—716137‘2) 5 (11311)

where the minimum is understood to be ! in case 1 = e'*.

Lemma 11.3.4 (integrable bump convolution). Let g, f be bounded measurable 27-
periodic functions. Let 0 < r < w. Assume we have for all x

l9(x)| < k.. (2) . (11.3.12)
Let
27
h(z) =/ fWg(x —y)dy. (11.3.13)
0
Then
1Al L2020 < 170 L2 pm) - (11.3.14)

Proof. From monotonicity of the integral and (11.3.12),

27
lgll 10,2 < / k,(x)dz. (11.3.15)
0

Using the symmetry k,(z) = k,(—x), the assumption, and Lemma 11.1.9, the last

display is equal to
T 1
2/ min <,1+T.2) dx
b r |1 — etz

" T 64
gz/ da:+2/ 1+6—;dx
0 r r T

4 4
g2+2w+2<l—l) <17, (11.3.16)
T T

Together with Lemma 11.3.3, this proves the lemma. O
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Lemma 11.3.5 (Dirichlet approximation). Let 0 < r < 1. Let N be the smallest

integer larger than % There is a 2mw-periodic continuous function L’ on R that

satisfies for all 0 < x < 27 and all 2w-periodic bounded measurable functions f on R

2
Lyf(z 27r/ F(y —y)dy. (11.3.17)
Moreover, for all —m < x <,
L (2) = Ly cpyeny )| < 12k, (). (11.3.18)

Proof. We have by definition and Lemma 11.1.8

i(N+n)x i(N+n
Lygla) =+ Z/ Ky oz —y)e'Nvg(y) dy . (11.3.19)

This is of the form (11.3.17) with the continuous function

Z Ky (x)e N+, (11.3.20)

With (11.1.22) of Lemma 11.1.8 we have |Ky(x)| < 2N + 1 for every x and thus
1 N1
/ 3,1
L(@)] < 5 DN +2n41) 4N <2t (11.3.21)

n=0

Therefore, for |z| € [0,7) U (1, 7], we have
L' (2) = 1y pepyieny (@)R(2)| = |1/ (2)] < 2571, (11.3.22)

This proves (11.3.18) for |z| € [0, ) since k:r(:c) = r~1 in this case.
For ¢ # 1 one may use the expression (11.1.23) for K in Lemma 11.1.8 to
obtain

N-1 Z(N+n):r —i(N+n)z
1 ( € ) ei(N+n)$

[—ew  1_on

"0
1 N=1 ei2(N+n)z 1
N (l—e—inLl—e”)
1 1 12Nz -
=t NI Z ei2ne (11.3.23)

and thus

L'(@) = Lyerapyenyil@) = L (x) +

where

=1y ey (@)(1 = |z[)
1—ei®

, (11.3.24)

1 zQNac -

Nl_e — Zeanm

n=0

L'(x) =

For z € [—m,r] U [r, 7], we have using Lemma 11.1.9 that
L= 1yrapyenp (@) — 2] ‘min(lx\jl) < 2min(z], 1)

1—e® 1—eiz |~

|z
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<2.1< 2k, (2). (11.3.25)
Next, we need to estimate L”(z). If the real part of e is negative, we have
1<|1—ei®| <2, (11.3.26)
and hence
L7 (2)] < ~ NZ T (11.3.27)
N — |1 — |2’ o

If the real part of €@ is positive and in particular while still e!* # +1, then we have
by telescoping

(1— %)y ei?ne =1 —ei2Ne, (11.3.28)

As e?® £ 1, we may divide by 1 — e** and insert this into (11.3.23) to obtain

1 ei2Nz 1— eiQNI

L (x) = NI o 1o (11.3.29)
Hence, using the nonnegativity of the real part of e
1 1
L” . 4
I (@ )|_N|1 er| |1 — e?ix|
2 1 1 2r r
= — , — < <214+ —-7 11.3.30
N’l_ezx‘2‘1+ezx| |1_ezm’2 - < +‘1_ezx’2) ( )

Moreover, for |z| € [r,n], one checks easily that

r

Therefore, (11.3.27) and (11.3.30) show that, in this range of z,
L7 ()] < 10k, (x).
Together with (11.3.25), this prove (11.3.18) for |z| € [r,7]. As the range |z| € [0,7)
is covered by (11.3.22), this completes the proof of the lemma. O
We now prove Lemma 11.1.6.

Proof of Lemma 11.1.6. We first show that if f is supported in [1, 4], then

|5, fllz22.3 < 2°1f L2 ) - (11.3.31)
Let f be the 2m-periodic extension of f to R. Let N be the smallest integer larger
than 1. Then, Equation (11.3.18) shows that the kernels of H,. and 27 L differ by at
most 12k, on [—m, 7). Consider x € [2,3]. When computing H, f(z) and 27 Ly f(x),
the kernels are computed at points of the form = —y with f(y) # 0, i.e., y € [1,4].
As x € [2,3], the difference  — y is bounded in absolute value by 2, and therefore

belongs to [—m, 7], where the above bound holds.
It follows that, for = € [2, 3],

27
H, f(2)| < 20| Ly flx)] + 12 / k(o — o) Fy) dy|.
0
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Taking L? norm and using its sub-additivity, we get

-

2 2
dm) .

Since k is supported in [—1, 1], we have that Hrf agrees with H_f on [2,3]. Using
Lemma 11.3.1 and Lemma 11.3.4, we conclude

1H, fll 22,3 < 27 fll2200,2m + 12 171 fl 1200,27 » (11.3.32)

which gives (11.3.31).

Suppose now that f is supported in [¢,c + 3] for some ¢ € R. Then the function
g(x) = f(xr —c+1) is supported in [1,4]. By a change of variables in (11.1.18), we
have H,g(x) = H,f(x —c+ 1). Thus, by (11.3.31)

V5, £l c2ev1.ev2) = 1Hrgl 2128 < 259l = 2°0fl5 - (11.3.33)
Let now f be arbitrary. Since k(z) = 0 for || > 1, we have for all z € [c+ 1, c+ 2]

Hrf(x> = Hr(fl[c,ch?;])('r) :

27 27
”HerL2[2,3] < 27THLNfHL2[o,27r] +12 (/ / k.(z —y)f(y)dy
0 0

Thus
c+2

c+2
/ \H, f(z)2 da = / H,(f1y 019 (@)[2 o
c+1

c+1

Applying the bound (11.3.33), this is

c+3
< 916 / (@) da.

Summing over all ¢ € Z, we obtain

/ H, f(z)P d < 3219 / (@) de.

R R
This completes the proof. O

11.4. The proof of the van der Corput Lemma.

Proof of Lemma 11.1.7. Let g be a Lipschitz continuous function as in the lemma.
Assume first that n = 0. Then

B
| oy <18-al s lo)] <18~ allgliipo(1-+ nll3 -

Assume now n # 0. Without loss of generality, we may assume n > 0. We distinguish
two cases. If 3 —a < T, we have by the triangle inequality

ﬂ .
/ g(z)e* dx

We turn to the case 7 < 8 —«a. We have

<|B—al sup |g(x)| <278 — ollgl Lipa,p) (L + [n]I8 —al) .

z€[a,f]

ein(z+7r/n) — _pinw
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Using this, we write
A . 1 B . 1 B )
/ g(z)e* dxr = 2/ g(z)e"* do — 2/ g(x)e™@tm/m)y dg
(0% e o

We split the first integral at o+ 7 and the second one at §— 7, and make a change
of variables in the second part of the first integral to obtain

1 O‘+Z ) 1 B )
— 5 / g(x)emx dr — 5 / g(x)em(wﬂr/n) dar
« B—

s

B _
+3 [ 0@ —ale= Tyenar

The sum of the first two terms is by the triangle inequality bounded by
i
— sup |g(z)|.
" z€fo,f]

The third term is by the triangle inequality at most
B
1 s

- — ——)|d
3 [ lot@) ot~ Dle
B—alm l9(z) —9()|

2 Nacecy<p Tyl
Adding the two terms, we obtain

/B .
/ g(x)e "™ dx

<

T
< ﬁHg”Lip(a,B) :

This completes the proof of the lemma, using that with = < 8 — «a,

T 273 —af -
E_mg%ryﬁ—a\(ﬂrnlﬁ—a!) t

O
11.5. Partial sums as orthogonal projections. This subsection proves Lemma 11.1.10

Proof of Lemma 11.1.10. The functions e,, : x - €™ form an orthonormal basis in
L?|—m, 7] (this is already in Mathlib). Therefore we have

N
” Z < n76n>L2[77r,7r] ”%2[77r,77]
n=—N
N ~
= > Al
n=—N
<> Ifl

nez

ISNF I

= ”fHL2[77T,7T]'
This completes the proof of the lemma. O
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11.6. The error bound.

Lemma 11.6.1 (Dirichlet kernel - Hilbert kernel relation). For all N € Z and
x € [—m, m ~\ {0},

| Ky (@) — (e Nek(x) + e Nor(a)| <.
Proof. Let N € Z and x € [—m, 7| ~ {0}. With Lemma 11.1.8, we obtain

min(|x]‘, 1) 4 ¢iNa min(\x|,'1)
1—e* 1—e®

Using Lemma 11.1.9 with n = min(|z|, 1), we bound

KN(:L') — (eiiNx/-i(l‘) +m> — o—iNz

min(|z|,1) min(|z|,1) 7
|1 — ei®| |1 —ei®| = 2

Ky (@) — (e Nk(x) + e Nor(x)| < +g:w.

O

Lemma 11.6.2 (partial Fourier sum bound). Let g : R — C be a measurable 27-
periodic function such that for some 6 > 0 and every x € R,

lg(z)] < 6. (11.6.1)
Then for every x € [0,2x] and N > 0,
1 _
1Swg(@)l < 5—(Tg(x) + Tg(z)) + md.

Proof. Let x € [0,27] and N > 0. We have with Lemma 11.1.8

1
Sxgle)l = 5-
s

/ wg(y)KN(x —y)dy
0

We use 2m-periodicity of g and K to shift the domain of integration to obtain

1 T+
=50 / 9(y)Kn(x —y)dy| .
Using the triangle inequality, we split this as
1 T+
S on / 9(y) (Ky(z —y) — max(|z — y[,0) Ky (z — y)) dy‘ (11.6.2)
xr—T
1 T+
bor| [ amax(e — sl 0)Kya - )] (11.63)
r—T

Note that all integrals are well defined, since K y is by (11.1.22) bounded by 2N + 1.
Using that

max(|z —y|,0)Ky(z —y) = e N Vk(z —y) + e Navk(z —y),  (11.6.4)
Lemma 11.6.1 and (11.6.5), we bound (11.6.2) by

1 T+

o 9| |[Kn(x —y) — e NEWk(z —y) + e Nevr(z —y)| dy < 75
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By dominated convergence and since k(z —y) = 0 for |[x — y| > 1, (11.6.3) equals

/ g(y) max(|z — y|, 0Ky (z — ) dy
r<|z—yl<l

We bound the limit by a supremum and rewrite using (11.6.4),

1
< s—sup
2m >0

/ 9(y) (7N (x —y) + e NEVk(z —y)) dy
r<|z—y|<l

Using the triangle inequality, we further bound this by

1 .
< —sup / g(y)e NVk(z —y) dy
27 >0 r<|z—yl<l
1 - —iN
+——sup g(y)e " Mr(r —y) dy| .
2T >0 r<|z—y|<1

By the definition (11.1.16) of 7', this is

1
< o= (Tg(x) + Tg(x)

O
Lemma 11.6.3 (real Carleson operator measurable). Let f be a bounded measurable
function on R. Then T'f as defined in (11.1.16) is measurable.

Proof. Since a countable supremum of measurable functions is measurable, it suffices
to show that for every n € Z,

X = sup
r>0

/ Ty
r<|lrz—y|<1

is measurable. So let n € Z. Note that for each x € R, the function

T

/ F)r(z —y)e™ dy
r<|lr—y|<l1

is continuous on (0, 00) since the integrand is locally bounded on the domain 0 <
|z —y| < 1 by the assumptions on f and Lemma 11.1.11. Thus, for each z € R,

sup
r>0

= sup
r€Qg

/ f)r(z —y)e™ dy
r<|z—yl<l

/ fy)r(z —y)e™ dy
r<|z—yl<l

The right hand side is again a countable supremum so it remains to show that for
every 7 € Q.q,

T =

N ’/ Licto <y S (y)i(a — y)e™ dy‘

/ f)r(z —y)e™ dy
r<|z—yl<l

is measurable, which follows from the fact that the integrand is measurable in (z,y).
0
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Lemma 11.6.4 (partial Fourier sums of small). Let g : R — C be a measurable
2m-periodic function such that for some 6 > 0 and every x € R,

lg(z)] < 0. (11.6.5)

Then for every € > 0, there exists a measurable set E C [0,2n] with |E| < € such
that for every x € [0,2w] N E and N > 0,

[Sng(@)] < C9, (11.6.6)
where
C 8 C 1
e = (E) 42 T . (11.6.7)

Proof. Define
E:={x€]0,2n] : sup|Syg(x)| > C.0}.
N>0

Then (11.6.6) clearly holds, and it remains to show that |E| < e. With Lemma 11.6.2,
we obtain

1
Ec{zel0,2n] : Co< %(Tg(x) +Tg(z))+m0} C EyUE,,

where

E, :={zx€]0,2n] : n(C.—m)0 < Tg(x)}
E, :={z €]0,2n] : n(C.—m)0 <Tg(x)}.

By Lemma 11.6.3, E; and E, are measurable. Thus,

w(C, —m)d|E,| < / Tyg(x)de =0 [ T(6 " gl_, 3.)(x)dz.
El El

Applying Lemma 11.1.5 with F' = [—m, 37] and G = E’, it follows that this is
<d- C4,2’F’%|E1‘% < (47T)%C4,25 ) |E/’% .

Rearranging, we obtain

2
(47T)%C4,2 €
By < (oo h2 ) f
w(C, —m) 2
Analogously, we get the same estimate for |F,|. This completes the proof using
|E| < By ]+ [E,l. O

Proof of Lemma 11.1.3. Lemma 11.1.3 follows directly from Lemma 11.6.4 with § :=
€. O
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11.7. Carleson on the real line. We prove Lemma 11.1.5.
Consider the standard distance function

p(x,y) = |z —y| (11.7.1)
on the real line R.

Lemma 11.7.1 (real line metric). The space (R, p) is a complete locally compact
melric space.

Proof. This is part of the Lean library. Il
Lemma 11.7.2 (real line ball). For x € R and R > 0, the ball B(x,R) is the
interval (v — R,z + R)

Proof. Let ' € B(x,R). By definition of the ball, |2’ — x| < R. It follows that
¥ —x < Rand z —2" < R. Tt follows 2" < x + R and " > = — R. This implies
z' € (x — R,z + R). Conversely, let " € (x — R,z + R). Then 2’ < x + R and
' >z — R. It follows that 2’ —z < R and = — 2" < R. It follows that |z’ — x| < R,
hence " € B(z, R). This proves the lemma. O

We consider the Lebesgue measure p on R.

Lemma 11.7.3 (real line measure). The measure p is a sigma-finite non-zero Radon-
Borel measure on R.

Proof. This is part of the Lean library. O
Lemma 11.7.4 (real line ball measure). We have for every x € R and R >0
w(B(z,R)) =2R. (11.7.2)
Proof. We have with Lemma 11.7.2
w(B(xz,R)) = p((xr — R,z + R)) =2R. (11.7.3)
O
Lemma 11.7.5 (real line doubling). We have for every x € R and R > 0
w(B(x,2R)) = 2u(B(z, R)) . (11.7.4)
Proof. We have with Lemma 11.7.4
w(B(xz,2R) = 4R = 2u(B(x, R)) . (11.7.5)
This proves the lemma. O

The preceding four lemmas show that (R, p, p,4) is a doubling metric measure
space. Indeed, we even show that (R,p,u,1) is a doubling metric measure space,
but we may relax the estimate in Lemma 11.7.5 to conclude that (R, p, pu,4) is a
doubling metric measure space.

For each n € Z define ¥,, : R — R by

9, (x) =nz. (11.7.6)

Let © be the collection {¥,,,n € Z}. Note that for every n € Z we have 9,,(0) = 0.
Define
dp(a,r) (U, Uy,) = 2R[n —m]. (11.7.7)

n» m
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Lemma 11.7.6 (frequency metric). For every R > 0 and x € X, the function
dp(z,Rr) i a metric on ©.

Proof. This follows immediately from the fact that the standard metric on Z is a
metric. (]

Lemma 11.7.7 (oscillation control). For every R > 0 and x € X, and for all
n,m € Z, we have

sup  |ny —ny —my+my’| <2n—m|R. (11.7.8)
v,y €B(z,R)

Proof. The right hand side of (11.7.8) equals

sup [(n—m)(y —z) — (n—m)(y’ —x)].
v,y €B(z,R)

The lemma then follows from the triangle inequality. (]

Lemma 11.7.8 (frequency monotone). For any x,z’ € X and R,R’ > 0 with
B(xz,R) C B(xz,R’), and for any n,m € Z

dB(ac,R) (ﬂnv ﬂm) < dB(:v’,R’) (ﬁn’ ﬂm) :
Proof. This follows immediately from the definition (11.7.7) and R < R’. O

Lemma 11.7.9 (frequency ball doubling). For any z,z’” € R and R > 0 with
x € B(z’,2R) and any n,m € Z, we have

dB(z/,2R) (ﬁn7 ﬂm) < 2dB(z,R) (ﬁn’ ﬁm) : (1179)
Proof. With (11.7.7), both sides of (11.7.9) are equal to 4R|n —m/|. This proves the
lemma. (]

Lemma 11.7.10 (frequency ball growth). For any xz,z’ € R and R > 0 with
B(z,R) C B(z',2R) and any n,m € Z, we have

2d (4 1) (Vs V) < dip(ar o) (U Ui, - (11.7.10)
Proof. With (11.7.7), both sides of (11.7.9) are equal to 4R|n —m|. This proves the
lemma. 0

Lemma 11.7.11 (integer ball cover). For every x € R and R > 0 and everyn € Z
and R" > 0, there exist my,mqy, mg € Z such that

B’ C BUB,U By, (11.7.11)
where
B ={0€0:dg,p®9,) <2R'} (11.7.12)
and for j7=1,2,3
B;={0€©: dB(x’R)(ﬂ,ﬁmj) < R'}. (11.7.13)
R

Proof. Let m; be the largest integer smaller than or equal to n — 5%. Let my = n.

2R
Let mg3 be the smallest integer larger than or equal to n + f—R.

Let 9,,, € B’, then with (11.7.7), we have
2RIn —n'| < 2R’. (11.7.14)
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Assume first n” < m,. With (11.7.14) we have
R|my —n'| = R(my —n’) = R(my; —n) + R(n—n’)

<-—+R = . (11.7.15)

We conclude 9, € B;.
Assume next m; <n’ < ms. Then 9,, € B,.
Assume finally that mq < n’. With (11.7.14) we have

Rlms —n'| = R(n" —mg) = R(n” —n) + R(n —my)

R’ R’
<R’—? =—>- (11.7.16)
We conclude 9,,, € B;. This completes the proof of the lemma. O

Lemma 11.7.12 (real van der Corput). For any x € R and R > 0 and any function
¢ : X — C supported on B’ = B(x, R) such that

o(z) — ()]
Olinpy = sup |p(x)| + R sup ——F——— 11.7.17
lellLip(s) zer| (z)| o o) ( )
is finite and for any n,m € Z, we have
lplls (B')
e(d, (x)—19, (z z)dp(x)| < 2mu(B’ P . 11.7.18
[ elial@) =t @) ewiipto)| < 2mu(B) s HEEL (11718)
Proof. Set n” = n —m. Then we have to prove
z+R 4
| e oty < axRlelyipm (1+ 2RI (11.7.19)
z—R
This follows from Lemma 11.1.7 with a =2 — R and 8 =z + R. O

Proof of Lemma 11.1.5. The preceding chain of lemmas establishes that © is a can-
cellative, compatible collection of functions on (R, p, i, 4). Again, some of the state-
ments in these lemmas are stronger than what is needed for ¢ = 4, but can be
relaxed to give the desired conclusion for a = 4.

With k as near (11.1.13), define the function K : R x R — C as in Theorem 1.1.1
by

K(z,y) == r(z—1y). (11.7.20)
The function K is continuous outside the diagonal x = y and vanishes on the diag-
onal. Hence it is measurable.

By Lemmas 11.1.11 and 11.1.12, it follows that K is a two-sided Calderén—
Zygmund kernel on (R, p, i, 4). Lemma 11.1.6 verifies (10.0.3). Thus the assump-
tions of Theorem 10.0.1 are all satisfied. Applying the Theorem, Lemma 11.1.5
follows.

O



REFERENCES 141

REFERENCES
[Bec24] L. Becker. Maximal polynomial modulations of singular Radon trans-
forms. J. Funct. Anal., 286(6):Paper No. 110299, 46, 2024 (cited on
page 5).
[Bil67] P. Billard. Sur la convergence presque partout des séries de Fourier-

Walsh des fonctions de 'espace L? (0, 1). Studia Math., 28:363-388,
1966/67 (cited on page 4).

[BvDJ*24] L. Becker, F. van Doorn, A. Jamneshan, R. Srivastava, and C. Thiele.
Carleson operators on doubling metric measure spaces, 2024. eprint:
2405.06423v2 (cited on pages 1, 5).

[Car66] L. Carleson. On convergence and growth of partial sums of Fourier
series. Acta Math., 116:135-157, 1966 (cited on pages 1, 4).
[Chr90] M. Christ. A T(b) theorem with remarks on analytic capacity and the

Cauchy integral. Colloquium Mathematicum, 2(60-61):601-628, 1990
(cited on page 21).

[Dem15] C. Demeter. A guide to Carleson’s theorem. Rocky Mountain J. Math.,
45(1):169-212, 2015 (cited on page 5).

[DLT*08] C.Demeter, M. T. Lacey, T. Tao, and C. Thiele. Breaking the duality in
the return times theorem. Duke Math. J., 143(2):281-355, 2008 (cited
on page 4).

[dMU21] L. de Moura and S. Ullrich. The Lean 4 Theorem Prover and Pro-
gramming Language. In A. Platzer and G. Sutcliffe, editors, Automated
Deduction — CADE 28: 28th International Conference on Automated
Deduction, Virtual Event, July 12-15, 2021, Proceedings, volume 12699
of Lecture Notes in Computer Science, pages 625—635, Cham. Springer
International Publishing, 2021 (cited on page 5).

[Fef73] C. Fefferman. Pointwise convergence of Fourier series. Ann. of Math.
(2), 98:551-571, 1973 (cited on pages 4, 32).
[Foul3] J. B. J. Fourier. (Buvres de Fourier. Vol. 1. J. G. Darboux, editor.

Cambridge Library Collection. Cambridge University Press, Cambridge,
2013, pages xxviii+563. Reprint of the 1888 original (cited on page 2).

[Fou22] J. B. J. Fourier. Théorie Analytique de la Chaleur. Institut de France,
Paris, 1822 (cited on page 2).
[Hun68] R. A. Hunt. On the convergence of Fourier series. In Orthogonal Ez-

pansions and their Continuous Analogues (Proc. Conf., Edwardsville,
Ill., 1967), pages 235-255. Southern Illinois Univ. Press, Carbondale,
IL, 1968 (cited on page 4).

[Kol23] A. Kolmogorov. Une série de Fourier—Lebesgue divergente presque partout.
Fund. Math., 4:324-328, 1923 (cited on page 3).

[Lac04] M. T. Lacey. Carleson’s theorem: proof, complements, variations. Publ.
Mat., 48(2):251-307, 2004 (cited on page 5).

[Lie09] V. Lie. The (weak-L?) boundedness of the quadratic Carleson operator.
Geom. Funct. Anal., 19(2):457-497, 2009 (cited on page 4).

[Lie20] V. Lie. The polynomial Carleson operator. Ann. of Math. (2),192(1):47—

163, 2020 (cited on page 4).


2405.06423v2

142

[LTOO]

[Luz13]

[Luz53]

[mat20]

[Mna22]

[OST*12]

[PT03]

[Ram21]

[Roo19]
SjoT1]

[Ste93]

[SWO1]

[Zor21]

REFERENCES

M. Lacey and C. Thiele. A proof of boundedness of the Carleson oper-
ator. Math. Res. Lett., 7(4):361-370, 2000 (cited on page 4).

N. Luzin. Sur la convergence des séries trigonométrique de Fourier. C.
R. Acad. Sci. Paris, 156:1655-1658, 1913 (cited on page 3).

N. Luzin. Sobranie sochinenii. Tom 1 (Collected works, Vol. 1). USSR
Academy of Sciences, Moscow, 1953 (cited on page 3).

T. mathlib Community. The Lean mathematical library. In Proceed-
ings of the 9th ACM SIGPLAN International Conference on Certified
Programs and Proofs, CPP 2020, pages 367-381, New York, NY, USA.
Association for Computing Machinery, 2020 (cited on page 5).

G. Mnatsakanyan. On almost everywhere convergence of Malmquist—
Takenaka series. J. Funct. Anal., 282(12):Paper No. 109461, 33, 2022
(cited on page 5).

R. Oberlin, A. Seeger, T. Tao, C. Thiele, and J. Wright. A variation
norm Carleson theorem. J. Eur. Math. Soc. (JEMS), 14(2):421-464,
2012 (cited on page 4).

M. Pramanik and E. Terwilleger. A weak L? estimate for a maximal
dyadic sum operator on R™. Illinois J. Math., 47(3):775-813, 2003 (cited
on page 4).

J. P. G. Ramos. The Hilbert transform along the parabola, the polyno-
mial Carleson theorem and oscillatory singular integrals. Math. Ann.,
379(1-2):159-185, 2021 (cited on page 5).

J. Roos. Bounds for anisotropic Carleson operators. J. Fourier Anal.
Appl., 25(5):2324-2355, 2019 (cited on page 4).

P. Sjolin. Convergence almost everywhere of certain singular integrals
and multiple Fourier series. Ark. Mat., 9:65-90, 1971 (cited on page 4).
E. M. Stein. Harmonic analysis: real-variable methods, orthogonality,
and oscillatory integrals, volume 43 of Princeton Mathematical Series.
Princeton University Press, Princeton, NJ, 1993, pages xiv+695. With
the assistance of Timothy S. Murphy, Monographs in Harmonic Anal-
ysis, III (cited on pages 112, 113, 115).

E. M. Stein and S. Wainger. Oscillatory integrals related to Carleson’s
theorem. Math. Res. Lett., 8(5-6):789-800, 2001 (cited on page 4).

P. Zorin-Kranich. Maximal polynomial modulations of singular inte-
grals. Adv. Math., 386:Paper No. 107832, 40, 2021 (cited on pages 5,
12, 21).



REFERENCES 143
LARS BECKER, UNIVERSITY OF BONN
Email address: becker@math.uni-bonn.de

MAR{A INES DE FRUTOS-FERNANDEZ, UNIVERSITY OF BONN
Email address: midff@math.uni-bonn.de

LEO DIEDERING, UNIVERSITY OF BONN
Email address: 1leo.diedering@uni-bonn.de

FLORIS VAN DOORN, UNIVERSITY OF BONN
Email address: vdoorn@math.uni-bonn.de

SEBASTIEN GOUEZEL, UNIVERSITY OF RENNES
Email address: sebastien.gouezelQuniv-rennesl.fr

ASGAR JAMNESHAN, UNIVERSITY OF BONN
Email address: ajamnesh@math.uni-bonn.de

EvGeENIA KARUNUS, UNIVERSITY OF BONN
Email address: lakesare@gmail.com

EDWARD VAN DE MEENT, UNIVERSITY OF UTRECHT
Email address: edwardvdmeent@gmail.com

PIETRO MONTICONE, UNIVERSITY OF TRENTO
Email address: pit.monticone@gmail.com

JASPER MULDER-SOHN, THE HAGUE
Email address: jasper .mulder@planet.nl

JIM PORTEGIES, EINDHOVEN UNIVERSITY OF TECHNOLOGY
Email address: j.w.portegies@tue.nl

JORrIs Roos, UNIVERSITY OF MASSACHUSETTS LOWELL
Email address: joris_roos@uml.edu

MiCHAEL ROTHGANG, UNIVERSITY OF BONN
Email address: rothgang@math.uni-bonn.de

RAJULA SRIVASTAVA, UNIVERSITY OF BONN
Email address: rajulas@math.uni-bonn.de

JAMES SUNDSTROM, BARUCH COLLEGE
Email address: james.sundstrom@baruch.cuny.edu

JEREMY TAN, NATIONAL UNIVERSITY OF SINGAPORE
Email address: jtjierui@comp.nus.edu.sg

CHRISTOPH THIELE, UNIVERSITY OF BONN
Email address: thiele@math.uni-bonn.de



	1. Introduction
	1.1. Statement of the metric space Carleson theorems

	2. Proof of Metric Space Carleson, overview
	2.1. Auxiliary lemmas

	3. Proof of Metric Space Carleson
	4. Proof of Finitary Carleson
	4.1. Proof of Grid Existence Lemma
	4.2. Proof of Tile Structure Lemma

	5. Proof of discrete Carleson
	5.1. Organisation of the tiles
	5.2. Proof of the Exceptional Sets Lemma
	5.3. Auxiliary lemmas
	5.4. Proof of the Forest Union Lemma
	5.5. Proof of the Forest Complement Lemma

	6. Proof of the Antichain Operator Proposition
	6.1. The density arguments
	6.2. Proof of the Tile Correlation Lemma
	6.3. Proof of the Antichain Tile Count Lemma

	7. Proof of the Forest Operator Proposition
	7.1. The pointwise tree estimate
	7.2. An auxiliary L2 tree estimate
	7.3. The quantitative L2 tree estimate
	7.4. Almost orthogonality of separated trees
	7.5. Proof of the Tiles with large separation Lemma
	7.6. Proof of The Remaining Tiles Lemma
	7.7. Forests

	8. Proof of the Hölder cancellative condition
	9. Proof of Vitali covering and Hardy–Littlewood
	10. Two-sided Metric Space Carleson
	10.1. Proof of Cotlar's Inequality
	10.2. Calderón-Zygmund Decomposition

	11. Proof of The Classical Carleson Theorem
	11.1. The classical Carleson theorem
	11.2. Smooth functions.
	11.3. The truncated Hilbert transform
	11.4. The proof of the van der Corput Lemma
	11.5. Partial sums as orthogonal projections
	11.6. The error bound
	11.7. Carleson on the real line

	References

